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Weierstrass semigroups, Pure gaps, and Codes on Function Fields

Notation and preliminaries

Fq: finite field with q elements.

K : algebraic closure of Fq.

F/Fq: function field with full constant field Fq of genus g .

P1, . . . ,PN : pairwise distinct rational places in F/Fq.

D := P1 + · · ·+ PN .

G : divisor of F such that Supp(D) ∩ Supp(G ) = ∅.
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Algebraic Geometry Codes

Linear AG code:

CL(D,G ) = {(f (P1), . . . , f (PN)) : f ∈ L(G )} ⊆ FN
q .

Differential AG code:

CΩ(D,G ) = {(resP1(ω), . . . , resPN
(ω)) : ω ∈ Ω(G − D)} ⊆ FN

q .

The parameters of these codes are: N is the length of the code, k is its dimension over
Fq, and d is its minimum distance. We say that the code is an [N, k, d ]-code.

If CL(D,G ) (resp. CΩ(D,G )) is an [N, k , d ]-code (resp. an [N, kΩ, dΩ]-code) then

d ≥ N − deg(G ) and dΩ ≥ deg(G )− (2g − 2).
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Weierstrass Semigroups and Pure Gaps

Definition

For a rational place P in F , the Weierstrass semigroup at P is defined by

H(P) = {s ∈ N : (z)∞ = sP for some z ∈ F}.

The complement set G (P) := N \ H(P) is called the gap set at P.

Analogously, the Weierstrass semigroup at two distinct rational places P1,P2 in F is defined by

H(P1,P2) = {(s1, s2) ∈ N2 : (z)∞ = s1P1 + s2P2 for some z ∈ F}.

The elements of the gap set G (P1,P2) := N2 \ H(P1,P2) can be characterized as follows:

(s1, s2) ∈ G (P1,P2) ⇔ ℓ (s1P1 + s2P2) = ℓ (s1P1 + s2P2 − Pj) for some j ∈ {1, 2}.
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Definition

A pair (s1, s2) ∈ G (P1,P2) is called a pure gap at P1,P2 if

ℓ (s1P1 + s2P2) = ℓ (s1P1 + s2P2 − Pj) for each j ∈ {1, 2}.

The set of pure gaps at P1,P2 is denoted by G0(P1,P2).

Consider the bijective map

τP1,P2 : G (P1) → G (P2)
β 7→ min{γ ∈ N0 : (β, γ) ∈ H(P1,P2)}

The graph of τP1,P2 given by

Γ(P1,P2) := {(β, τP1,P2(β)) : β ∈ G (P1)}

is called the minimal generating set of H(P1,P2).
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For x = (x1, x2) and y = (y1, y2), define

lub(x, y) = (max{x1, y1},max{x2, y2}) and glb(x, y) = (min{x1, y1},min{x2, y2}).

Lemma [Kim (1994)]

Let P1 and P2 be two distinct rational places in F . Then

H(P1,P2) = {lub(x, y) : x, y ∈ Γ(P1,P2) ∪ (H(P1)× {0}) ∪ ({0} × H(P2))}.

Proposition [Castellanos, - , and Quoos (2023)]

Let P1 and P2 be two distinct rational places in F . Then

G0(P1,P2) = {glb(x, y) : x, y ∈ Γ(P1,P2)} \ Γ(P1,P2).
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Example: Hermitian curve y 6 = x5 + x .
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Theorem [Garćıa, Kim, and Lax (1993)]

Suppose that γ − t, γ − t + 1, . . . , γ − 1, γ is a sequence of t + 1 consecutive gaps at a
rational place Q. Let G = γQ and D = P1 + P2 + · · ·+ PN , where Pi is a rational place not
in the support of G for each i = 1, . . . ,N. If the code CL(D,G ) has positive dimension, then

d ≥ N − deg(G ) + t + 1.

Theorem [Homma and Kim (2001)]

Let P1, . . . ,PN ,Q1,Q2 be pairwise distinct rational places on F/Fq. Let (α1, α2), (β1, β2) in
N2 be such that αi ≤ βi for i = 1, 2. Suppose each pair (γ1, γ2) with αi ≤ γi ≤ βi for
i = 1, 2 is a pure gap at Q1,Q2. Consider the divisors D = P1 + · · ·+ PN and
G =

∑2
i=1(αi + βi − 1)Qi . Then the minimum distance dΩ of the code CΩ(D,G ) satisfies

dΩ ≥ deg(G )− (2g − 2) +
∑2

i=1(βi − αi ) + 2.
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Kummer extensions

Consider the curve X defined by the affine equation

X : ym =
∏r

i=1(x − αi )
λi , λi ∈ N, 1 ≤ λi < m and p ∤ m,

where m ≥ 2, α1, . . . , αr ∈ K are pairwise distinct elements, λ0 :=
∑r

i=1 λi , and (m, λ0) = 1.
Let K (X ) be its function field. Then K (X )/K (x) is a Kummer extension with one place at
infinity Q∞. If (m, λi ) = 1, we denote by Qi the only place in K (X ) corresponding to x = αi .

Proposition

Suppose that λ1 = λ2 = · · · = λr and let Q be a totally ramified place in K (X )/K (x) such
that Q ̸= Q∞. Then

G (Q) =

{
mj − i : 1 ≤ j ≤ r − 1,

⌊
jm

r

⌋
+ 1 ≤ i ≤ m − 1

}
.
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Proposition

Suppose that λℓ1 = λℓ2 and (m, λℓ1) = 1 for some 1 ≤ ℓ1, ℓ2 ≤ r . Let λ be the inverse of λℓ1

modulo m. Then

Γ(Qℓ1 ,Qℓ2) =

{
(i+mj1, i+mj2) : 1 ≤ i < m, j1, j2 ≥ 0, j1+ j2 =

r∑
k=1

⌈
iλλk

m

⌉
−
⌈
iλλ0

m

⌉
−1

}
.

Proposition

Suppose that λℓ = 1 for some 1 ≤ ℓ ≤ r . Then

Γ(Q∞,Qℓ) =

{
(mj1−iλ0, i+mj2) : 1 ≤ i < m, j1 ≥

⌈
iλ0

m

⌉
, j2 ≥ 0, j1+j2 =

r∑
k=1

⌈
iλk

m

⌉
−1

}
.
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One-point AG codes

Theorem [Castellanos, - , and Quoos (2023)]

Suppose that λ1 = · · · = λr and let Q be a totally ramified place in the extension
Fq(X )/Fq(x) such that Q ̸= Q∞. For a ∈ {1, . . . , r − 1}, define the divisors

Ga := (am − ⌊am/r⌋ − 1)Q and D :=
∑

Q′∈X (Fq),Q′ ̸=Q Q ′

and assume that deg(Ga) < N := deg(D). Then the AG code CL(D,Ga) has parameters[
N, a+

a−1∑
i=1

⌊
im

r

⌋
, d ≥ N −m(a− 1)

]
.

Also, if #{γ ∈ Fq : Pγ splits completely in Fq(X )/Fq(x)} > a, then d = N −m(a− 1).
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Examples:

Let n be an odd integer. Consider the Fq2n -maximal curve yq
n+1 = xq + x . For

1 ≤ a ≤ q − 1, we have one-point AG codes over Fq2n with parameters[
q2n+1, a+

a(a− 1)qn−1

2
, q2n+1 − (qn + 1)(a− 1)

]
.

For n ≥ 2, consider the Norm-Trace curve y
qn−1
q−1 = xq

n−1
+ xq

n−2
+ · · ·+ x . For each

1 ≤ a ≤ qn−1 − 1, we obtain one-point AG codes over Fqn with parameters[
q2n−1,

a(a+ 1)

2
+

a−1∑
i=1

⌊
i(qn−1 − 1)

qn−1(q − 1)

⌋
, q2n−1 − (a− 1)(qn − 1)

q − 1

]
.
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Two-point AG Codes

Example: For q ≥ 4 even and n ≥ 3 odd, consider the subcover of the BM curve given by

Yqn+1 : yq
n+1 = x(x + 1)

(
xq−1 + 1

x + 1

)q+1

.

Let Q be a totally ramified place such that Q ̸= Q∞. By previous results, we can determine
the sets Γ(Q∞,Q) and G0(Q∞,Q). Using Homma and Kim’s theorem we get:

Proposition

For
⌊
(qn+2 − 2qn+1 − q3 + q2 + 1)/(2q3 − 3q − 1)

⌋
+ 1 ≤ a ≤ (qn − 2q − 1)/(q + 1) it

exists a [N, k , d ]-code over Fq2n with

N = q2n+1 − qn+2 + 2qn+1 − 1,

k = q2n+1 − qn+2 + (5qn+2 + qn − q3 + q2 − 2q + 2)/(2q + 2)− a(2q2 − 2q − 1), and

d ≥ 2a(q2 − q − 1)− q2(qn − 2qn−1 − qn−2 − q + 1)/(q + 1).
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