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CHAPTER 0

A review of basic vector calculus

In this chapter we will review some basic facts of vector calculus which will be used extensively along
these notes. We will assume the reader familiar with the differential and integral calculus for real valued
functions of a real variable, as well as with the basic topology of Euclidean spaces: open and closed sets,
continuity, compactness, Cauchy sequences etc. The material in sections 1 and 2 are quite standard in

Calculus courses, while the one in section 3 is probably less “popular” at this level.

1. Differentiable functions

We will consider the Euclidean space R™ with its canonical inner product and associated norm.

For a point € R™ and r € R, r > 0, we denote by B"(p,r) := {& € R™ : ||x — p|| < r} the ball of radius
r centred at p. When p = 0 we simply write B™(r) for B"(0,r).

We will denote by L(R™, R™) the space of linear maps of R™ into R™. There is a natural identification
of L(R™,R™) with R™™, associating to a linear transformation L, the entries (in a fixed order) of the matrix

representing L in the canonical bases. This identification induces a scalar product in L(R™, R™)
(A,B) = trace A'B,
where A? is the transpose of A. Often it is more convenient to consider the operator norm, defined by
IL]| = sup{|| Lz| : x € R", [lz]| = 1}.

The two norms are equivalent, as all norms are in a finite dimensional vector space, so for the basic topological
concepts like convergence, continuity etc., it does not matter which one we use. In what follows we will
consider the operator norm, unless otherwise stated.

Let U C R™ be an open set and f : U — R™ a function.

1.1. DEFINITION. f is differentiable at x € U if there exist a linear map df(z) : R® — R™ such that!
)~ @) — @B
IRll—0 [I72]

The map df(x) is called the differential of f at x.
f is differentiable in U if it is differentiable at every point of U.

0.

1.2. REMARK. For a function f: U C R — R the derivative of f at x € U, f'(z), is defined as

fay = e =t )~ @)

1Observe that, if ||h|| is sufficiently small, z + h € U.
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if the limit exists. The differential of f at x is the linear map
df(z): R — R, df(z)h = f'(x)h.
The following facts are easy to prove and and we leave the proofs to the reader (Exercise 4.2).

1.3. PROPOSITION.

o If f,g are differentiable at x and a € R, then f + g and af are differentiable and d(f + g)(z) =
df(z) +dg(z), dlaf](z) = a[df(z)].

o If f is differentiable at x, f is continuous at x.

o If f is differentiable at x, the differential is unique.

e (The chainrule) If f: U CR®™ — W CR™, g: W CR™ — RP are differentiable at x and f(x)
respectively, then go f is differentiable at x and d[g o f](x) = dg(f(x)) o df(z).

1.4. EXAMPLE. Let L : R™ — R™ be a linear map. Then L is differentiable and dL(z) = L, V = € R™,

as follows directly from the definition.

1.5. EXAMPLE. If B : R" x R™ — RP? is a bi-linear map, B is differentiable and dB(x,y)(z,w) =
B(z,w)+ B(z,y). In particular, if f, g : U — R are differentiable functions, the map F : U — R?, F(z) =
(f(x),g(x)) is differentiable with dF'(z) = (df(x),dg(z)). Since the product R x R — R is bilinear, by the
chain rule the function fg is differentiable and the product rule d(fg)(z) = f(x)dg(z) + g(z)df(z) holds.

In the theory of real valued functions of one real variable, an elementary but useful result is the Mean

Value Theorem.

1.6. THEOREM. |[Mean Value Theorem] If f : [a,a+ h] C R — R is a differentiable function, then there
exists to € [0,1] such that

fla+h)— f(a) = f'(a+ toh)h.

The Theorem extends, with essentially the same proof, to the case of a differentiable function f : U C
R™ — R. For functions with values in R™, m > 1, such a Theorem does not hold any longer (see Exercise

4.4) but, at least, we have an inequality. The result will still be called the Mean Value Theorem.

1.7. THEOREM. [Mean Value Theorem| Let f: U C R™ — R™ be a continuous function. Suppose that

the segment with endpoints a,a + h is contained in U and f is differentiable at the points of the segment.
Then

[f(a+h) = f(a)] < ||h]| sup{[|df(a+th)| :t € [0, 1]}
PROOF. Consider the function ¢ : [0,1] — R™, ¢(t) = f(a+th). ¢ is differentiable, by the chain rule,
#(0) = f(a), (1) = f(a+ h) and d¢(t)(1) = df(a + th)(h). Let M = sup{||de(¢)| : t € [0,1]}. It is then

sufficient to prove that ||¢(1) — ¢(0)|| < M. For this purpose we will show that, given € > 0, ||¢(1) — ¢(0)| <
M + €. Consider the set

A={te0,1]:[lg(s) = d(0)]| < (M +€)s, Vs €[0,t]}.
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It is easy to see that A = [0, a] for some a € (0,1]. We wish to prove that a = 1. Suppose a < 1. Then there
exists a positive ¢ such that a + ¢ < 1 and for k € (0, ) small enough

¢la+k) = ¢(a) = dg(a)k + r(k) with [[r(k)]| < ek

(by the definition of differentiability at a). Then ||¢(a + k) — ¢(a)|| < (M + €)k. But a € A, hence
lp(a) — &(0)|] < (M + €)a. Therefore ||¢p(a + k) — ¢(0)]| < (M + €)(a + k). In particular a + k € A, a

contradiction. O

1.8. DEFINITION. Let f: U — R™ be differentiable at x € U and X € R™. The directional derivative
of f at x in the X direction is defined as

of

SE @) = Af(@)(X).

1.9. REMARK. For reasons that will be clear later on will use often the notation X, (f) for df(z)(X).

0
If {e1,...,e,} is the canonical basis of R™, 65— (x) is the i*" partial derivative at x and will be denoted,
as usual, by 8f‘ (z). If f is differentiable at z and h = >, oye;, then
A @h =Y adf@)e) = Sl (o)
i=1 = 0w

In particular, if f(z) = (f1(z),..., fm(z)), where f; : U — R are the coordinate functions of f,

then the Jacobian matriz [a—J(x)] is the matrix that represents df(x) in the canonical bases. This is the
€L
multidimensional analogue of Remark 1.2.
Let v : (a,b) C R — R™ be a differentiable map. We will also say that v is a differentiable curve. For

such a function, the tangent vector at ¢ € (a,b) (or, sometimes, at v(¢)) is the vector

d
Y(t) :=dvy(t)(1) = —|s= .
3(6) = Ay (1) = +lon(5)
It is easy to see that if v : (—¢,¢) — R™ is a differentiable curve with 4(0) = X,

O (@) = A oO)(1) 1= Tl ().

1.10. REMARK. The latter fact gives a geometric interpretation of the differential of f: the image, via

df, of the vector tangent to a given curve 7y is the vector tangent to the image curve, f o-y.

In particular the right hand side of the formula above does not depend on ~ as long the curve passes
trough x and its tangent vector, at z, is X. This observation allow us to define the directional derivative,
hence partial derivatives, even for a class of not necessarily differentiable functions (in the sense of Definition
1.1). If f: U — R™ is a function and X € R™, we define the directional derivative of f at x € U, in the

direction of X as
of
0xX
if it exists. The partial derivatives may exist even if the function is not differentiable (see Exercise 4.7).

(x):= %\tzof(x +tX),

However we have
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1.11. PROPOSITION. Let f: U CR™ — R™ be a function. If the partial derivatives of f exist and are

continuous®, f is differentiable.

PrOOF. We will prove the Proposition for n = 2 to avoid notational complications. We want to show

that the linear map L(z,y)(h, k) = gh + %k is the differential of f at (z,y) € R%. Hence we have to show
€T Y
that, given € > 0,
of, of
h k) — — —=h— k|| <e€|(hk
I+ b+ 1) = f(9) — 50— 2okl < el )

if ||(h, k)| is sufficiently small. Adding and subtracting f(x,y + k) and using Exercise 4.5, we have that the

quantity on the left of the inequality sign is less or equal to

of af af af
S — - == : 1 — - = : 1]}.
Il {15 @+ oy ) = ()l € 0,11} + [ sup{| 5 (o) = ()l ¢ € 0,11}
The conclusion follows from the continuity of the partial derivatives. O
1.12. REMARK. Let f: U C R® — R™ be a function. Let m; : R™ — R, m;(z1,...,%,) = z; be the

ith projection. Then f;(z) = 7; o f(x) are the coordinates of f(x). It is easy to see that f is differentiable

at z € U if and only if the coordinate functions are differentiable at = and, in this case,

df (2)(X) = (dfi(2)(X), ..., dfin(2)(X)) = D _[dfi(2)X]e:.

Partial derivatives take care of the “opposite” situation. Given a splitting of R™ = [E; ®E, as a direct sum of
complementary subspaces and a point (zg, yo) € E1BE,, we can consider the inclusion ¢; : E; — R, i1(z) =
(z,90), i2(y) = (z0,y) and the functions f) = foi; :E;NU — R™. If f is differentiable at (xo, yo), Fo
(resp. f(?) is differentiable at o (resp. o) and df(xo,y0)(X,Y) = dfM (20)(X) 4+ df P (yo)(Y). So we
can define the partial differentials relative to the given splitting, d; f = df o i;. The existence of the partial
differentials does not implies the existence of the differential of f. However, as in Proposition 1.11, if the
partial differentials exist and are continuous, then f is differentiable. Obviously the same arguments work for
a decomposition of R™ into the direct sum of k& complementary subspaces. Partial derivatives are, essentially,

partial differentials relative to the canonical splitting of R™ as the direct sum of the coordinate lines.

If f: U — R™ is a differentiable function, the differential can be seen as a map df : U —
LR™R™), 2~ df(z).

1.13. DEFINITION. We will say that f is twice differentiable at x € U, if the function df : U —
L(R™ R™) is differentiable at x. In this case, the differential of df at  will be called the second differential
of f at x and will be denoted by d?f(x).

Inductively, we define, if it exists, the k" differential of f at x, d*f(z), as the differential, at =, of
d*=1fU — L(R™, L(R",...)

We will say that f is of class C* in U if d* f(x) exists, V 2 € U, and is continuous, as a function of x.

We will say that f is of class C™, if it is of class C*, V k. If f is C°*° we will also say that f is smooth.

1.14. REMARK. It is easy to produce examples of C* functions that are not C**! (see Exercise 4.6).
One of the important features of the class of smooth functions is that it is closed under differentiation, i.e.

f is smooth if and only if df is smooth.
of

2As maps 3 U — R™.

T




CHAPTER 0. A REVIEW OF BASIC VECTOR CALCULUS 9

If f is twice differentiable at x, then d?f(x) € L(R™, L(R™,R™)), and so it can be seen as the bilinear
map d2f(z)(X,Y) = d(df)(2)(X)(Y). In a similar way, d*f(x) can be viewed as a k-multilinear map.

1.15. THEOREM. [Schwarz’s Theorem| If d?f(x) ewists, it is a symmetric bilinear form.
We will sketch a proof in the case that f is C? in Exercise 4.22

1.16. REMARK. If f is k times differentiable at =, d* f(x) is a k-multilinear symmetric map. Moreover
we can define higher order partial derivatives. Schwarz Theorem 1.15 and a simple induction imply that if
f is of class C*, the result of successive partial derivatives, up to order k, does not depend on the order of

derivations.

1.17. ExaMPLE. If L : R — R™ is a linear map dL(z) = L, V x € R™. In particular the differential
dL : R — L(R",R™) is the constant map. Hence d*L = 0, if & > 2, and L is C*. Similarly, if
B :R"™ x R™ — RP is a bilinear map, dB(z,y)(z,w) = B(z,w) + B(z,y). In particular dB is a linear map,

hence C*°, and so is B.

1.18. EXAMPLE. Let M (n,R) be the space of n x n matrices with real coefficients. The product map
m: M(n,R) x M(n,R) — M(n,R), m(A,B)=AB,
is a bi-linear map, hence smooth. Also the map
g: M(n,R)x M(n,R) — L(M(n,R), M(n,R)), g(A,B)H = AHB

is bilinear, hence smooth.
Since the determinant, det : M(n,R) — R, is a continuous function, the set of invertible matrixes,

GL(n,R), is an open subset of M (n,R). Consider the inversion map
t:GL(n,R) — M(n,R), (A)=A"".
CLAIM The map ¢ is smooth.
PROOF. Differentiating the identity (A +tB)(A +tB)~! = 1 we get
%hzo(A +tB)"t=-A"1BA™L.

So, if ¢ is differentiable at A € GL(n,R), du(A)(B) = —A1BA~!. It is easy to check that, in fact, the
formula defines a linear map which is the differential of ¢ at A. In particular ¢ is continuous. The differential

of ¢ is then given by the composition
GL(n,R) - GL(n,R) x GL(n,R) 5 GL(n,R) x GL(n,R) —% L(M(n,R), M(n,R)),

where A : GL(n,R) — GL(n,R) x GL(n,R) is the diagonal map, A(A) = (A, A), and g is as above. Hence

dv is continuous and ¢ is of class C''. At this point a simple induction proves the Claim. g

As we have seen, the differential of a function f at a point z, provides the best linear approximation
of f — f(z) in a neighborhood of . The Taylor formula provides the best polynomial approximation, for

functions with more differentiability.
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1.19. THEOREM. [Infinitesimal version of Taylor Theorem] Let f : U — R™ be a function s times
differentiable in an open neighborhood of a € U and such that d*T1 f(a) exists. Then

s+1
fla+h) = f(a)+ Z %d’“f(a)(h, o h)+r(h)  with limg,_or(h)|h]|=CHD = 0.
k=1

PRrROOF. The proof is a simple consequence of the lemma below, which is of interest on its own

1.20. LEMMA. Let r : B = B"(R) — R™ be a function s times differentiable in B and s + 1 times
differentiable in 0. Assume d7r(0) =0, 0 < j < s+ 1. Then lim, o r(z)|z|~+Y = 0.

PRrROOF. We proceed by induction on s. If s = 0 the conclusion follow from the definition of differentia-

bility. Suppose the conclusion true for s. By the mean value Theorem we have
[r(@)] < Mllzll, M = sup{[|dr(tz)|| : ¢ € [0,1]}.

Applying the inductive hypothesis to dr, given € > 0 there exist 6 > 0 such that, if ||y|| < ¢, ||dr(y)| < €|ly|*.
Hence if ||2]|0, M < €||z||* and |r(z)| < €|z|*H. O
|

In the linear context, i.e. vector spaces and linear maps, we study properties that are invariant for linear

isomorphisms, i.e. changes of bases. The analogue in the differential context are properties that are invariant

for (local) diffeomorphisms , i.e. change of variables (or coordinates).

1.21. DEFINITION. A map ¢ : U C R® — V C R™ between open sets is a C* diffeomorphism if there
exists a C* map ¢ : V — U, such that o = Iy, ¢potp = ly. ¢ is a local diffeomorphism if V x € U, there
exists an open neighborhood U C U of z, such that ¢|g is a diffeomorphism onto an open neighborhood 1%

of ¢(x) in V. A local diffeomorphism will also be called a change of variables (or change of coordinates).
1.22. REMARK. If ¢ is a diffeomorphism, then d¢(x) is an isomorphism, by the chain rule. Hence n = m.
The following fact will be useful.

1.23. LEMMA. If ¢ : U CR® — V C R™ is a C* map, k > 1, between open sets, and ¢ admits a

differentiable inverse, then the inverse is of class C*.
PROOF. From the chain rule d[¢p~1](¢(z)) o dé(x) = 1. In particular d[¢~!] is given by the composition
V25U 2% GL(n,R) -5 GL(n,R),

where ¢ is the matrix inversion map, that, by Example 1.18, is smooth. Hence d[¢~!] is continuous and ¢~*
is of class C'!. In general the argument gives that, if ¢~ is C*, s < k, d[¢!] is also of class C* so ¢~ is of

class C**! and this concludes the proof.
O

Let E,F be real, finite dimensional vector spaces and L : E — F be a linear map. Then, in suitable

bases, F' has a very simple expression. In fact we can chose a basis {e1,...,e,} of E, such that {eg41,...,en}
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is a basis of the kernel of F. Then {f; = F(e1),..., fr = F(ex)} is a basis of the image of F that we can

complete with vectors {fx+1,- .-, fm} to have a basis for F. Then, in terms of coordinates in these bases,
F(z1,...,2n) = (21,...,2x,0,...,0).

Since a differentiable function is (locally) approximated by a linear one, we can expect something similar

to hold, locally, for differentiable maps, up to change of coordinates. In fact this is the case.

1.24. THEOREM. [Rank Theorem| Let f : U C R™ — R™ be a function of class C*. Let p € U be such
that rank df(x) = k in an open neighborhood of p. Then there exist open neighborhoods U’ , U of p and V', 1%
of f(p), and diffeomorphisms ¢ : U' — U, 1) : V' — V such that:

Yofoop Nay,...,x,) = (x1,...2%,0,...,0), for (x1,...,z,)€U.
This Theorem will follow from the next three.

1.25. THEOREM. [Inverse function Theorem| Let f : U C R — R"™ be a C* map, k > 1, such that
df(p) : R® — R" is an isomorphism. Then the exist an open neighborhood U’ of p such that f|U’ is a C*
diffeomorphism onto an open neighborhood of f(p).

Proor. Without loss of generality we may assume p = 0 = f(p). Moreover, by composing f with
df(0)~1, we may assume df(p) = 1. Consider the function g(x) = f(z) — 2. Then g(0) = 0, dg(0) = 0. Let
7 be a positive real number such that if € B"(r), df (=) is invertible and [|dg(z)|| < 3.

CraM 1. If y € B"(5) then there exists a unique x € B"(r) such that f(z) =y.

PROOF. Define 1 = y and, inductively, 2,11 = y — g(x,). By the mean value Theorem we have:

—_

[#nt1 = 2ull = llg(zn) = g(@n-1)|| < Sllen — 20l

sl = llglan) + ol < o)l + lull < Glleall + Iyl < 3ol + 5 —c.
for some € > 0, independent of n. Hence:
(1) ||znt1 — znll < 27™||y|| (from the first equation and induction),
(2) ||zn]| < r — € (from the second equation and induction).
By condition (1), {x,} is a Cauchy sequence, hence it converges to a point x, and by condition (2), z € B™(r).
Finally, taking limits, we have z = y — g(x) =y — f(x) + «, hence f(z) =y.
Let us show that x is unique. Suppose f(z) = f(z) = y,2 € B™(r). Then ||z — z|| = ||g(2) — g(z)| <

1||z — z|| which implies z = z. O

So we have a well defined surjective map f~': B*(%) — U’ = B"(r) N f~1(B"(%)). Observe that U’
is the intersection of two open sets, hence it is open.

Cramv 2. f~1:B"(%) — U’ is C*.

PROOF. We start by observing that || f(z1) — f(z2)| > ||z1 — 22| — |g(z1) — g(z2)|| > |21 — 22|, hence

f~1is continuous. In order to show that f~! is differentiable we observe that, since f is differentiable,

F@) = f@1) = df (1)@ — 21) + hlz,z) with lim 40T

z=a lz — @



1. DIFFERENTIABLE FUNCTIONS 12

Applying A := df(z1)~! to the equality above we have
Aly = 1) + Ala(y,y1) = £ (y) = (),

where y = f(z),y1 = f(z1), hi(y,y1) = —h(f'(¥), f~'(y1)). Then

hi(y, 1) Rz, an) [lo— |
ly—wll llz =2l ly = vl

— h
Since Il = 2] <2, lim ha(y.91) =0 and d[f~!(y1) = [df(x1)]"!. Hence f~! is differentiable and the
[y =l v=u [y — |
Claim follows from Lemma 1.23. O

]

1.26. THEOREM. [Local form of immersions] Let f : U C R® — R"*? be a C* map, k > 1, such that
0e U, f(0)=0. Ifdf(0) : R* — R*"*P = R" x RP is injective, there exists an open neighborhood U’ of 0
and a C* diffeomorphism ¢ between neighborhoods of 0 € R™*P such that if x € U’,

pofz)= (LU,O).

PROOF. Up to an isomorphism of R"*? which sends df(0)e; to e;, we can assume that df(0)v = (v,0).
Consider the function
F:UxR — R"P F(z,y) = f(z) +y.

Observe that F(x,0) = f(z) and dF(0) = 1. By the Inverse Function Theorem there is a diffeomorphism ¢
between neighborhoods of 0 € R™*? such that ¢ o F' = 1. Then

¢Of($):¢OF($,O):($,O)
O

1.27. THEOREM. [Local form of subimmersions] Let f : U C R"*? — R™ be a C* map, k > 1, such that
0€ U, f(0)=0. Ifdf(0) : R"*? — R™ is surjective, then there exists a C* diffeomorphism ¢ : U' — V,
between open neighborhoods of 0 € R"™P | such that if (x,y) € U,

fOT/)(%y) =

PrOOF. Up to an isomorphism of R*™ = R"™ x RP, we can assume that kerdf(0) = {0} x R? and
df(0)(v,0) = v. Consider the function

F:U—R"xRP, F(x,y) = (f(x,y),9).

Then dF(0) = 1 and f = mo F, where 7 : R"™ — R™ is the canonical projection. By the Inverse Function

Theorem there exists a local inverse ¢ of F. Then

foip(x,y) =moFo(z,y) =m(x,y) = .

At this point we leave to the reader the task of proving Theorem 1.24.
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2. Integration

We will recall now the basic fact of Riemann integration theory. We will take a limited approach which
will be enough for the purpose of these notes. We will start with the case of functions of one real variable.

Let [a,b] C R be a closed interval. A partition of the interval is a set P = {t¢,...,tx} C R such that
a=1ty < <tp=>b Wewill set |P| = sup{t; —t;—1}. Given a function f : [a,b] — R™ and a partition P

of [a, b], we define
k—1

S(f, P) = (tiyr — ) f(L).

i=0
2.1. DEFINITION. A vector X € R™ is said to be an integral of f on [a,b] if, given € > 0, there exists
6 > 0 such that

I2(f,P) — X|| <e for all partitions P with |P| < 4.

If an integral exists we will say that f is integrable on [a,b] and we use the notation

b b
X :/ f(t)dt or, when clear from the contex, simply X :/ I

It is easy to see that if a function is integrable, the integral is unique.

2.2. REMARK. Let f : [a,b] — R™ be an integrable function. Then we can compute the integral as

limit of the sequence X(f, P,,) where P, is a sequence of partitions such that lim, _, |P,| = 0.
The proof of the following Proposition is simple and left to the reader (see Exercise 4.16).
2.3. PROPOSITION. Let f,g : [a,b] — R™ be integrable functions, k € R and T : R™ — RP be a linear

map. Then f+ g, kf and T o f are integrable and

O R N R N

@) [[Tof=T(f; )

3) 1LJ; £l < (=)l lo- )

(4) The function F : [a,b] — R™, defined by F(x) = / f)dt is well defined and continuous.

We will denote by B := B([a, b], R™) the set of bounded functions of [a, b] into R™. B([a, b],R™) is a real

vector space, with the obvious operations, and

1fllo = sup{f(t) : ¢ € [a, 0]}
is a norm in B, called the sup norm or the norm of uniform convergence.

2.4. DEFINITION. A sequence of functions f, : [a,b] — R™ in B is uniformly convergent to f € B if

2.5. REMARK. Proposition 2.3 tell us that the set of bounded integrable functions Z is a linear subspace
of B, the integral maps Z into R™ linearly (items (1)) and continuously (item (3)). The next Proposition
tell us that Z is closed in B.
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2.6. PROPOSITION. Let f, : [a,b] — R™ be a sequence of bounded integrable functions. If the sequence

converges uniformly to a function f, the f is integrable and

b b
b

PROOF. Set I, = / fn. By Proposition 2.3 (3), || Im, — Ix]| < (b—a)||fm — fillo. Hence {I,,} is a Cauchy
sequence in R™ and therefore converges to a vector I € R™. We claim that I is the integral of f. Fix ¢ > 0.
Then there exist n such that || f, — fllo < €¢/3(b—a), ||[I — In| < €/3 if m > n. Also there exist § > 0
such that || Z(fm, P) — In|| < €/3 if |P| < §. Observe that || Z(f, P) — X(fm, P)|| < (b —a)||f — fmllo- So,
if |P| <4, |[I=3(f,P)| < —=Inll+ I Im = 2(fm: P)| + |Z(fm, P) — E(f, P)|| < € and this prove the

claim. 0
We will describe classes of integrable functions.

2.7. DEFINITION. A function f : [a,b] — R™ is a step function if there exists a partition P of [a,b], P =
{to,...,tx} and vectors {Xoy,..., Xp_1} such that f(t) = X;, t € (¢;,tiy1).

2.8. LEMMA. Let f : [a,b] — R™ be a step function relative to a partition P. Then f is integrable and

b
/ f= (tin —t) X,

PROOF. We can suppose f(t;) = X; (see Exercise 4.19). Observe that X(f, P') = X(f,P) if P’ is
obtained from P adding new points. Therefore 3(f, P) = X(f, PUQ) for all partitions @ and the conclusion
follows. -

Since every continuous function is uniform limit of step functions (see Exercise 4.20), combining the last

two Proposition we have
2.9. PROPOSITION. If f : [a,b] — R™ is continuous, then it is integrable.
We will recall now the basic relation between differentiation and integration.

2.10. LEMMA. Let f : [a,b] — R™ be a continuous function and x € [a,b]. Then

b P b
[i=[s+]1
a a x
PROOF. Let P be a partition such that € P. then P = P’ U P” where P’ is a partition of [a,z] and
P’ a partition of [z,b]. Since all three integrals exist, by Lemma 4.20, we can compute the integrals as limit

of X(f, P,) where P, is a partition as above and lim,_, |P,| = 0 (see Remark 2.2). Then the conclusion

follows easily. O

2.11. REMARK. The Lemma still holds for functions that are just integrable. We just have to prove that

an integrable function is integrable on any subinterval (see Exercise 4.18).

2.12. THEOREM. [Fundamental Theorem of Calculus] Let f : [a,b] — R™ be a continuous function.
Define

F:(a,b) — R™, F(x) :/ f
Then F is differentiable and F'(x) = f(x).
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PRrROOF. F is continuous by Proposition 2.3 (item (4)). Fix = € (a,b) and let h > 0 be such that
x+h € (a,b). Then

X — €T x+h
IF( +h,1 = )—f(x)|=|%/ = f(@)| <sup{|f(t) — f(@)|: t € [z,z +h)}.

Since f is continuous the expression on the right hand side goes to 0, when h goes to 0. The same argument
works for A < 0 and the Claim follows. O

We will define now the integral of functions of several real variables. We will consider the case of two
variables and the reader should not have any difficulty to extend these considerations for n variables.

Let f : [a,b] x [¢,b] — R™ be a function and let ¢, s be the first and second coordinate respectively. For
t € [a,b] fixed, we set fi(s) = f(t,s). Suppose the function f; integrable, V ¢ € [a,b]. Then we define the

iterated integral (if it exists), as

/ab/cdf(t"g) ds di == /ab [/Cdft(S) ds] dt = /abdt/cdf(t,s)ds.

The elementary properties of the iterated integrals follows from the corresponding ones for the integrals

of functions of one real variable. For example

b rd
\/ / ft,s)dsdt] < (b—a)(d—0)|fllo, where |fllo=sup{||f(t, 9)|: (¢ s) € [a.b] X [c,d]}.

2.13. EXAMPLE. Let P = {tg,...,t;} be a partition of [a,b], @ = {so,...,sn} a partition of [¢, d] and let
Xi; € R™ be fixed vectors. Let g : [a,b] X [¢,d] — R™ be a function such that g(¢,s) = X;;,¢ € (¢;,t41), s €
(sj,sj+1)- For s € [c,d] the function gs(t) = g(t, s) is a step function and

b k—1
/ gsdt = (tir1 — )Xy if s € (si,841).

0

b
Therefore h(s) = / gsdt is also a step function, therefore integrable and
a

d b
/ dS/ g(t, S)dt = Z(Si_;,_l - Si)(tj—i-l - tj)Xij.
c a ij

Observe, in particular, that the iterated integral does not depend on the order of integration.

2.14. PROPOSITION. If f is continuous, the iterated integrals exist and

/ab /Cd F(t,s) dsdt:/cd /ab F(t,s) dt ds.

ProOF. We will start with a general fact
CramM Let U CR™ and let f: U x [a,b] — R™ be a continuous function. Then the function

FiU-—R™  Fa) :/bf(x,t)

is a continuous function.
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PROOF. Fix 29 € U and € > 0. The set V = {(z,t) € X x [a,b] : |f(x,t) — f(z0,t)] < €(b—a)~! is
an open neighborhood of xy X [a, b]. Since [a, b] is compact, there exists a neighborhood W of zy such that
W x [a,b] C V. In particular, for all z € W, |f(z,t) — f(zo,t)| < €(b—a)~!, Vt € [a,b]. Hence, if x € W

b
F(@) = Fa)] £ [ 1f(@.6) = fan.0)] < (0 - a)sup{Flzst) = Saast)]} < e
|

The Claim implies, in particular, that a continuous function admits iterated integrals. We will prove
now the commutativity relation. More precisely, given € > 0, we will show that, if P, are partitions as in
Example 2.13, there exists § > 0 such that, if |P|,|Q] < J,

b pd
|/ dt/ F(t,9)ds = > (sign — si) (1 — t) f(t5,80)| < e.

The conclusion will follows, since the other integral is, by symmetry, approximated by a sum of the same type.
By uniform continuity of f, it follows that there exists § > 0 such that |f(¢,s) — f(¢/,s")| < e/(b—a)(d —¢)
if |s — s|, |t —t'| are smaller than . Consider the function g as in Example 2.13, with g(t,s) = f(t;,s:), t €
[tjstit1), s € [si,8i41). Then || f — g|| < €/(b—a)(d — ¢). Therefore

i C / "t s)ds — S sin — st — 1) (1520 = | / Car / " fit,5)ds - / Lar / gt )ds] =

b d
— |/a ‘“/c [F(t.5) — gt 9)lds < (b — a)(d— )| f — g < e
[}

We will define now the integral of a function f : C' = [a,b] X [¢,d] — R"™. Let P, Q be partitions of the

two intervals and set, in analogy with the 1-dimensional case,
S(fPQ) =Y (tixs —ti)(sj41 — 55)f (L, 55).

2.15. DEFINITION. We will say that X = lim|p||q|—0 X(f, P, Q) if, given € > 0 there exist 6 > 0 such
that || X —X(f, P,Q)|| < e if |P|,|@Q| < . If such a limit exists we will say that f is integrable and define the
double integral of f on C' as

/ ft,s)dtds = X.
c

2.16. LEMMA. If f is integrable over C and one of the simple integral, let’s say ff ft,s)dt, exists,

Vs € [c,d], then the other simple integral exists and the iterated integrals are equal to the double integral.

PROOF. The claim follows from the general relation between duple limits and iterated limits:
if lim X(f, P, exists and lim X(f, P, exists V@, lim [ lim X(f, P, = lim X(f,P Q).
P (f,P.Q) Ao (f,P.Q) Q ‘QHO[‘PHO (f, P.Q)] P (f,P.Q)
O

2.17. THEOREM. [Baby Fubini] If f : C — R" is continuous, then the double integral exists and is equal

to the iterated integrals.

Proor. This is a corollary of the proof of Theorem 2.14. (]
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In particular we can define the integral of a continuous function with compact support.

2.18. DEFINITION. Let f : R? — R™ be a continuous function with compact support and C' a rectangle

containing the support of F'. We define

f(t,s)dtdSZ/ f(t, s)dtds.
c

R2

2.19. REMARK. It is easy to see that the definition does not depends on the choice of the rectangle C.

Beside Fubini’s Theorem, that allows us to reduce the calculus of multiple integrals to the case of simple

integrals, the other basic fact on integration that we will need is the formula of change of variables.

2.20. THEOREM. Let U,V C R? be open sets and let F : U — V be a diffeomorphism. If f : V —s R"

is an integrable function with compact support,

/Vf:/UanfoF,

where J[F)] := det[dF] is the Jacobian determinant.
PRrOOF. O
We invite the reader to extend the concepts and results above for the case of integration of function of

several variables.

3. Vector fields, distributions and the local Frobenius Theorem

3.1. DEFINITION. Let U be an open set of R™. A (tangent) vector field on U is a smooth map X : U —
R™. We will denote by H(U) the space of vector fields on U.

3.2. REMARK. Let X be a vector field. We want to think of X (z) as a vector based at x. This is the

reason why we use different names for the same thing®. We can make this point more precise as follows.

e The tangent space of U at x € U is the vector space
T,U = {(z,v) : v € R"}

with the obvious operations on the second component.
e The tangent bundle of U is

TU = UyeyToU = U x R™,

A vector field on U should be defined as a smooth map X : U — TU of the form X (z) = (z, X (z)), X :
U — R". Of course, in our context, we are just complicating notations, but this point of view, that seems

silly now, will prove to be useful when these concepts are extended to the case of differentiable manifolds.
We will review now some facts about solutions of differential equations.

3B. Russel used to say that “Mathematics is the art of calling different things with the same name and the same thing

with different names”.
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3.3. DEFINITION. Let X € H(U), x € U. An integral curve of X with initial condition x is a smooth
map v, : (a,b) C R — U such that:

dyz(t)(1) == 42(t) = X (72(t)), 0€ (a,b) and 7,(0) = =.

When it is clear from the context, or irrelevant, we will ignore the subscript relative to the initial
condition.

The basic result about integral curves is the following

3.4. THEOREM. If X € H(U), x € U, there exists an integral curve with initial condition x € U. This
curve is unique in the sense that two such curves, with the same initial condition, coincide in the intersection
of the domains. In particular there is a mazimal interval of definition, (a(z), 8(x)) C R. Moreover the curve

1s smooth and depends smoothly on the initial condition.

3.5. REMARK. Smooth dependence on the initial condition means that, for fixed z, there exists a neigh-
borhood U of x and € > 0 such that the map

I:Ux(—ee) — U, T(y,t)=r,(),
is a smooth map.

3.6. REMARK. Integral curves exist even if the vector field X is merely continuous. They are unique, in

the above sense, if X is locally Lipschitzian. If X is of class C*, the curves are of class C**1.
3.7. DEFINITION. The vector field is complete if its integral curves are defined on all of R.
3.8. PROPOSITION. If X is complete, the map

Y :U—U,  mlz) =7(),

1s well defined and smooth. Moreover

(1) Yo = ]]-;
(2) Yt+s = Yt ©Vs-

ProOOF. The first property is obvious, by definition. As regards the second one, we observe that, for
fixed s, the curves v, (s)(t) and v,(t + s) are integral curves of X with the same initial condition. The

conclusion follows from the unicity of integral curves. O

In particular ; is a diffeomorphism of U with inverse v_;, and the map ¢ € R ~» 7 is a homomorphism

of the additive group R into the group of diffeomorphisms of U.
3.9. DEFINITION. The map I' (or, sometimes, the maps ;) is called the flow of X.

3.10. REMARK. If X is not complete, the considerations above hold locally. We leave to the reader the

task of making this claim precise.
3.11. DEFINITION. A point x € U is a singularity (or a singular point) of X € H(U), if X(x) = 0.

The behavior of X near a singularity could be quite complicated. On the contrary, the behavior near a

non singular point is quite simple.
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3.12. THEOREM. Let X € H(U), = € U and X (z) # 0. Then there exists a neighborhood U of 0 € R™
and a diffeomorphism ¢ of U onto an open neighborhood of x such that dé(y)(e1) = X (4 (y)).

PROOF. We can assume z = 0 and X (0) = ey. For p = (0,22, ...,2,) € U, consider the integral curve
of X with initial condition p, v,(t). Then the map ¢(p,t) = v, (t) is well defined and smooth if || < €, with €
sufficiently small and p is in a sufficiently small neighborhood U’ of 0 € R" ™! = {(zy,...2,)} € R" : 21 = 0}.
It is clear that d¢(p,t)(e1) = X (¢(p,t)) (see Remark 1.10). Also d¢(0,0) = 1, hence, by Theorem 1.25, ¢ is
a diffeomorphism of a (possible smaller) neighborhood U C U’ x (—e¢, €) of 0, onto its image. O

We can ask for a natural generalization of Theorem 3.12: given linearly independent vector fields
X1,..., Xk € H(U), do there exist local coordinates (z1,...,2,) in R™ such that X; = ¢;?7 In order to

answer this question we will take a slight different approach to vector fields. First a few definitions.

3.13. DEFINITION. An algebra (over the reals) is a real vector space E together with a bilinear map, the
product, b : E@®E — E. The algebra is said to be associative if b(z,b(y, z)) = b(b(x,y), z) and commutative
if b(z,y) = b(y,x) Vz,y.2 €L

When clear from the context we will write ay for b(z,y).

Examples of such a structure are

e The real or complex numbers with the usual multiplication. They are associative and commutative
algebras.

e The spaces M (n,K) of n x n matrices with entries in K = R or C, with the usual product of matrices.
They are associative but non commutative algebras (if n > 1!).

e The space F(U) of smooth real valued functions defined in U C R™.

3.14. DEFINITION. An algebra homomorphism h : E — E/ between the algebras E and E’ is a linear

map such that the image of the product of two elements in E is the product of the images (in E’).

3.15. DEFINITION. An ideal Z of an algebra E is a vector subspace of E such that if x € Z,y € E, then
b(x,y) and b(y,x) are in T

It is not difficult to see that if Z is an ideal of E, the quotient vector space E/Z has a natural product
(and hence a structure of algebra) such that the quotient map is an algebra homomorphism. Moreover, given
an algebra homomorphism h : E — E’, the kernel of h, ker h, is an ideal and, in fact, every ideal Z is the
kernel of an algebra homomorphism, the projection 7 : E — E/Z.

Let F(U) be the algebra of smooth real valued functions defined in U.

3.16. DEFINITION. A derivation of F(U) (resp. a derivation at x € U) is a R-linear map Y : F(U) —
F(U) (resp. Y(z): F(U) — R), such that:

Y(fg)=Y(f)lg+ fY(g) (resp. Y(x)(fg) =Y (z)(f)gp) + f(@)Y(x)(9)) V f,g € FU).

Both the set of derivations and the set of derivations at x have a natural structure of real vector space.
We will denote by Der(U) and Der,,(U) these spaces. Observe that Der(U) is infinite dimensional (if n > 0!)

while, as we will see soon, Der,(U) is n-dimensional.
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3.17. EXAMPLE. Let X € R™, # € U. Then the directional derivative of f € F(U) at « € U, in the

direction X is a derivation of f at x. As we shall soon see, all derivations at x are directional derivatives.

3.18. EXAMPLE. If X € H(U), we define a derivation in Der(U), still denoted by X, X (f)(z) := X (z)(f),
where X (z)(f) is the directional derivative at x, as in the example above. It is easily seen that X (f) € F(U)

so X is, in fact, a derivation in Der(U).
Some simple but basic facts are the following:

3.19. LEMMA. Let f € F(U) and X, € Der,(U).

o If f vanishes on an open neighborhood V' of x, then X,(f) = 0. In particular, if two functions
fy9 € F(U) coincide in a neighborhood of x, then X, f = X,g.

o If f is constant in a neighborhood of x, then X, f = 0.

o If f is (locally) a product of functions vanishing at x, then X, f = 0.

PROOF. Let ¢ € F(U) be a function which vanishes in a neighborhood V; of x and is identically 1

outside V' (see Exercise 4.13 for the existence of such a function). Then f = ¢f and

Xo(f) = (Xa0) f(2) + d(2) Xo f = 0.

The second claim follows from 1-1 = 1 and the definition of a derivation. The third one is also immediate. O
Let x € R™. Consider the set

Fp:={(f,V): V is a neighborhood of z, f e F(V)}.

3.20. DEFINITION. The algebra of germs of smooth functions at x, F,, is the quotient of F, by the
equivalence relation (f,U) ~ (g,V) <= f = g in a neighborhood of x (contained in U NV'). The operations

are the usual sum and product of functions (which are defined in the intersections of the domains).

3.21. REMARK. The advantage of working with germs instead that with functions is that we do not have
to worry about the domain of definition of the functions involved. Anyway, when clear from the context we

will make no difference between a function and its germ.

We will denote by D, the space of derivations of F,, at x (with the obvious definition). Lemma 3.19
implies, in particular, that an element of Der, (U) induces a derivation of F,. We shall see next that all

derivations in D, are of this type.

3.22. THEOREM. Given x € R™ and a derivation X, € D,, there exist a unique vector v € R™ such that
Xy =v(z). In particular Dy = T,R™ = Der,(U).
ProoOF. Let f € F,. In a suitable neighborhood of = consider the Taylor formula
flx1,. o zn) = f(z) + Z B (@) (z; — zi(z)) + (1. ..., Tp),
K]

1

where ®(x1....,x,) is a sum of products of functions vanishing at x (see Theorem 1.19 and Exercise 4.26).
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Applying X, to both sides and using Lemma 3.19 we have:

af (
x

3%—

X)) =3 Xo(w) 2 (@),

Therefore:
~ 0
X = X % )
> X (@)

1

and the map that associates to e; the derivation (x) extends to an isomorphism of R™ (or, better T,,U)

8.’E1‘
onto D,. O

In what follows we will identify T, U with D, and H(U) with Der(U).
The composition of two derivations is not a derivation, in general. However the commutator of two

derivations is a derivation ( Exercise 4.28). This fact suggests the following

3.23. DEFINITION. Let X,Y € Der(U). The Lie product (or bracket) of X and Y is the commutator
[X,Y]:=XoY -YoX.

The following properties are easy to prove and we leave the details to the reader (Exercise 4.29).

3.24. PROPOSITION. The Lie product [ -,- ] : H(U) x H(U) — H(U) is a R-bilinear map. Moreover
(1) [X,Y]=-[y, X],
(2) [X,[Y, Z)) + Y, [Z,X]| + [Z,[X, Y] = 0 (Jacoby identity).

3.25. REMARK. An algebra with a product which satisfies the properties above is called a Lie algebra.

3.26. EXxAMPLE. By Theorem 1.15, [%, 5;] =0

We go back to the original question: given vector fields Xi,..., X, € H(U), linearly independent at
each point, there exist local coordinates (z1,...,2,) in R™ such that X; = a—xi?

There is a natural necessary condition for a positive answer, the condition being [X;, X;] = 0 (see

Example 3.26). It turns out that the condition is also sufficient, at least locally. We will take a slightly more

general approach.

3.27. DEFINITION. Let U C R™ be an open set. A k-dimensional distribution D on U is a law that
associates to a point x € U a k-dimensional subspace D, C R™. Moreover:
e The distribution D is smooth if there exist, locally, k& smooth vector fields Xy, ..., X) such that
D, = span{X1(z),..., Xx(x)}.
e A smooth distribution D is involutive (or integrable) if for all vector fields X, Y € H(U) such that
X(x), Y(x) € Dy, V€U, then [X,Y](z) € D,.

3.28. THEOREM. [Frobenius Theorem, local version]| Let D be a k-dimensional involutive smooth distribu-

0 0
tion on U C R™. Then there exist (local) coordinates x1,...,x, such that D, = span{aT(ac), e 87(1‘)}
1 k

3.29. REMARK. The word “local” means that the claim of the Theorem holds in a sufficiently small open

neighborhood of a fixed point, that we can assume to be 0 € R"™.
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PRrOOF. We will proceed by induction on k. If kK = 1, the Theorem follows directly from Theorem 3.12.
So we assume that the Theorem is true for (k — 1)-dimensional involutive distributions. Let us suppose that
D is a k-dimensional distribution spanned, locally, by smooth vector fields X7, ..., Xj. By Theorem 3.12 we

. 0 .
can assume that there are coordinates v, ..., y, such that X; = e Consider the set
Y1

D={XecH(U): X(z) € D,, X(y1) =0}
CLAIM 1. D is a smooth (k — 1)-dimensional involutive distribution spanned by the vector fields
Y, = X; _Xi(yl)Xh i= 27"'ak'

PROOF. It is easy to see that the vector fields Xi,Y5,...,Y} are linearly independent at every point.
Moreover Y; € D and X; ¢ D, since X (y1) = 1. So D is a smooth (k — 1)-dimensional distribution.
Let us show that D is involutive. If Y,Z € D, [Y,Z] € D since D is involutive. Moreover [Y, Z](y1) =
Y(Z(y1)) — Z(Y (y1)) = 0, hence [V, Z] € D. O

Observe that D is tangent to the slices R* 1 := {(y1,...,y,) € R™ : y; = ¢}, since the first coordinate
of Y; is Y;(y1) = 0. By the inductive hypothesis the are (local) coordinates zs,...z,, in R{J“l such that
E(o,z) = span{a, i=2,...,k}. Consider the coordinates z1 = y1,2; = 2,4 = 2,...,n. The proof of the

Theorem follow from the following

0
CLAM 2. D is spanned by ,i=1,...,k.
5‘:1:1-
. o o .
ProoOF. We want to show that Y7 := X; = e Ys,...,Y} are linear combinations of EIo i=1,...,k.
T1 Ly

For this is sufficient to show that Yj(z;) = 0 for ¢ < k, j > k (this is obviously true for i = 1).

Since the distribution is involutive, there are real valued smooth functions g;.s such that [V;, Y] =
k
25:1 GirsYs. Now

E
Yi(Yi)(aj) = V1, Yil(2;) = D ginsYa(a;).

Hence the functions Y;(z;) are solutions of the system of differential equations

k
0
%YZ@J) = ; girsYS(xj)-

This is a linear homogeneous system of ordinary differential equations, along the x; curves, hence it admits
the zero functions as solutions. Now the initial condition, for 2, = 0, is Y;(z;)(0, 22, ..., 2,) which vanishes
(for j > k) since there x; = z;. Hence, by unicity of the solutions of the initial value problem, the solutions

vanish identically. O

]

3.30. REMARK. The Frobenius Theorem is really a result on existence and unicity of solutions of first
order partial differential equations. We will sketch the proof of a simple fact that will explain this claim.
Let a,b : R2 — R be smooth functions and consider the problem of finding a function f : RZ — R

such that
of _ of _

&r_a’ ay—b.
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The Theorem of Schwarz (Theorem 1.15) gives an obvious necessary condition for the existence of such

b
a function, that is g— = ?. We will use the Theorem of Frobenius to shows that, at least locally, such
x Y

condition is also sufficient?. Consider the vector fields in R3

X = — _— = — b—
oz 0z Jy + 0z
. S ob  0Oa, 0 e - o
A simple calculation gives [X, Y] = (a— - a—)a— Hence the distribution spanned by X, Y is involutive if
x y’ 0z

and only if [X, Y] = 0. In this case, by the Frobenius Theorem, there is a local diffeomorphism ® : R? — R3

such that d@(ag) =X, d@(ag) =Y. The “surface” ®(x,y,c) has the distribution spanned by X and Y
x y

as “tangent space” and, since the normal vector is not horizontal, it projects (locally) onto the plane es,
injectively. Hence it is the graph of a function f that is, as it is easily seen, a solution of our problem.

The differential equation above is the simplest case of a class of differential equation, called total differ-
ential equations, for which necessary and sufficient conditions for existence and unicity of solutions may be

given in terms of the Theorem of Frobenius.

An important fact about Lie product of vector fields is that it “behaves well with respect to smooth
maps”. First a definition to make the statement precise. Let F': U C R® — V C R™ be a smooth map

between open sets.
3.31. DEFINITION. We say that X € H(V) is F-related to X € H(U) if dF (2)(X) = X(F(z)), Yz € U.
3.32. PROPOSITION. If X, Y € H(V) are F-related to X,Y € H(U), then [X,Y] is F-related to [X,Y].
PROOF. Let f € F(V). We must show that, fixed 2 € U, dF([X,Y](z))(f) = [X,Y](F(z))(f).

dF([X,Y](2))(f) = [X, Y](@)(foF) = X(z)(Y (foF)) =Y (z)(X(foF)) = X (z)(

~h
3
S~—
o]
>
|
~
P
8
=
D
—
=
o]
B
S~—
Il

= dF(X(@)(Y(f)) = dF (Y (2))(X(f)) = X (F(2)(Y (f)) = Y (F(2))(X(f)) = [X, V](@)(f).

There is an interpretation of the Lie product of vector fields worth mentioning.
3.33. PROPOSITION. Let X, Y € H(U) and let ¢y be the (local) flow of X. Then, for x € U,

X, Y)(@) = i £ A6 (6(2))Y (6n(2) — ¥ ().

0 0
Proor. By Theorem 3.12 we can assume X = —. Let Y = Zyi—. By linearity we can assume
81‘1 8931

0
Y=y E Observe that the flow of X is just translations, i.e. ¢¢(21,...,2n) = (x1 +¢,...,2,). Then the

= Oy (x) 0 (z). On the other hand, the left hand side is also Oy (2) 0 (x)
o1 yi
g

oYy
right hand side is just — ()

o0x1 . y; o0x1
(see Exercise 4.30).

4A different proof will be given in Chapter 1.
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4. Exercises

4.1. For L,T € L(R"™,R™) consider the norms ||L||y = traceL'L, |L| = sup{||L(z)] : ||z] = 1}.

(1) Prove that ||LoT|| < ||L||||T]-
(2) Prove that ||L||> = X where X is the largest eigenvalue of L!L. Conclude that ||L|| < ||L||2 < nl|/L].

4.2. Prove Proposition 1.3.

4.3. Let f,g: U — R™ be differentiable functions. Define F' : U — R, F(z) = (f(x), g(x)). Prove
that F' is differentiable and compute dF'(z) (see Example 1.5).

4.4. Consider the function f: R — R2  f(t) = (cost,sint). Compute df(t) and show that there is no
to € [0,27] such that f(27) — f(0) = df(¢o)(1)27 (So the mean value Theorem, in the form 1.6, is not true

if the dimension of the target space is greater than 1).

4.5. Let f: U — R™ be a differentiable function. Use Theorem 1.7 to prove
(1) ifdf(z) =0, Va € U, then f is locally constant. In particular, if U is connected, f is constant,

(2) if T € L(R",R™). Then
1f(a+h)—f(a) = T(h)|| < [|h]|sup{[|df(a+th) = T| : t € [0,1]}.

th if t>0

0 if t<0

4.6. Prove that the function
fe(t) = {

is of class C*~1 but is not of class C*.

4.7. Consider the function f:R? — R
2

f@y) = s @y) £ 0,0, f0.0)=0.

Prove that the partial derivatives at (0,0) exist, but f is not differentiable at (0,0).

4.8. Let f:R™ — R™ be a function.
f(z), VteR,and f is differentiable at 0, then f is linear.

(1) Prove that if f(tx) =t
(2) Prove that if f(tx) = |t|f(x), VYt € R, and f is differentiable at 0, then f vanishes identically.
(3) Prove that if f(tz) =t2f(z), Vt€ R, and f is twice differentiable at 0, then f is bilinear.
(4) Prove that if f(tx) =tk f(z), Vt€R and f is of class C*, then
i _ 1 k
d f(l')(h,17 ey hz) = md f(O)(x, ey I, hl, ey h,l)
4.9. Let || - || : R® — R be a norm. Prove that || - || is not differentiable at 0, || - ||? is differentiable at 0

and twice differentiable at 0 if and only if it is induced by a scalar product.
4.10. Prove that, if {z,} C R" is a Cauchy sequence admitting a subsequence converging to = € R,

then the whole sequence converges to x.
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4.11. Let {z,} € R™ be a sequence. Define convergence for the series Y z, and prove the Cauchy

convergence criterion for series.

4.12. Let M(n,R) the space of n x n matrices with real entries. Consider the natural identification with
R"* and define exp : M(n,R) — M(n,R), by:

exp(4) =
k=0

(1) Prove that exp is well defined (i.e. the series converges).
(2) Prove that, if AB = BA, then

| —

k
!A.

o

k

(A+B)F=>" (’f) A'BF,

i=0

Conclude that, if AB = BA, exp(A+ B) = exp(A) exp(B).

(3) Prove that exp(PAP~!) = Pexp(A)P~L.

(4) Let A be an upper triangular matrix. Compute the diagonal entries of exp(A).

(5) Show that det(exp(A)) = et2e(4) VYA € M(n,R). Conclude that exp(A) is invertible VA €
M (n,R). Hint: put A in upper diagonal form.

(6) Show that exp is differentiable and compute dexp(A)(B). Hint: compute <|,—oexp(A + tB).

(7) Show that dexp(0) = 1. In particular exp maps diffeomorphically a neighborhood of 0 onto a
neighborhood of exp(0) = 1. The (local) inverse is the logarithm.

4.13. Consider the function
1
et if t>0
ft) = ,
0 if t<0
(1) Prove that f is smooth.
(2) Let 0 < 61 < d2. Prove that the function

JP i)

F(ll* = 03) + £(63 — [|=]1?)
is a well defined smooth function with values in [0, 1], that vanishes for ||z| < §; and is identically
1 for [|z|| > da.

4.14. Consider the map ¢ : B"(1) — R", é(z) = z(1 — ||z]|2)~ 2. Prove that ¢ is a diffeomorphism.

4.15. Use the local form of subimmersions (Theorem 1.27), to prove the following

THEOREM [Implicit function Theorem| Let U C R™ xR™ be an open set. f: U — R™ a smooth function
such that, for zo = (xo,y0) € U, f(z0) =0, and dz f(z0) : R™ — R™ is an isomorphism. Then there exists
a neighborhood V. C R™ of xg and a unique smooth function g : V. — R™ such that f(x,g(x)) =0 Va € V.

Moreover
dg((x) = —[daf (2, 9(2))] " 0 di f(z,g())
(d;f is defined in Remark 1.12).

4.16. Prove Proposition 2.3
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4.17. Let T : [a,b] € R — L(R™,R™) be an integrable function and ¥ € R™. Prove that the function

f@t) =T()Y is integrable and
b b
[ =1 mw.

4.18. Prove that, if f : [a,b] — R™ is integrable and = € [a,b] then f|(, ;) and f|}, ) are integrable and

b T b
o=l oe )
4.19. Let f : [a,b] — R™ be such that f(t) = 0 for ¢t outside a finite set. Prove that f is integrable and

b
f = 0. Conclude that if two functions f, ¢ : [a,b] — R™ differ only on a finite set, then one is integrable

a
if and only if the other one is integrable and, in this case, the two integral coincide.
4.20. Prove that any continuous function f : [a,b] C R — R™ is uniform limit of step functions.

4.21. A curve v : [a,b] — R™ is said to be rectificable if there exists I = I(y) € R (called the length of
) such that for all € > 0 there exists 6 > 0 such that if P = {t¢,...,t;} is a partition with |P| < 4, we have

k—1
1= i) =) | < e
0

b b
Prove that if «y is of class C!, « is rectificable and [(f) = / A(t)dt = / dvy(t)(1)dt.

4.22. Use Fubini’s Theorem (Theorem 2.17) to prove Theorem 1.15. Hint: it is nor restrictive to assume
f:R? — R (why?). If of of

— —— > 0 at zp = (xo,yo) s0 it is in a small rectangle C' = [a, b] X [c, d]
containing zo. Show that the integral over C' of the difference is zero.

dxdy  Oyox

4.23. Let X : U C R™ — R" be a smooth vector field. Prove that if supp(X) :={x € U : X(x) # 0} is

compact, then X is complete.

4.24. Let X : R™ — R" be a smooth vector field. Prove that, if there is a constant M with || X (z)| <
M, ¥V z € R", then X is complete (hint: show that an integral curve v : [0,a) — R™ has finite length, if

a < 00, S0 its image has compact closure).
4.25. Give an example of a non complete vector field in R.

4.26. Let f € F(U), 0€ U CR™, f(0) =0. Prove that there exist functions ¢g; € F(U’) where U’ C U

0
is an open neighborhood of 0, such that f(x;,...x,) = > oy #;gi(xi, ... x,) and g;(0) = / (0). Hint: write

3xi
1
o= [ )y,

4.27. Consider Fy, the algebra of germs of smooth functions at 0 € R™ and Zy = {[f] € Fo : f(0) = 0}.

(1) Prove that Z is the unique maximal (non trivial) ideal of Fp.
(2) Let Z2 be the ideal generated by products of two elements in Zy. Prove that Zo/Z2 is a n-dimensional
real vector space spanned by the (equivalence classes of) the germs of the coordinate functions.

Conclude that Zy/Z2 is canonically isomorphic to [R"]*.
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4.28. Prove that if X, Y € Der(U) then [X,Y]:=X oY —Y o X € Der(U).
4.29. Prove Proposition 3.24.

4.30. Let 5 5
X = —_— Y = b —
zk:ak(x) Oz’ zk: k(x)axk
be smooth vector fields in R™.

(1) Compute [X,Y] in the basis i
8xk

(2) Let Xy,...,X, be linear independent vectors in R™. Show that there exist smooth vector fields
X,.. .,f(p in R™ such that, for a fixed z € U, X;(z) = X; and [Xi,f(j] =0.






CHAPTER 1

The de Rham cohomology for open sets of R”

1. Exterior forms

Let E be a finite dimensional real vector space and E* its dual. We will identify, as usual, E with the
double dual (E*)* := E**.

1.1. DEFINITION. A tensor of type (p,q) in E is a multilinear! map:

t: B x - xE'xEx---xE—R

p times q times

We will denote by E(, ) the space of these tensors. This is a real vector space with the operations of sum

of multilinear maps (summing the values) and product by a scalar (multiplying the values by the scalar).

1.2. EXAMPLES.
[ ] E(O,l) = E*, E(I,O) - E** - E
e A scalar product in [E is an element of E o).

e It is convenient to define E g ) := R.

We will be interested mainly in tensors of type (0, q). To simplify the notations we will set E, := Eg q).

Beside adding tensors, we can multiply them.
1.3. DEFINITION. Given w € E,, 7 € E,, we define the tensor product w ® 7 € Epy4 as
WRT(Z1,. .., Tptq) =w(@1,. .., Zp)T(Tpi1, .- Tprq)-

1.4. REMARK. It is easy to see that the tensor product is associative and distributive (Exercise 7.1) and
therefore, suitably extended, defines an associative algebra structure in E, := ®E,. With this structure E,

is called the tensor algebra.

1.5. PROPOSITION. Let {wi,...,wn} be a basis of BE1 = E*. Then the set {w;, ® --- @ wj, ti1,...,0q €
{1,...,n}} is a basis of E,.

PROOF. Let {e1,--- ,en} be the dual basis, i.e., w;(e;) = d;;. Then:
Zail'“iqwil ® - Quwi, (€. -,€5,) = Gjyj, -

Li.e. linear in each variable.

29
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It follows, by a standard argument, that the the elements of the set in question are linearly independent.
Now, given w € E, we define a;,...;, = w(e;,,...,e;,). It is easy to check that w = > a;,..;,wi; ® -+ @ w;,,
and this concludes the proof.

O

We will be interested in special elements of E,. Let ¥(p) be the group of permutations of {1,...,p} C N.
If 7 € ¥(p), we will denote by || the sign of w, i.e. |m| = 1 if 7 is the product of an even number of

transpositions and |r| = —1 otherwise.

1.6. DEFINITION. Let w € E,. We will say that

o wis a symmetric form if  w(x1,..., 1) = W(Tra), .- Trip)), VT E E(p).

e wis an exterior form * if w(w1,...,xp) = |[Tw(@r(1)s -, Tagp), VT E X(p).

We will denote by ¥P(E) the space of symmetric tensors in E, and with AP(E) the space of exterior
p-forms. These are subspaces of E,. Clearly A°(E) =R =X%E), AYE)=E,; =E* =X E).

We will be mostly interested in exterior forms and we will describe now the basic example.

1.7. EXAMPLE. Let {e1,...,e,} be a fixed basis of E and {¢1,...,d,} be the dual basis. Let us fix

indexes 1 <4 < --- <14, < n and define:

w(ihm)ip)(xl, ooy p) 1= det(gy, (7).

In other words we consider the matrix whose k*" column is given by the coordinates of xj, in the fixed
basis, and compute the determinant of the sub matrix obtained considering only the lines (i1, ..., ,) of the
original matrix. The w(;, . ;,)’s are exterior p-forms since the determinant is multilinear in the columns
and, permuting the columns the sign changes according to the parity of the permutation. As we shall see
(Proposition 1.20 and Remark 1.18), these forms are a basis of AP(E).

1.8. REMARK. By Example 1.7 p-forms are, essentially, determinants of p X p matrices and, therefore, “p-
dimensional (oriented) volume elements”. So they appear as the natural integrands of the multiple (oriented)

integrals. This statement will be made precise in the next chapter.

The tensor product of exterior forms is not, in general, an exterior form. But we can “alternate” the

tensor product in order to obtain an exterior form. Define the linear operator

1
A:E, —E,, A(")(z1,...,2p) = — Z IT|T(Tr(1)s - oo Trp))-
" mex(p)
1.9. PROPOSITION.
(1) If T €E,, A7) € AP(E).
(2) If e AP(E), A(r)=r.

In particular A2 = A.

2The terms alternating tensor or skew symmetric tensor are also used in the literature.
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PROOF. If p = 1 there is nothing to prove, so we assume p > 1. For i,j € {1,...,p}, we will denote by
(i) the element of X(p) that interchanges ¢ and j and leaves the other integers fixed. If m € X(p), we set

7’ =mo (ij). Then |7'| = —|n| and

1
AT (@1, Ty ey Ty e, Tp) = HZ IT|T(Zr(1)s -+ s Tr(g)s e v s Tr(i)s oo s T(p)) =

1
27! Z |7r\7'(a:,,/(1), s Tt (i) e Tl () ,xﬂl(p)) =

1
ﬁ Z 7|7T/|T(I7T’(1)a v 7x7r’(i)7 s 7'1:77’(j)7 v azTr’(p)) = 7A(T)(x17 ey Ly 3 Ty e 7$p)
It is easy to see that the equation above implies that A(7) € AP(E) (see Exercise 7.2). Moreover, if 7 € AP(E),

1 1
A(T) (1, ... ) = = S Il (@ey, - Tegp) = o SolalPr(@, . wp) = T(2, 1)

and this proves the second claim.

g
Observe that, in general, A(¢ ® ) # A(¢) ® A(y)). However we have
1.10. LEMMA. If ¢1,...,¢p € E*, then:
1
A @ @dp) == Y |olde) @ @ bo).
P ety
PROOF.
1
A1 @ @) (w1, mp) = — Y 10161 @ @ dp(Tar)s s To(p) =
P oesto)
1 1
o D 1ol @em) - bp(@am) = 5 Y loldoq)(@1) - b (@)
" oex(p) " oe(p)
d

Using the operator A we can define product of exterior forms.

1.11. DEFINITION. The exterior (or wedge) product is defined as the map

A AP(E) x AY(E) — APTI(E), ANw,T) =wAT = “Alw @ T).

(p+q)!
plq!

(The reason for the coefficient will be discuss in Remark 1.19.)

It is easy to prove that the exterior product is distributive (see Exercise 7.3). In particular, suitably
extended, it defines an algebra structure on A*(E) := @AP(E). A*(E) is called the exterior algebra.

It is also true that the exterior product is associative, but this fact is a little bit tricky. The proof
involves a characterization of the kernel of A. The problem is that A is not an algebra homomorphism, hence

we can not conclude, directly, that ker A is an ideal. We will prove that, in fact, ker A is an ideal.



1. EXTERIOR FORMS

32

Consider the ideal Z C E, generated by ¢ ® ¢, ¢ € E*. This is the vector subspace of E, generated by
elements of the form TR ¢ ® ¢, Yy R Y @ n, ¢, v € E*,7,n € E, or, alternatively, it is the intersection of all

ideals containing the elements of the form ¢ ® ¢, ¢ € E*.

1.12. THEOREM. ker A =T.

PROOF. It is easily seen that Z C ker A. We will prove that ker A C Z. Consider the quotient algebra

E./Z. Denote by - the product in this quotient and by 7 : E, — E,/Z the quotient map, which is an

algebra homomorphism. First observe that, if ¢,y € E*:
0=m((¢+9)@(¢+v) =m(¢R+¢RYV+YRI+¢PQY) =7(¢®Y) + (Y ® ¢),
ie. (¢ ®¢) = —m(¢ ® ¢). Therefore, for ¢1,...,¢, € E* and o € X(p), we have

7T(¢o’(1)a ..., ®¢U(p)) = (¢O’(1)) e 7T(¢0(p)) = |0"7T(¢1) T 7T(¢p) = |U‘7T(¢1 Q- ¢p)

Hence

1 1
T(Apr8 - 98) =75 Y [olm(doy @ @ bom)) = 1 Y [ol'n(@1© @) =m(91 6 -

" oex(p) " oeX(p)

So any element in ker A is in 7 := ker 7.
1.13. COROLLARY. Letw € E,, 7 € E,. If A(w) =0, Alw®7)=0=A(TQuw).
Proor. This follows from the fact that ker A is an ideal.
At this point we can prove the announced result
1.14. PROPOSITION. The wedge product is associative.
PRrROOF. First we observe that
AAlwen) @0)) =Alwenet) = Alwe An®0)).

In fact, by 1.9, A> = A. Hence A(A(n®6) —n® @) =0 and, by 1.13, we have that:

0=Awe(Ane0) —n®0) =AW AN ) —wenel) = Alwe AN ) - Alwen®0),

which proves the second equality. The first one is proved in a similar way.
Therefore, if w € A¥(E),n € AY(E), 6 € A™(E), we have:

(k+1+m)! (k+1)!
(k+0im! k!

(k+1+4+m)!

@A A9 = =

A(lwnn) ®0) =

Alwen®0),
and the associativity follows from the associativity of the tensor product.
1.15. EXAMPLE. Let ¢1,¢2 € E* =E;, z1,22 € E. Then:

61 1 9al1,72) = 23 (91 (01) () — b1 (22)(e1)) = detlgi(z;).

More generally, an induction on p gives

® ¢Pp).
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1.16. PROPOSITION. Let ¢; e E*,x; € E 4,5 =1,...,p. Then:

G1 A Ay, mp) = det[dy(x5)].
In particular if o € X(p), 1A+ ANdp = [0]Po) A+ A bo(py-
1.17. REMARK. Observe that, by 1.14, the form ¢1 A--- A ¢, is well defined.
1.18. REMARK. In the Example 1.7 the form w;, .. ;) is just i, A--- Ay,
(pp—:_q?)! in 1.11 is convenient in order to avoid unpleasant coefficients in

1.16 and also for a geometric reason: let E be an inner product space, {eq,...,e,} an orthonormal basis and
{¢1,...,¢n} the dual basis (so ¢;(e;) = (e;,e;) = d;;). Given vectors z1,...,2, EE, p1A---Adp(z1,...,20)

is the “volume” of the parallelepiped of edges the x}s. The coeflicient above is such that the “unit cube”,

1.19. REMARK. The coefficient

i.e. the parallelepiped spanned by the e;’s, has volume 1 (see Definition 1.28).
1.20. PROPOSITION. Let {¢1,...,dn} be a basis for E*. Then
{di, Ao Ay, 1 1<y < <ip<n}
is a basis of AP(E). In particular AP(E) has dimension (Z) and AP(E) = {0}, if p > n.

PROOF. Let {e1,...,e,} be the dual basis. First observe that ¢1 A--- Ay (e1,...,e,) = det[p;(e;)] = 1.
Also observe that ¢; A ¢; = —¢; A ¢; and, in particular, if we interchange two elements in the product
¢i, N+ A ¢;, the form changes sign. We will prove now that the forms {¢;, A--- Ay i1 <--- <ip} are

linearly independent. Suppose

Z ail...iquil /\"'/\Qbip =0.
i1 <o <
We want to show that a;,...;, = 0. We will do it for aj...,, the other cases being analogous. Observe that

Z ail...ipgbil VANRERIAN (bip A\ ¢p+1 VANREIAN q’)n(el, cey en) =01.p = 0,
11 < <ip

since the terms with {i1,...,4,} # {1,...,p} vanish (they contain two equal indexes), and the conclusion
follows. We leave to the reader the task of showing that they span AP(E) (Exercise 7.4).
U

1.21. COROLLARY. The algebra A*(E) is a graded commutative algebra®, i.e. if w € AP(E), 7 € AI(F)
wAT= (=17 Aw.
In particular the square of a form of odd degree is zero.

PROOF. As we have seen this is true for products of decomposable elements (i.e. elements of the form

Gi, A=+ A @i, ). The general case follows from the fact that such forms span the exterior algebra. O

1.22. REMARK. There is a restriction, in Proposition 1.20, on the set of indexes with respect to Propo-

sition 1.5 and this is due to the graded commutativity of the exterior algebra.

3An algebra E, with product b: E® E — E is a graded algebra if there is a sequence of vector subspaces E; such that
E = ®E; and b(E; BE;) C E; ;. Such an algebra is said to be graded commutative if for w € Ep, 7 € Eq, b(w,T) = (—1)P9b(T, w).
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Let L : E — F be a linear map. Recall that the transpose of L is the map

L F(=F)) —E(=E), L(8)() = o(L).
This map extends to a linear map

E,(L):F, — E,, E,(L)(w)(z1,...,2p) =w(L(z1),...,L(zp)).
It is simple to see that if w € AP(F) then E,(L)(w) € AP(E). So we get, by restriction, a linear map
AP(L) := Ep(L)|ar(my : AP(F) — AP(E),
and, by additivity, a linear map A*(L) : A*(F) — A*(E).

When clear from the context we will write Ly, or just L*, for AP(L) and A*(L).

1.23. PROPOSITION. L*(w A T) = L*(w) A L*(7). This means that L induces a graded algebra homomor-
phism L* : A*(F) — A*(E). Moreover we have the following properties, called the funtorial properties*

(1) (1e)* = La-(g)-
(2) If L:E—F and T : F — G are linear maps, then (T'o L)* = L* o T*.

Proor. To prove the first assertion, we just observe that, if ¢; € F*,z; € E, i,5 =1,...,p, we have:

Ly(dr A Ngp) (@, .. mp) = det[di(Lay)] = det[L* (i) (x5)] = L*(¢r) A+ AL (dp) (@1, -, 2p)-
Since AP(E) is spanned by elements of the form ¢1 A - -+ A ¢, by Proposition 1.20, the conclusion follows by

linearity. The functorial properties are obvious. O

1.24. REMARK. We will meet often, along these notes, “functorial properties”. These properties are
usually trivial to prove, but important. For example, in the context of Proposition 1.23, they imply that, if

L is an isomorphism, then L* is also an isomorphism (see Exercise 7.16).
Let E be a finite dimensional real vector space with an inner product (-,-) : E x E — R.

1.25. DEFINITION. The isomorphisms
b:E—E  b(a)(y) =(z,y), §:E —E f:=b"},
are called the musical isomorphisms.

We define an inner product in E* by requiring b to be an isometry. We can also define an inner product

in AP(E) extending, by bi-linearity, the formula

(p1 A AN pyihr A App) = det({¢i, 1))
Observe that, if {w;} is an orthonormal basis for E*, the basis {w;, A---Aw;, : i1 < --- <i,} is orthonormal.
We recall that two bases of a n-dimensional real vector space E are equioriented if the matrix that gives
the change of bases has positive determinant. This relation is an equivalence relation and the set of bases of
E is divided into two equivalence classes.
41n the language of category theory this means that the law that associate to a finite dimensional real vector space E

the graded algebra A*(E) and to a linear maps L : E — F the map L* is a contravariant functor from the category of finite

dimensional real vector spaces and linear maps, to the category of algebras and their homomorphisms.
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1.26. DEFINITION. An orientation on E is the choice of one of two equivalence classes of equioriented

bases. E is oriented if such a choice has been made and the bases in the chosen class will be called positive.

1.27. REMARK. Naturally an orientation in E induces an orientation on E*, by declaring positive the

bases that are dual of positive bases of E.

1.28. DEFINITION. Let E be a n-dimensional oriented inner product space and let {w1,...,w,} be a

positive orthonormal basis of E*. The volume form of E is the n-form v = w1 A -+ Awy,.
1.29. LEMMA. The volume form is well defined, i.e. it does not depend on the choice of the basis.
PROOF. Let {w;}, {#;} be bases of E* and A = (a;;) such that ¢, = > apjw;. Then

o AR A Z |a|a10(1)~~aw(n)w1 AN ANwp :det(A)wl N Nwp.
geX(n)

If the bases are orthonormal and positive, then A € SO(n). In particular det(A4) = 1. O

1.30. DEFINITION. Let E be a n-dimensional oriented inner product space. The Hodge (star) operator
is the operator

*p AP(E) — A(n_p)(E)7 *;D(n)(xlu ey m(nfp)) = <7] A b(‘/L.l) ARERNA b(.’L‘(n,p)),’U%
where v is the volume form. When clear from the context, we will write simply * instead of *,.
1.31. REMARK. Let {w;} be a positive orthonormal basis for E*. Then the Hodge operator may be

defined by extending, linearly, the map

#wig A ANwiy) = wjy A Awj, s
where {i1,...,4p,j1,...Jn—p} IS an even permutation of {1,...,n}.
The following properties are easily established

1.32. PROPOSITION. * is ¢ linear isometry and %, _p, o %, = (—1)”(”7’))]1/\;7@).

2. Differential forms and the de Rham cohomology

2.1. DEFINITION. A differential p-form on an open set U C R™ is a smooth map w : U — AP(R") &

R(?). When clear from the context we will just say that w is a differential form or simply a form.

2.2. REMARK. According to Remark 3.2 of Chapter 0, we can complicate the definition in order to have

one that make sense in the context of smooth manifold. Consider the bundle of exterior p-forms
AP(U) := Upep AP (T,U)

that can be identified with U x AP(R™). Then a differential p-form is a smooth map @ : U — AP(U) such
that w(x) € AP(T,U), i.e, 0(z) = (z,w(z)), w(z) e AP(R").
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We will denote by QP(U) the set of differential p-forms on U. QP(U) has an obvious structure of real
vector space. Moreover we can multiply a differential form by a function and this operation is associative
and distributive, in the appropriate sense, i.e. QP(U) is a module over F(U).

A differential form w € QP(U) induces a F(U)-multilinear map, denoted by the same symbol,
wiHU)x - xH{U) — FU), wXi,...,Xp)(r) =w@)(Xi(z),..., X,(x)).
Conversely, we have
2.3. THEOREM. [Tensoriality Criterion] A R-multilinear map
w:HU)x - xHU) — FU),
is induced by a differential form if and only if it is F(U)-multilinear.

PROOF. Clearly, if w is induced by a form, it is F(U)-multilinear. Suppose that w is F(U)-multilinear.
Let z € U, X; € T,U. Extend the X;’s to vector fields X; € H(U), X;(y) = > aij(y)e;, and define:
w(@) (X1, Xp) = w(Xi, ..., Xp)(2).

In order to show that the above equality defines a form it is sufficient to show that it does not depend on

the extensions. In fact, by F(U)-multilinearity,

W(Xla""X;D)(x) = Z alil(l')'"Clpip(fﬂ)W(eil,...,eip).

P1yeeyip=1

2.4. EXAMPLE. Since A°(R") =R, Q°(U) = F(U).

The basic example of a differential form is the following. Let f € F(U). Then the differential of f is
the the 1-form
(df)(2)(X) := X(2)(f), X €Der(U).
In particular, we can consider the coordinate functions z; : R™ — R. At each point = € U, the
differentials at z, dz;(x) ® are a basis of A'(R"). Therefore {dz;, (z) A---Adz;, (z) 1 1 <4 < - <ip<n}

is a basis of AP(R™). So we have
2.5. PROPOSITION. Let w € QP(U). Then w can be written in a unique way as:

w = E wilw,ipdmil /\-~-/\d.%‘ip,

i< <ip
where w;, ...i, € F(U).
2.6. ExampLE. If f € F(U), df = Z 3 dz;.
x;

1
2.7. REMARK. As a real vector space QP (U) is infinite dimensional (if n > 0!), but as a F(U)-module,

n
it is a free module of dimension ( >
p

5Since x; is linear, do; = z;, and dx; is the form that associates to a vector its i*? coordinate in the canonical basis.
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Let U C R™, V C R™ be open sets and F : U — V a smooth function, F(x) = (Fi(x),..., Fn(z)).
Then dF(z) : R™ — R™ is a linear map and we have an induced map F* : AP(R™) — AP(R™). This map

induces a linear map:

F* 1 QP(V) — QP(U),  F*(w)(X1,...,X,)(2) = w(dF(z)(X1),...,dF(@)(X,)).

If x1,...,%n, Y1,-..Ym are the canonical coordinates in R™ and R™ respectively, we have
n
. OF;
F*(dy;) = 21 92, d;,
i—

and therefore, if w = Z Wiy,ip Qs Ao Ady;,,

V1yeeny ip

F*(w)(z) = | Z Wiy ooy (F'(2)) F* (dysy ) A oo A F* (dys, ).

seenalp

We have the functorial properties:

[ ] Il*U = ]].Qp(U),
o If F : Uy — Us e Fy : Uy — Us are smooth maps, (Fy o F})* = F} o F.

In particular, if F'is a diffeomorphism, F* is an isomorphism.
2.8. EXaMPLE. Let U C R" and j : U — U x R™,j(z1...,z,) = (z1...,2,,0...,0), be the in-

clusion. If w = f(z1,...,Znqem)das, A - Adag,, i < -0 < iy, j'w = 0, if i, > n, and j'w =
f(w1, .. 20,0,...,0)dzs, A--- Adwg, is i, < n.

Differentiating a function can be viewed as a R-linear map:
d: Q%U) = F(U) — QYU).
Now we extend extend now this operation to higher dimensional forms.

2.9. THEOREM. There exists a unique family of R- linear operators dP : QP(U) — QPYL(U), p =
0,...,n, such that:
(1) d° =d (the usual differential).
(2) dP+lod? = 0.
(3) IfweQP(U), 1€ QIU),dPTw AT =dPw AT+ (—1)Pw Ad?T.
Moreover, if F': U — V is a smooth map and w € QP(V), then dPF*w = F*dPw.

When clear from the context we will write simply d for dP.

PROOF. Let us suppose that such a family exists. If w = f(z)dx;, A--- Ada;,, we have, by (3),

dw = (df) Adwzg, A--- Adxg, + fd(da;, A--- Adag,).
Now, from (1), df = E 8—dxi, and, from (2) and (3)
; T
i=1

d(das, A+ Adag,) = dzi, A Addai, A Ada, = 0.
J
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Therefore, if w = Z Wiy i, dry, A Adag,

i< <ip

dw = Z Z Gw“ r dzg Adzg, A Adag,.

ko <-<ip

This shows that if such a family exists, it is unique. Conversely, if we define d? by the formula above we
obtain a family of operators that, as it is easily seen, has the desired properties.

The last claim follows from
dyz Za '—dyzOF)_d(F*(yz))
and the fact that F'* is an algebra homomorphism. O

2.10. DEFINITION. The operator d is called the de Rham differential or the exterior differential or simply

the differential. For reasons that will be clear later, d is also called the coboundary operator.
A simple but useful consequence of the properties above is the following
2.11. COROLLARY. d is a local operator, i.e. if w =7 in an open set U, then dw = d7 in U.

PRrROOF. The proof is essentially the same as the proof of the first claim in Lemma 3.19 of Chapter 0. O

We can also give an alternative definition of the exterior differential that does not depend on coordinates.

2.12. PROPOSITION. Let w € QP(U), Xo,..., X, € H(U). Then

p
dw(Xo, ... Xp) =Y (1) X; - w(Xo, .., Xiy . Xp) + > (=) Pw([Xi, X, Xo, .. Xy, XG0, X)),

=0 i<j

where [X;, X;] is the Lie product of vector fields defined in Chapter 0.

PROOF. We sketch the proof leaving the details to the reader (Exercise 7.24). First observe that the
right hand side of the equality above is F(U)-multilinear, and so, by the tensoriality criterium (Theorem
2.3), it is a differential form. In particular, to compute dw(Xo, ..., X,) at a given point zo € U, we can take
arbitrarily extensions of the X;(z¢). So, it will be enough to prove the equality for the case when the X;’s
are coordinate vector fields. In this case [X;, X;] = 0 so the second term on the right hand side vanishes

while the first term is just the expression of dw given in Theorem 2.9. O

We have a sequence of vector spaces and R-linear maps:

0 1 n—1
0— ) L o)L anu) — o
which is a cochain compler, i.e. dP*1 odP = 0, or, equivalently, Ind?~! C ker d” (see next section for the

definition and basic properties of cochain complexes). This sequence is called the de Rham complex of U.
We define
o ZP(U) :=ker dP, the space of p-cocycles or closed p-forms.

e BP(U):=Im dP~!, the space p-coboundaries or exact p-forms.
o HP(U) :=ZP(U)/B?(U), the p-dimensional (de Rham) cohomology of U.
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2.13. REMARK. Let w, 7 be closed forms in U. Since d(wAT) = dwAT+twAd7T, wAT is closed. Moreover
ifr=dB, wAT==xd(wAPp),ie wATisexact. In particular the wedge product induces a well defined
bilinear map U : HP(U)® HY(U) — HPT1(U), [w]U[r] = [wAT]. This product, suitably extended, defines
an algebra structure on H*(U) := @HP(U). With this structure H*(U) is called the cohomology algebra of
U®.

Let U C R™, V C R™ be open sets and F': U — V a smooth function. As we already observed, F
induces a map F* : QP(V) — QP(U). Since, by Theorem 2.9, F* od = d o F*, F* maps closed forms to

closed forms and exact forms to exact forms. Hence it induces a R-linear map, that we still denote by F™,
F*: H?(V) — HP(U).

It is also simple to see that F* induces an algebra homomorphism F* : H*(V) — H*(U) (see Remark
2.13). The functorial properties
° ]1?} = IIHP(U)?
o If Fy : Uy — Us and Fj : Us — Us are smooth maps, then (Fy o F1)* = F} o Fy
are also easily verified. In particular, if F' is a diffeomorphism, F* is an isomorphism. So the de Rham

cohomology is a (differential) topological invariant of U.

3. Algebraic aspects of cohomology

The construction of the de Rham cohomology fits into a general algebraic setting called homological
algebra. In this section we will discuss some elementary facts that will be used in these notes. For simplicity
we will restrict to the case of real vector spaces (not necessarily finite dimensional) although most of the
matter could be extended to the case of modules over commutative rings (see Remarks 3.10 and 3.22 ).

The objects we study are sequences of (real) vector spaces and linear maps of the type

£ :={(EP,d?): d? : EP — EPT'}.

When we introduce “objects” it is a good strategy to introduce “morphisms” between such objects, i.e.

maps that preserves the structure of the objects.

3.1. DEFINITION. A morphism ¢ : £ — F, between two sequences is a sequence of linear maps ¢ :
[EP — FP such that the diagrams

.y Emr Y mer
o bortt

dr
oo —s [P — IE‘P""l — ...

commute, i.e. dPo@? = ¢PT1odP (we are using the same symbols d? for the linear maps in the two sequences).

The morphism is an isomorphism if all ¢P are vector spaces isomorphisms.
We have some special sequences.

6This product is usually called the cup product. The use of this terminology, instead of the more natural wedge product, is

due to the fact that the cup product can be defined for different cohomology theories, where the wedge product is not defined.
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3.2. DEFINITION. A sequence & = {EP,dP} is ezact at EP if Ind?~! = ker d?. The sequence is an ezact

sequence if it is exact at each EP.

3.3. EXAMPLES.

(1) A sequence of the type {0} — E %, F is exact at E if and only if ¢ is injective.
(2) A sequence of the type E 2F {0} is exact at I if and only if ¢ is surjective.
(3) A sequence of the type {0} — E 2 F — {0} is exact if and only if ¢ is an isomorphism.

3.4. DEFINITION. A sequence of the type:
{0} — E—F—G— {0}
is called a short sequence.

3.5. REMARK. Short (exact) sequences are important since they are the “building blocks” of long (exact)
sequences. Let
BN o i S AT O L N
be a sequence. Consider the short sequence

{0} — B kergioy B Tm(gs) — {0}

where ¢;_1, ¢; are the induced maps. Since Im(q@i_l) = Im(¢;—_1), ker(ggi) = ker(¢;), the long sequence is

exact at E? if and only if the short sequence is exact.

3.6. PROPOSITION. A short exact sequence
0y —E-5TF %G — {0}
1s isomorphic to the sequence
{0} - E-SEaG -5 G — {0},
where i(v) = (v,0) and 7(v,w) = w.
PROOF. Let G be a complement” of Im¢ = ker¢, i.e F = ¢(E) ® G. The map ¢ |z: G — G is an
isomorphism. Therefore the map k: F — E @& G, k(v + w) = (¢~ (v),¥(w)) (v € ¢(E),w € G) is the

required isomorphism. O

The following result appears often in the applications
3.7. LEMMA. [The five Lemma] Consider the diagram:

E N B B R B R DY E
o1 192 I o3 1 ¢4 1 o5
P, 5 F 5 B F, 2T
If the squares commute, the lines are exact and the ¢;’s are isomorphisms for i« = 1,2,4,5 then ¢3 is an

isomorphism.

"Recall that a complement of a subspace is obtained by starting from a basis {e«} of the subspace and completing it to a

basis of the ambient space with elements {fg} and then considering the subspace spanned by the {fg}.
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PROOF. Suppose ¢3(ez) = 0. Then ¢4(f5(e3)) = gs(¢s(es)) = 0. Therefore fz(ez) = 0 and, by the
exactness of the first line, es = fa(ez). Now ga(¢2(e2)) = ¢3(es) = 0. Therefore ¢a(ea) = g1(p1), for some
w1 € Fq, by the exactness of the second line. Since ¢, is surjective, there exists e; € Eq such that ¢1(e1) = pq.
Finally

0= falfi(er)) = fa(d3 ' 11(e1)) = falez) = e3
and therefore ¢3 is injective. We will show now that ¢3 is surjective. Let ps € F3, ps = g3(pz) and
eq = ¢; (a). Now ¢5(fa(es)) = ga(pa) = 0 and therefore fy(es) = 0, since ¢5 is injective. In particular
there exists es € E3 such that fs(es) = es. Let fiy = ¢3(es) and w = pg — 3. Now gs(w) = 0 and
therefore w = ga(u2). Let ez = ¢ *(12). We have ¢3(fa(ea)) = ga(pa(e2)) = w = d(e3) — p3 and therefore
ps = ¢3(es — fa(e2)) € Im 3.
O

3.8. REMARK. We observe that in the proof of Theorem 3.7 we use only that ¢, ¢4 are isomorphisms,

¢1 is surjective and ¢5 is injective. However, the lemma is used, generally, as it is stated.
A more general and very important class of sequences is the class of cochain complexes.

3.9. DEFINITION. A sequence £ = {EP,dP} is semieract or a cochain complex if ImdP~! C kerd?, Vp.

Equivalently, it is a cochain complex if d? o dP~! = 0.

If £ is a cochain complex we define:
o 7P (&) :=kerdP, the group of p-dimensional cocycles,
o BP(E):=1ImdPL, the group of p-dimensional coboundaries,
e HP(E) :=ZP(E)/BP(E), the p-dimensional cohomology group.

3.10. REMARK. Naturally ZP(&), BP(£), HP(E) are vector spaces. The use of the term “group” is due
to the fact that they can be defined in the more general context of complexes of Abelian groups, or modules

over a commutative ring.
The cohomology gives a measure of how much the complex is not an exact sequence.

3.11. EXaAMPLE. Let U C R"™ be an open set. The de Rham complex
s P (U) Qe D() —
is a cochain complex whose cohomology is the de Rham cohomology HP(U).

Consider now a morphism between two cochain complexes, ¢ : &€ — F. The commutativity condition
implies that cocycles are sent to cocycles and coboundaries to coboudaries. In particular ¢ induces linear
maps

¢*P . HP(E£) — HP(F).
When clear from the context we will write simply ¢* or ¢P.
The following “functorial” properties are easily verified:
o 1" =1,
o (poth)" =g oyp".
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In particular if ¢ is an isomorphism, ¢* is also an isomorphism.

It is convenient to consider also sequences with “decreasing indices”, i.e. a sequence of the type

E={(Ep,0p) : 0p:Ep — E,_1}.
If such a sequence is semiexact, we will call it a chain complez. For such a chain complex we define:

o Z,(&) :=kerd,, the group of p-dimensional cycles.
o B,(E) :=Im0p41, the group of p-dimensional boundaries.
o H,(E):=Zy(E)/By(€), the p-dimensional homology group.
As in the case of cochains, a morphism ¢ : £ — F, between two chain complexes, sends cycles to cycles

and boundaries to boundaries, so it induces a sequence of maps ¢. , : H,(E) — H,(F) and the functorial

properties are easily verified. When clear from the context we will write simply ¢, or ¢, .

3.12. REMARK. Naturally chain and cochain complexes are, essentially, the same objects. For example,
changing the index p by —p we pass from a chain complex to a cochain complex. But a more interesting

approach is duality and we will discuss this now.

Let € :={(E,,d,) : 0 : E, — E,_1} be a chain complex. We define the dual complex £* = {(E?,d?)}
where E? := (E,)* is the dual space of E, and d? = (0p41)* is the transpose of d,11. It is simple to show
that d? o dP~! = 0 so £* is, in fact, a cochain complex. We will denote with H,, (resp. H?) the homology of
E (resp. the cohomology of £*). Consider the bi-linear map

b:EP xE, — R, b(¢,c)=¢(c).

Since (d¢)(c) = ¢(dc), we have that, if dp =0, de =0, b(¢ + dr,c+ dd) = b(é,c). Hence b induces a

bi-linear map
b: HP x H, — R, 5([¢], [c]) = ¢(c),
and therefore a linear map

K:HY — [Hp]",  K([¢])([c]) = ¢(c).
3.13. THEOREM. [Universal coefficient Theorem| The map K is an isomorphism.

PRrROOF. We start observing that we have two short exact sequences

0y
(1) {0} — 2, — E, — B,_1 — {0}, {0} —By_1— Z,_1 — H,_1 — {0}

where the maps are the obvious ones. By Proposition 3.6, we have the decompositions

(2) Ep = Zp D Bp—la Zp—l = Bp—l & Hp—l

CLAIM 1.: K is surjective. Let [¢] € [Hp|*. Consider the map ¢pow : Z, — R, where 7 : Z, — H,, is
the quotient map. Using the first decomposition in (2), we can extend this map to a map (]B :E, — R with
¢=0o0n B, ;. Let e € E,. Then d¢(e) = ¢(d(e)) = 0, hence ¢ is a cocycle and K ([¢]) = [4).
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CLAIM 2.: K is injective. Let ¢ € ZP be such that ¢)(c) =0V ¢ € Z,. The map ¢ = pod~': B,_1 — R
is well defined since, by the first sequence in (1), the difference of two elements in 07! (B,_1) is a cycle.

Using the decompositions in (2), we can extend ¢ to a map q~5 : B,y — R. Now, Ve € E,, we have:
dd(e) = $(de) = 1 0 07" (de) = Y(e).
Hence [¢] = [d¢] = 0. a
A useful consequence is the following
3.14. COROLLARY. If a sequence is exact, the dual sequence is also exact.

PROOF. An exact sequence is a chain complex with vanishing homology. Therefore the dual sequence

is a cochain complex with vanishing cohomology, by Theorem 3.13, hence an exact sequence °. g

We will study now when two morphism between cochain (resp. chain) complexes induces the same map

in cohomology (resp. homology).

3.15. DEFINITION. An algebraic homotopy between two morphisms ¢,¢ : € — F of cochain (resp.
chain) complexes is a family of maps K? : EP — FP~! (resp. K, : E, — F,,+1), such that:

p—t=doK+Kod (resp. ¢ —tp=00K+ K o00).
If there exists such an algebraic homotopy, we will say the the two morphisms are (algebraically) homotopic.
From the very definition of induced morphisms we have:

3.16. PROPOSITION. Two algebraically homotopic maps induce the same morphism in cohomology (resp.

in homology).

Consider now a short exact sequence of cochain complexes:

0y —&-2%F % g0,

In particular ¢; is injective and 1; is surjective. In general, at the cohomology level, ¢* is not injective and
1* is not surjective. In any case, we still have a good relation between the cohomology groups of the three

complexes.

3.17. THEOREM. [Algebraic Mayer-Vietoris Theorem| In the situation above there exists a family of

linear maps A*P : HP(G) — HPYL(E) such that the sequence:
o HP(E) KN HP(F) AN HP(G) 25 gty — ..

is a (long) exact sequence. When clear from the context we will write simply AP or A*.

8We could also give a direct proof, and the reader is invited to do so (Exercise 7.18).
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PRrROOF. We have the commutative diagram

0 0 0
+1
EP & Ep+! & Er+2
¢p ¢p+1 ¢p+2
+1
P & Fp+1 & Fr+2
Yp Vp+1 Ypt2
+1
Gr 4 Gpt+1 il Gpt2
0 0 0

where the columns are exact and the rows are the cochain complexes under consideration. The idea is to
construct a map from GP to EPT1. A natural choice would be (¢,41) "t odP owzjl. The point is that this map
is not well defined. Let us see how we can overcome this problem. Consider a cocycle ¢ € GP. Since 1, is
surjective, there exists b € F? such that ¢ = 1, (b). The element d?(b) € FP*! is in ker ¢, 11 since the diagrams
commute and ¢ is a cocycle. Since ker 1,1 = Im ¢,,11 we have dP(b) = ¢,1(a) for some a € EPT! and this
a is unique since ¢, 1 is injective. Observe that dP*1(a) = 0, since ¢,12(dPT1(a)) = AP (¢p11(a)) = dPTlo
d?(b) = 0 and ¢; o is injective. Therefore a is a cocycle. We define: A*: HP(G) — HPTY(E), A*([c]) = [a].
We have to show that [a] is well defined. The first choice we made was b € FP. If &’ is an other choice, i.e.
p(V') = (D), then b — b’ € ker ¢y, = Im ¢,,. Therefore b’ —b = ¢, (a’), for some ¢’ € EP, and v/ = b+ ¢p(d’).
So, changing b by b + ¢,(a’), we change a by a + dP(a’) and this does not change [a]. Next we shall show
that [a] does not depend on the choice of ¢ € [¢]. Consider ¢+ dP(¢'). Since ¢ = tb,_;(b), for some b € FP~1,
we have ¢+ dP~1(¢) = ¢ + P (1h,_1 (b)) = ¢ + 1, (AP~ (D)) = 1, (b + AP~ (b)). Therefore b is replaced by
b+ d?~1(b) and this does not change d?(b) and, therefore, [a].

It is easy to see that A* is linear. We leave to the reader the task of proving the exactness of the

sequence (Exercise 7.22). O
3.18. REMARK. The map A* is well defined in cohomology but not at the cocycles level.

3.19. DEFINITION. The sequence in Theorem 3.17 is called the (algebraic) Mayer-Vietoris sequence. The

maps A* are called the Mayer-Vietoris coboundaries’.

3.20. REMARK. Naturally we have a similar sequence in homology, associated to a short exact sequence
of chain complexes. The similar maps A, , or simply A,, are called the Mayer-Vietoris boundaries. We

leave the details to the reader.

An important aspect of the Mayer-Vietoris (co)boundaries is that they are “natural” in the sense of the

following Proposition, whose proof we leave to the reader (Exercise 7.22).

9The name “coboundaries” cames from the fact that, in the case of the de Rham cohomology, they are, essentially, the

coboundaries operators dP (see Remark 4.14).
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3.21. PROPOSITION. A morphism between short exact sequences of (co)chain complexes induces a mor-
phism between the associated Mayer-Vietoris exact sequences, i.e. the Mayer-Vietoris (co)boundaries com-

mute with the induced maps.

3.22. REMARK. As suggested in Remark 3.10, instead of chain and cochain complexes of vector spaces
we could consider chain and cochain complexes of Abelian groups (or modules over a commutative ring).
Almost all we have done in this section extends to the case of complexes of Abelian groups. The “almost”
refers to two exceptions:

e Proposition 3.6 does not hold in this more general setting. For example the sequence of abelian groups
{0} — 7 -7 — 7y — {0}, 2(a) := 2a,
is a short exact sequence, but it is not isomorphic to the sequence
{0} —Z —Z®Zy — Zy — {0}.

A short exact sequence of Abelian groups that verify Proposition 3.6 is called a split short exact sequence.

A sufficient condition for splitting is given by the following simple fact

3.23. PROPOSITION. A short exact sequence of Abelian groups
0y —A-%BY%Cc {0}
splits if and only if there is a map v : C — B such that 1 or = I¢. This always happens if C is free *°.

e We can consider “duality” in the context Abelian groups. If G is such a group, G* := Hom(G,Z) is
the group of homomorphisms from G to Z. Therefore we can define the dual of a chain complex of Abelian
groups. However Theorem 3.13 does not hold in this context. In fact, one of the points in the proof was

that the sequence of vector spaces
{0} — Bp,1 — Zp,1 — Hp,1 — {0}

splits. As observed above, this is not the case, in general, for short exact sequences of Abelian groups.
However, if Hyp_; is a free Abelian group, then the sequence splits, by Proposition 3.23, and the Theorem
is true. In general, there is still a relation between the homology of a chain complex of Abelian groups and

the cohomology of the dual complex, still known as the Universal Coefficient Theorem.

4. Basic properties of the de Rham cohomology

The natural problem that the de Rham cohomology treats is the problem of (indefinite) integration,
i.e. the problem of solving the equation dw = 3, for a given 8 € QPTY(U). A necessary condition for the
existence of a solution w is df = 0. In general the problem has two aspects:

e The local problem: given x € U, 8 € QPT1(U) does there exist a neighborhood V C U of x and a
solution w € QP(V) of the equation dw = S|V ? In this case, as we shall see, the condition df = 0 is also

sufficient.

10p free Abelian group G is an Abelian group that admits a basis, i.e. a subset B C G such that for any Abelian group H
and map ¢ : B — H, there exists a homomorphism ¢~> : G — H, extending ¢.
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e The global problem: given 3 € QPFTL(U), does there exist a solution w € QP(U) of the equation dw = 37
In this case, the condition df = 0 is no longer sufficient, in general, and the answer will depend on the
particular 8 and/or the topology of U.

We will start computing the de Rham cohomology in some simple cases.

4.1. ExaMPLE. For U = R° we have the obvious fact

R if p=0
HP(RO):{ np

{0} if p>0

4.2. EXAMPLE. Let U =[], U, be the union of disjoint open sets U,. Then QP(U) =[], QP (U ) (direct

product) and the differential preserves the decomposition, i.e. if w = {ws}, dw = {dw,}. It follows that
HY(U) = [[ HP(U).

4.3. EXAMPLE. Let us analyze the 0-dimensional cohomology. In this case, the only exact O-form is the
zero form so HO(U) is the space of closed O-forms, i.e. functions in F(U) with zero differential. Such a
function is locally constant, in particular it is constant on the connected components of U. It follows that

HO(U) is the direct product of copies of R, as many as the connected components of U.

Let us take a further look at the 0-dimensional cohomology. Let U C R™, V C R™ be open connected
sets, and F' : U — V a smooth map. As we observe in 4.3, the zero dimensional cohomology of U is the
space of constant functions, and the same for V. Given a O-form f € Q%(V) = F(V), F*(f) = fo F and
therefore F* : H(V) — H°(U) is an isomorphism. Modulo the identification of the zero dimensional
cohomology groups with R, we have F* =1 : R — R.

We want to look now at the induced maps in higher dimensional cohomology groups. The question is
the following: when do two smooth maps F; : U — V, i = 0,1 induce the same morphism in cohomology?

We will give a sufficient condition in terms of homotopy.

4.4. DEFINITION. Let U C R™, V C R™ be open sets and F; : U — V, i = 0,1 be smooth functions.

e A homotopy between the two functions is a smooth map!!
H:U x[0,1] CR" —V,

such that H(x,i) = F;(z),i =0, 1.

e We will say that the two functions are homotopic if there exist a homotopy between them. In this
case we write Fy ~ Fj.

o We will say that U and V are homotopy equivalent if there exist functions F: U — V, G: V — U,
such that Go F ~ 1y, FoG ~ ly. F (resp. G) is called a homotopy inverse of G (resp. of F)'2.

e We will say that U is contractible if U is homotopy equivalent to R°.

LN map f:V CRN — RM  defined in a non necessarily open subset V.C RYN is smooth, if for all p € V, f extends to
a smooth map defined in an open neighborhood of p.

120bserve that a homotopy inverse is not, in general, unique.
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4.5. EXAMPLE. A subset U C R"™ is star shaped if there exists p € U such that, for all ¢ € U, the
segment joining p and ¢ is contained in U. For example convex sets are star shaped. Star shaped subsets
are contractible since the map H(gq,t) := tp + (1 — t)q is a homotopy between 1y and the constant map
F(q) = p. It follows that 1 and F' are homotopy inverses.

4.6. REMARK. Given a homotopy H : U x [0,1] — V/, there is a smooth function H : U x R — V/,
such that H(z,i) = F;(z),i = 0, 1. In fact, if A : R — [0, 1] is a smooth function such that A\(t) =0 if ¢ <
0, At) =1 if t>1, just take H(x,t) = H(z, \(t)).

A homotopy between two functions may be viewed as a curve in the space of smooth maps joining the

two functions. Also it may be viewed as a “smooth deformation” of one function to the other.

4.7. THEOREM. [Homotopy invariance for cohomology] If F; : U — V,i = 0,1 are two homotopic
smooth functions, then F} = Fy : H?(V) — HP(U), for all p.

PRrROOF. By Remark 4.6 we can suppose that there is a homotopy H : U x R — V. Let j; : U —
UxR, i=0,1, ji(x) = (x,i), be the canonical inclusions. We claim that it is sufficient to prove that
Jjo = ji. In fact, if so, we have:

Fe=(Hojo)" =jooH =jioH" = (Hoj)" =F.
To prove that j§ = j7 we will construct an algebraic homotopy between j§ and ji (at the cochain level,
see Definition 3.15 and Proposition 3.16), i.e. an R-linear map H : Q?(U x R) — QP~(U) such that
Hdw + dHw = Jiw — jiw.
Let us construct such a map. If w € QP(U X R), w = dt A a + 8, with
o= Z O‘il,.“,ip,1<x7t)d‘ri1 /\"'/\dmip,w ﬂ = Z ﬁjl,‘..,jp(xat)dxﬁ /\"'/\dl'jp.

11 <...<ip—1 1< <Jp

We define 1
IjI((AJ) = Z (/ ailw’ipfl (.’E, t)dt) dxil VANREIAN d{Eip71 .
0

11<...<ip_1
Then

O
do=—dt Adat+dB=—dtn %dxwdxhw--mx%ﬁ
Lj

Jyi1 <o <ip

98:
dtA Y %dxhwnAdthrv

j1<"'<.jp

where v does not contain terms with dt. Therefore
- 1 98 )
Hdw= > (/ % dt)dmjl/\~-~/\dxjp
j1<e<jp V70
1o, -
> (/ —el )dxj Adzi, A Ada,
7501 < <ip

1 30@1,

df[w:‘ Z 4 (/0 ag;;Hdt)d«TjAdmil/\"‘/\d-Tipla
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and (see Example 2.8)

. _ 1 98, .
Hdw+dHw= (/ Pis..oiy dt)dle A Adaj, =
0

, , ot
J1<-<UJp

= > B @) = By, (@,0)]day, A Aday, = jiw — jiw.
1< <

From 4.7, and the funtorial properties, we have

4.8. COROLLARY. IfU C R™, V CR™ are homotopically equivalent open sets, then they have isomorphic

cohomology.
In particular we have the so called Poincaré Lemma
4.9. COROLLARY. [Poincaré Lemma] If U is a contractible open set in R™, HP(U) ={0} if p > 1.

4.10. REMARK. Theorem 4.7 allows to define the map induced in cohomology by a continuous map.
In fact, as we shall see in the Appendix, a continuous map F' : U — V is homotopic, via a continuous
homotopy H : U x [0,1] — V, to a smooth map F : U — V and if there is a continuous homotopy
between two smooth maps, there is a smooth one. So F* := F* is well defined and invariant by continuous

homotopies.

A basic method to compute the cohomology of an open set U C R™ is to write U as union of two,

possibly simpler open sets Uy, Us, and look for relations between the cohomology of U, U; and V := Uy NUs.
4.11. LEMMA. Consider the sequence :
(0} — 0r) N or ) @ e (Um) “E ar(v) — (o),

where j; : Uy — U and k; : V. — U; are the inclusions. Then the sequence is a short exact sequence of

cochain complezxes.

PRroOF. Observe that jiw = w

v, and, if (wy,ws) € QP(U1) @ QP (Us), (kT — k3) (w1, we) = w1y — wal|y
(see Example 2.8). So the exactness of the sequence is obvious, except for the surjectivity of (k¥ — k3). To
prove that (ki — k3) is surjective we consider a partition of unity dominated by the covering {Uy, Uz}, i.e.
smooth functions ¢; : U — [0,1], i = 1,2 such that:

d1(x) + da(x) =1 Vo €U, supp(¢y):={z€U:¢i(x) >0} CU;
(see Theorem 6.2 for a proof of the existence of partitions of unity).
Given w € QP(V), we define:

where ¢ # j. Then w; is well defined in U; since ¢; vanishes outside @, j # 1. Moreover,

@) :{ di()w(z) fzeV

(k1 — k3) (w1, —w2) = wilv +walv = gow + d1w = w.
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Therefore (k7 — k3) is surjective. O
At this point Theorem 3.17 gives:

4.12. THEOREM. [Mayer Vietoris sequence for de Rham cohomology] There ezists a sequence of linear
maps A* : HP(V) — HPL(U), such that the sequence below is exact:

o HY(U) Y ey @ B (U) T g vy A B o) —

4.13. DEFINITION. The sequence above is called the Mayer- Vietoris sequence for the de Rham cohomology

and the maps A* are called the Mayer-Vietories coboundaries.

4.14. REMARK. The Mayer-Vietoris coboundaries can be decribed explicitly. If [w] € HP(V), A*[w] is

the class of the form

d(¢1w)(x) if z € Uy

Since d commutes with induced maps, so does A*. We invite the reader to check the details.

7(z) = { —d(¢ow)(z) ifxel

4.15. EXAMPLE. Let us apply the Mayer-Vietoris sequence to compute the cohomology of ¥,, := R™\{z =
(1, ., n) € R™ x| < 1}
Consider the open sets:
U ={(x1,...,2n) € Xyt xp > —1/2}, Ua={(x1,...,2n) € Tyt x, < 1/2}.
The following facts are easy to prove:

e X, =U,UUs.

e The U,’s are contractible. In fact the projection (z1,...,2,) ~ (z1,...,Zn—1,2) is a homotopy
equivalence between U; and the hyperplane xz,, = 2. The latter is contractible since it is convex.
Similarly for Us.

e Uy NU; is homotopy equivalent to ¥(,,_1) (the projection of U; NUs into the hyperplane x, = 0 is
a homotopy equivalence).

If n =1, ¥ is the disjoint union of two contractible sets, hence by Corollary 4.8 and Example 4.3
HP(5,) = { RaR ifp=0
{0} ifp>0

For the case n > 2 we will prove that

HP(S,) = R ifp=0n-1
") {0} ifp#£0n—1

We proceed by induction. Let n = 2. Since X5 and the U,’s are connected, H°(X2) = HO(U;) = R.
Consider the Mayer-Vietoris sequence:
{0} — H°(X3) — H°(Uy) @ HO(Us) — HO(X,) — HY(Xs) — HY(Uy) @ HY(Uy) —
— -+ — HP7Y(X)) — HP(S5) — HP(Uy) @ HP(Uy) — -+ -

The first row reduces to:

{0} - R—ROR— ROR— H'(Z;) — {0}.
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The first arrow is injective hence the kernel of the second one, as well as its image, are 1-dimensional.
Hence the the third one is surjective with 1-dimensional kernel and H'(X3) = R.
From the second row we get H?(X2) = {0} if p > 1. Hence the formula is true for n = 2.

Suppose now n > 3 and that the formula is true for n — 1. Consider again the Mayer-Vietoris sequence:
HPY(%,) — HP Y (U) @ HP Y (Uy) — HP7Y(2, 1) — HP(X,) — HP(Uy) @ HP(Uy) —
If p > 1 we have HP(3,) = HP~1(¥,_1), and, for p = 1 we get
{0} —R—ROR —R — H(%,) — {0}.
Hence H'(X,) = {0} and the formula holds true for n.

4.16. REMARK. Observe that the inclusion ¥, — R™\ {0} is a homotopy equivalence (Exercise 7.27).

5. An application: the Jordan-Alexander duality Theorem

It is convenient, as we shall see, in order to avoid special arguments for the 0-dimensional case and to

have more clean statements, to introduce reduced cohomology. Define
QY U)=R dV: QY U) — QU), dV(a):=aecQU).

Then the sequence
(0} — o) L Q) L lU) —s -

is a cochain compex called the augmented de Rham complex.

5.1. DEFINITION. The reduced de Rham cohomology of U, ﬁp(U), is the cohomology of the augmented

de Rham complex.

5.2. REMARK. It is clear that H=*(U) = {0}, HO(U) = H°(U) ® R and H?(U) = HP(U), if p > 0. In
particular HP(U) = {0}, ¥V p >0, if U is contractible.

The basic properties, such as homotopy invariance and the Mayer-Vietoris exact sequence, continue to
be true for the reduced cohomology and we will leave the proofs to the reader (see Exercise 7.23).

We will discuss now a nice application of the Mayer-Vietoris argument, the so called Jordan-Alexander
duality principle, that has, as a simple consequence, the celebrated Jordan closed curve Theorem. We will
follow closely [4].

Let F;, i = 1,2 be closed subsets of R™. Suppose that there exists a homeomorphism ¢ : F; — F5.
It is natural to ask if there exists some relation between the complementary sets R™ \ F;. The illusion
that they are homeomorphic or, at least, homotopy equivalent is soon frustrated. For example consider
Fi={zeR?:|z[|=1}U{zeR?:|z]| =2} and o, = {z € R? : ||z = 1} U{z € R? : ||z — (3,0)|| = 1}.
The complement of F; is homotopy equivalent to the disjoint union of a point and two circles, while the
complement of Fy is homotopy equivalent to the disjoint union of two points and the wedge ' of two circles.

It is easily seen that these spaces are not homotopy equivalent.

I3Recall that the wedge of two topological spaces is the space obtained from the disjoint union identifying a fixed point in

the first space with one in the second one.
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5.3. REMARK. (For the reader familiar with the concept of foundamental group,) The fact that the
complements of two homeomorphic closed set are not homotopy equivalent is important in several contexts,
for example in Knot Theory. Recall that a knot in R? is a function «y : S' — R3 which is a homeomorphism
onto its image. Two knots are equivalent if there exists an isotopy, i.e. a homotopy through homeomorphisms,
which takes one into the other. One of the most important invariants for equivalence classes of knots is the
fundamental group of the complement of the image. Now, the images of two knots are homeomorphic and
if the complements were homotopy equivalent, they would have isomorphic fundamental group and so the

invariant would be trivial.
There is, however, an interesting relation between the complements of homeomorphic closed sets.

5.4. THEOREM. [Jordan Alexander duality Theorem] Let Fy, Fo C R™, be homeomorphic closed sets.
Then

H*(R™\ Fy) = HYR"\ F).

PrOOF. We will consider R™ as the subspace of vectors in R"™* with the last k coordinates zero. The

proof of the Theorem will be an easy consequence of the following two Lemmas.
5.5. LEMMA. Let F C R™ be a closed subset. Then H' (R \ F) = HY(R™\ F), i> —1.

ProoF. Consider the subsets of R™*!:
o Z, =R\ (Fx{teR:t<0}).
o 7 =R\ (Fx{teR:t>0}).
o 7 :=7,UZ =R\ F
e Z,NZ_~R"\F.
The orthogonal projection of Z, onto the hyperplane x,; = 1 is a homotopy equivalence. Hence the
reduced cohomology of Z, vanishes in all dimensions. The same is true for Z_ and the Lemma follows from

the Mayer-Vietoris sequence for the reduced cohomology:

HY(Z)® H(Z_)={0} — H(Z,NZ_) — H"Y(Z) — H" (Z,) e H* ' (Z_) = {0}.

5.6. COROLLARY. If F C R™ is a closed set, then H'TF(R"tF\ F) = HY(R"\ F), Vi> —k.

5.7. LEMMA. Let F; C R™, 4 = 1,2 be closed subsets and ¢ : F| — Fy a homeomorphism. Then
R\ Fy x {0} is homeomorphic to R*™ \ {0} x F3.

PROOF. Let ¢ = ¢~'. The homeomorphisms ¢, extend, by Tietze’s Theorem'4, to continuous maps
®, ¥ : R" — R™. Define:

o L:R*™ — R*, L(z,y) = (z,y — D(x)).
e R:R?™ — R™, R(x,y) = (x — ¥(y),y).

14T jetze’s Theorem states that a continuous real valued function defined in a closed subset of R™ extends to a continuous

function defined in the all of R™ (this fact is true, more generally, for normal topological spaces).
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The maps L, R are homeomorphisms. In fact L= (z,y) = (z,y + ®(z)), R~ (z,y) = (z + ¥(y),y). Consider
I'i={(z,y) ER*" 1z € F1, y = §(a)} = {(z,y) ER*" 1y € Fy, x =(y)}. We have L(Fy x {0}) =T =
R({0} x F3) and therefore a homeomorphism:

B2\ (Fy x {0}) -5 R2\ T 5 R20\ ({0} x ).

The proof of the Theorem is, at this point, immediate:
iR\ Fy) = B R\ ) = A0 (R ) = R\ Fy).
|

As an immediate consequence of the Jordan-Alexander duality we have have the celebrated Jordan curve

Theorem.

5.8. THEOREM. [Jordan curve Theorem] Let vy : S' — R? be a homeomorphism onto its image'®. Then

R2\ v(S1) has ezactly two connected components.

PRrROOF. Consider the unit circle S' C R2. It is clear that the complement of S! in R? has exactly two
connected components and therefore H°(R?\ S') = R. By the duality Theorem 5.4, HO(R? \ v(S!)) = R

and therefore the complement of v(S') in R? has also exactly two connected components. O

5.9. REMARK. It is clear that the argument in the proof of Theorem 5.8 may be extended to the case
of a closed hypersurface M™ C R"*! (see Chapter 3 for definitions) any time we have a “model”, i.e. a
closed hypersurface homeomorphic to M™ and information on the complement of the model. For example
this happens in the case of closed oriented surfaces in R? or in the case of closed hypersurfaces of R**!,

homeomorphic to a sphere. A different approach will be discussed in Chapter 4 (Theorem ?7).

6. Appendix: partitions of unity and smooth approximations

In order not to interrupt the flow of the arguments, we left, in the previous sections, a couple of “gaps”,
namely the proof of existence of partitions of unity (in the proof of Theorem 4.12) and the approximation
of continuous maps by smooth ones (see Remark 4.10). In this Appendix we will fill these gaps.

Partitions of unity is a basic tool that allows to glue together locally defined objects (such as functions,

forms etc.) in order to obtain a globally defined object. We start with the basic definition.

6.1. DEFINITION. Let U C R™ be an open set and let {V,} be an open covering of U. A partition of
unity dominated by the covering {V,} is a family of smooth functions A; : R — [0, 1] such that:
(1) For all i there exist a such that supp(\;) := {z € R™: \;(z) # 0} C V.
(2) For all z € U there exists a neighborhood U, of x, such that U, Nsupp(\;) = @ for all but finitely

many of the \;’s.
(3) Forx € U, >, Xi(x) =1 (observe that, by (2), the sum is finite).

Our aim is to prove the following result:

15Such a map is usually called a Jordan curve.
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6.2. THEOREM. Let U C R™ be an open set and let {V,} be an open covering of U. Then there exist a
partition of unity dominated by {V,}.

PRrOOF. We will use the following notations:
B(p,r) ={z €R":[lz—p| <r}, Dp,r)={z€R":[lz—p| <r}=DBp,r) .

We recall (Exercise 4.13 of Chapter 0) that given d1,02 € R, 0 < d; < d9,and p € R™, there exists a smooth
function ¢ : R™ — [0, 1] such that ¢(z) = 0 in B(p,d1) and ¢(x) =1 in R™ \ B(p, d2).

CLAIM 1. Let K C R"™ be a compact set and V' C R™ an open set with K C V. Then there exist a
smooth function ¢ : R” — [0, 1] such that ¢(z) = 1,if z € K and ¢p(x) =0if z ¢ V.

PROOF. For any p € K consider d(p) such that D(p,26(p)) C V. Since K is compact, there is a
finite number of points, py,...,p, € K, such that K C UD(pl, d(p;)). For each ¢ we have a function
¢; : R — [0, 1] such that ¢;(z) =0, z € D(p;,d6(p;)) and ¢(y) =1, y & D(pi,26(p;)). Then the function

V() =1-¢1(z) - ¢r(x)
has the required properties. 0
CLAIM 2. There exist a continuous proper function!® ¢ : U — [0, 00).

PROOF. Since R™ is homeomorphic to the open ball B(0,1) (Exercise 4.14, Chapter 0) and the composi-
tion of a proper continuous function with a homeomorphism is still proper, we can assume that U C B(0, 1).
For x € U, define d(x) to be the distance of = to the boundary of U. Then d : U — R is a positive continuous
function. Consider ¢ : U — [0,00), ¢(z) = d(z)~!. Then ¢ is continuous and for all n € N,¢~1[0,n] is a

closed bounded set in U, hence compact. So ¢ is proper. O

We will now prove the Theorem. Consider a proper function ¢ : U — [0, 00) and set
1 3
An:¢71[nvn+1}v Wn:¢71(n7§ﬂn+ 5)
Then A, is compact and therefore may be covered with a finite number of balls By, ,, such that each disk
Dy, := By, is contained in some V, NW,,. For each such disk we have a smooth function ¢, : U — [0, 1]
vanishing outside V,, N W,, and identically 1 in Dy, ,,. It is clear from the construction that the A,’s cover
U and so, for all z € U, there is at least one of the ¢, x’s not vanishing at x. Also W,, N W, 12 = 0 so the

supports of the ¢, ; are a locally finite covering and Ek,n ¢rn(T) < 00, Vo € U. So the family of functions

¢n k
Ak = ="
Y b0
is a well defined partition of unity dominated by the covering V. 0

6.3. REMARK. Observe that the partition of unity we constructed is a countable set of smooth functions.

We shall prove now that a continuous function may be approximate by a smooth function, homotopic

to it. The proof is a good example of how to use partition of unity.

16 A function is proper if the inverse image of a compact set is compact.
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6.4. THEOREM. Let U C R™ be an open set and let F : U — W C R™ be a continuous function which
is smooth on a closed subset N C U. Then, given a real valued positive continuous function § : U — R
there exists a smooth function G : U — W such that |[F(z) — G(x)|| < §(x), Vo € U and F(x) = G(z) if
x € N. Moreover G ~ F.

PROOF. We recall that F' smooth on N means that for all x € N there exists a neighborhood V, of
x and a smooth extension h, of Fy,~n). For x € U we consider a neighborhood V. of z and a function

hg : V — R with the following conditions:

(1) F(V,) is contained in a subset of an open ball contained in W.
o(z)

(2) If x € N, h, is a smooth extension of F|[y,nn) and ||k, (y) — F(z)]| < 5

3) Ifa g N, V, NN =0 and h,(y) = F(z), Vy € V,.
()
(4) Yy e Ve, |[Fy) - Fla)ll <=~ <d(y).
Consider a smooth partition of unity, \;, dominated by the covering V,,. Then V i there exists x = (i)

with supp(A;) € Vo). For every i fix such a (i) and set

ZA haiy (2

Then G is a smooth function since in a nelghborhood of a point G is a finite sum of smooth functions.
Let z € N and \;

irs - -+ Ay, be the functions of the partition which do non vanish at z. Then h,;;) is an

extension of F', hence equal, in z, to F'(z). Hence G(z) = F(z) and G is an extension of F|y.
Let y c U\ N. If \i(y) #0, y € supp(\;) € V,(4). Hence || F(y) — hy()| < 0(2(i))/2. Hence

1) =G0 = | ZAF0) ~ S a0 < SAGIFO) ~ by 0] < 5 < 50,

Finally H(z,t) = tF(x) + (1 — t)G(z) is the required homotopy (observe that, by (1), H(z,t) € W).
(]

6.5. COROLLARY. If two smooth maps F,G : U — W are homotopic via a continuous homotopy, then

they are homotopic via a smooth one.

7. Exercises
7.1. Prove that the tensor product of tensors is associative and distributive.
7.2. Prove that w € E, is an exterior form if and only if
W(T1y ey Ty oo Ty Tp) = —W(T1y ooy Ty vy Ty oo Tp)e
7.3. Prove that the exterior product is distributive with respect to the sum.
7.4. Complete the proof of Proposition 1.20.
7.5. Prove that ¢1,...,¢, € E* are linearly independent if and only if ¢1 A--- A ¢, # 0.

7.6. Prove that two sets of linearly independent elements of E*, {¢1,...,¢p} and {¢1,...,1,} span the
same subspace of E*, if and only if 1 A---Agp, =d Y1 A--- Ay, d € R. In this case, d is the determinant

of the matrix that gives the change of basis for the subspace.
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7.7. Let w € A*(E), w ="y wi, w; € A*(E). Prove that w is invertible in A*(E)'” if and only if wy # 0.

7.8. Let E be a n-dimensional vector space. Let 7 : E* X --- x E* — AP(E) be the p-linear extension
of (¢1,...,¢p) — ¢1 A--- A ¢p. Prove that the following universal property of the exterior algebra holds:
e (UPA) If K is a vector space and b : E* x --- x E* — K is an alternated p-linear map, then there

exists a unique linear map ! : AP(E) — K such that o7 = 0.

7.9. Prove that the universal property (UPA) characterizes AP(E) i.e., given a vector space L and a
p-linear map 7 : E* x --- x E* — L such that (7,L) verifies UPA, then L 2 AP(E).

7.10. Prove that AP(E*) = [AP(E)]*.
7.11. Let E be a n-dimensional vector space and let {¢1,...,¢,} be a basis for E*. Define
®:E— A""HE), &(z1)(z2,...,7,) = det[gi(x;)].

(1) Prove that ® is an isomorphism.
(2) Let {e1,...,en} C E be the dual basis. Prove that ®(e1) = ¢2 A+ A ¢y,.

7.12. Let v € A™(E) \ {0}. Define a map:
by : AP(E) x AP PI(E) — R,  by(w,7)v:=wAT.

(1) Prove that b, is non degenerate and hence defines an isomorphism b, : AP(E) — [A—P)(R)]*.
(2) For p =1 relate the map b, with the map ® of exercise 7.11.

7.13. A form w € AP(E) is decomposable if w = ¢1 A--- A ¢, ¢; € E*. By Proposition 1.20, any p-form

is a sum of decomposable forms.

(1) Show that, if dim(E) = n, any (n — 1)-form is decomposable (hint: see exercise 7.11).
(2) Show that, if dim(E) =4 and {¢1, ..., ¢4} is a basis of E*| then ¢1 Ad2+@3A @4 is not decomposable.

7.14. Let ¢1,...,¢, € E* be linearly independent. Let v1,...,%, € E* be such that ) . ¢; A1 = 0.
Prove that 1/% = Zj aijqﬁj with Qj5 = Qs -

7.15. Let E be a n-dimensional vector space. A vector space G(IE), with an associative product denoted

by A, is called a Grassman algebra for E if

(1) G(E) contains a subspace isomorphic to R @ E and is generated, as an algebra, by this subspace,
(2) 1hz=x,2 A2 =0, Vz € E,
(3) dim(G(E)) = 2™.

Prove that G(E) is isomorphic, as an algebra, to A*(E*).

7.16. Prove, using the functorial properties, that if L : E — T is an isomorphism, L* : A*(F) — A*(E)

is an isomorphism (see Remark 1.24).

17j ¢. there exists w™! € A*(E) such that w A w1 = 1.
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7.17. Let ¢ € E* \ {0} and w € AP(E). Show that, if $ A w = 0, then there exists 7 € AP~! such that
w = ¢ A 7. Conclude that the sequence:
o — APTL(E) AN AP(E) AN APTYE) — - -
is exact. Hint: choose a basis containing ¢.
7.18. Prove directly, i.e. without using Theorem 3.13, Proposition 3.14.
7.19. Let L be a finite dimensional real Lie algebra, i.e. a finite dimensional real vector space with a
bi-linear map [ , |:LxL —1L, (X,Y)— [X,Y] such that,V X,Y,Z € L we have:
(1) [X,Y]=-[¥, X],
(2) [[X,Y]Z]+[[Y, Z], X] + [[Z, X],Y] = 0 (Jacobi identity).
Define a map d? : AP(L) — APTL(L),
dp(w)(Xla s aXp+1) = Z(il)iJrjw([XianLXl s 7Xia s 7Xja e 7Xp+1)'
i<j
Show, at least for p = 1, that dP™* o d? = 0. In particular the sequence {AP(LL),d?} is a cochain complex

and its cohomology is called the cohomology of the Lie algebra L.

7.20. Let £ ={{0} — E,, — --- — Ey — {0}} be a chain complex. Assume that the E;’s are finite

dimensional and let H; be the homology groups of the complex. Prove that

n n

X(E) =) (-1)'dim(E;) = > (~1)" dim(H,).
0 0
x(€) is called the Fuler characteristic of the complex.

7.21. Let £, F be chain complexes as in Exercise 7.20, and let ¢ : £ — F be a morphism. Prove that:

A(@) ==Y (—1)'trace(¢;) = Y _(—1)"trace(¢u.q)-

A(9) is called the Leftchetz number of ¢ (this number is of great importance in fixed point theory).

7.22. Show that the (algebraic) Mayer-Vietoris sequence (Theorem 3.17) is exact and the (co)boundaries

are natural (Proposition 3.21).
7.23. Show that the Mayer-Vietoris sequence for the reduced cohomology (see Definition 5.2) is exact.
7.24. Give details of the proof of Proposition 2.12.

7.25. Use Example 4.15 and Remark 4.16 to prove the Theorem of invariance of dimension:

THEOREM: If h: R™ — R™ is a homeomorphism, then n = m.
7.26. Redo the computations in Example 4.15, using reduced cohomology.
7.27. Prove the Claim in Remark 4.16

7.28. Consider the points p; = (0,...,0,i) € R?, i =1,...,25. Compute H*(R" \ {p1,...,pas}.
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7.29. Let U C R™ be an open set and let w € Q'(U) be a closed 1-form such that w(z) # 0, Vo € U.
Consider a smooth function f : U — R and the 1-form 7 = fw. Prove that 7 is closed if and only if there

exists a function g : U — R such that df = gw.

7.30. Let U = {(z,y) € R? : > 0}.
(1) Consider 7 = —yz~2dx + 2~ 'dy € QL (U). Prove that 7 is exact and find a function f : U — R
such that 7 =df.
(2) Consider w = —y(z?+y?) " tdz+x(2? +y?)~1dy € Q' (U). Prove that w is exact and find a function
g : U — R such that w = dg.
REMARK. The form w is defined in W = R?\ (0,0). It is closed but not exact in W (see next Chapter).

7.31. Let U C R"™ be an open set and v = dz; A --- A dx, be the volume form. We will identify vectors
fields and 1-forms via the “musical isomorphisms” b : H(U) — QY(U) and its inverse f : Q1(U) — H(U).
Also * will denote the Hodge operator. We define the classical differential operators of calculus:

e The gradient V : F(U) — H(U), Vf := ﬂdfzzaaf 8(35 .

e The divergence div : H(U) — F(U), div (ZX &UZ) Z 8,731 )
e The (geometers) Laplacian A : F(U) — F(U), Af=—divVf.
e The rotational rot : QY (U) — Q" 2(U) rot w = *dw.

Prove that:
(1) Af = =d*(df) = Z
(2) A(fg) =gAf + fAg— 2<Vf, Vg).
(3) wis closed if and only if rot w = 0.
(4) rot Vf=0.
(5) If n = 3 compute rot Z X 0 and show that divrot w = 0.

7.32. Let U C R™ be an open set. Show that H™(U) = {0} if and only if V f € F(U) there exists a
vector field X € H(U) such that div X = f.

REMARK: It can be shown that the Laplacian A : F(U) — F(U) is surjective (this is a non trivial
fact). In particular the equation div X = f has a solution V f € F(U). Hence H"(U) = {0}.

7.33. Identify R? with the complex line C, (z,y) — x +iy,i = v/—1. If U C R? is an open set and
f:U — C, we will write f(z) := f(z,y) = u(z,y) + iv(z,y),u,v € F(U). f is said to be holomorphic if it
is C1 and

ou Ov J v Ju

%~ oy and = = o (Cauchy-Riemann equations).

It can be shown that a holomorphic function is smooth, and, even more than that, complex analytic, i.e. it
is locally the sum of its (complex) Taylor series.
(1) Show that the Cauchy-Riemann equations just say that the differential df(z) : R? — R? is C-linear
(i.e. commutes with multiplication by i = /—1).
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(2) Define complex 1-forms:
dz:=dzx +idy, fdz:=(u+iv)dz:= (udz — vdy) + i(udy 4+ vdx).

and the complex derivative f’(z) by the identity f’(2)dz = df. Prove that f is holomorphic if and

0 0
only if the real and imaginary parts of fdz are closed. In this case f/'(z) = a—u — 28—u
x Y
(3) Prove that if f = u + iv is holomorphic, then u,v : U — R are harmonic functions (i.e. Au =

Av =0).
(4) Show that, if U is star shaped, given a harmonic function u : U — R, there exists a harmonic
function v : U — R such that f(x,y) = u(x,y)+iv(z,y) is holomorphic. The function v is unique,

up to an additive constant (if U is connected), and is called the harmonic conjugate of w.

7.34. Let E be a real m-dimensional inner product vector space and J : E — E an isometry such that
J? =—1.

(1) Prove that the dimension of E is even, say m = 2n, and J induces a structure of complex vector
space on [E.

(2) Prove that there exist orthonormal vectors {ey, ..., e,} C E such that the set {e;, J(e;),i = 1,...n}
is an orthonormal basis for E.

(3) Prove that w(x,y) := (z, J(y)) is an exterior form.

(4) Let ¢; = be;, 1p; =bJ(e;). Prove that w = — > ¢; A 1.

(5) Prove that w™ = (=1)"n! % 1

7.35. Let U C R™ be an open. Let {X7,...,X,} C H(U) be vector fields linearly independent at every
point of U and let {wi,...,w,} C QY(U) be the dual basis. Consider the k-dimensional distribution D
spanned by {Xi,..., X} (see Definition 3.27 of Chapter 0).

Let w € Q°(U), w= Y w, w € QU). We will say that w annihilates D, if w;(V1,..., Vi) = 0

whenever the vectors are in D. Define the annihilator of D,
Z(D) = {w € Q*(U) : w annihilates D}.

(1) Prove that Z(D) is an ideal of Q*(U).

(2) Prove that Z(D) is generated (as an algebra) by {wg+1....,wn}-

(3) Prove that an ideal of Q*(U) is generated by n — k linearly independent 1-forms if and only is it is
the annihilator of a (unique) k-dimensional distribution.

(4) Prove that the distribution D is involutive if and only if for w € Z(D), dw € Z(D). In this case the
ideal Z(D) is called a differential ideal.



CHAPTER 2

Integration and the singular homology of open sets of R"

In Remark 1.8 of Chapter 1, we observed that p-forms are “p-dimensional (oriented) volume elements”
and hence the natural integrands for the (oriented) multiple integrals. In this Chapter we will make this
statement precise, we will introduce the singular homology of open sets in R™ and see how integration gives

a duality between singular homology and the de Rham cohomology.

1. Integration on singular chains and Stokes Theorem

1.1. DEFINITION. Let U C R™ be an open set and w = f(z)dzy A--- Adz, € Q*(U). Let D C U be the

closure of an open bounded set. We define

/w:/ flxy, ... xp)dxy - - day,,
D D

where the integral on the right hand side is the usual Riemann integral.

1.2. REMARK. The integral defined above is “oriented” in the sense that if wy = f(2)dz,1) A -+ A

dz,(n), 0 € X(n), then
/w: |0‘|/ Wo-
D D

In particular the integral depends on the ordering of the coordinates, i.e., it depends on the choice of an
orientation in R™, while the usual Riemann integral of a function does not depend on such a choice (see also
Exercise 7.3).

In order to define the integral of a p-form, we first define the “domain of integration”.

1.3. DEFINITION.

o A p-simplex in R™ is the convex hull' of (p + 1) points {vy, ... ,Up} C R™ in general position®. The
points v; are called the vertices of the simplex. Such a simplex will be denoted by [vg, ..., v,]. Any
subset of g + 1 (distinct) vertices determines a g-simplex called a face of the original one.

e Let {e1,...,ep} be the canonical basis of RP and ey = 0. The standard p-simplex, AP C RP is the
simplex with vertices {eg,e1,...,ep}.

e A differentiable (or smooth) singular p-simplex in U is a smooth map ¢ : AP — U (i.e. o extends
to a smooth map of an open neighborhood of A?) . If it is clear from the context we shall omit the
term differentiable.

1We recall that the convex hull of a subset of R™ is the smallest convex set that contains the given set. More precisely, it

is the intersection of all convex sets that contain the given set.
2The points {vo, ..., vp} are in general position if they are not contained in any affine subspace of dimension less than p.

This is equivalent to the fact that the vectors {v; —wvg : 4 = 1,...p} are linearly independent.

59
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1.4. REMARK. Given a p-simplex [vg,...,vp], a point v in the simplex can be written in a unique way
in the form v = Y7 A\wv; with A; € [0,1] € R and >%_;A; = 1. The numbers \; are the barycentric
coordinates of v. The barycenter of of the simplex is the point b = (p+ 1)7* Y5 v; (see Exercise 7.1).

1.5. EXAMPLE. An important example of a singular simplex is the following: Let {vo,...,v,} be points
of R™, not necessarily in general position. Define L(vy,...,v,) to be the singular simplex of R™ that maps
the point of AP with barycentric coordinates {A, ..., A,} to the point %  Av; € R™. This simplex will

be called the linear simplex with vertices {vg,...,vp}.

1.6. DEFINITION. Let w € QP(U) be a differential p-form and o : A? — U a singular p-simplex. We

/w::/ o*w,
4 AP

where the integral on the right hand side is in the sense of Definition 1.1.

define the integral of w over o as

1.7. ExampLE. If f € F(U) is a smooth function, i.e. a 0-form, and let p be a point in U, ie. a
O-simplex. Then the integral of the form on the simplex is just f(p).

1.8. EXAMPLE. If w = Y w;dz; € Q1(U) is a 1-form and o : A! — U a smooth 1-simplex, then

0w = G(t)dt, with (1) = o"w(t)(1) = w(o()(do()(1) = we(t)(E(1) = 3 wila(t)e:(t),

where o;(t) = (o(t), e;) is the i" coordinate of o. Hence

/a W= /0 1 [iwi(a(t))di(t)] dt.

The fundamental result in the elementary integration theory is Stokes Theorem. It relates the integral
of a p-form on a domain to the integral of a primitive on the boundary. For p = 1 Stokes Theorem is just

the fundamental Theorem of calculus

b
/ df :/ f=f(b) — f(a) (see Example 1.7).
a Ola,b]

We will define now the ingredients necessary to state this Theorem in higher dimensions. We start by

introducing more general domains of integration for a p-form.

1.9. DEFINITION. A singular p-chain is a (formal, finite) linear combination of singular p-simplices in U,

with real coefficients. The set C,,(U) of all such p-chains is a real vector space, with the obvious operations.

IfweQP(U),ce Cy(U), ¢ =3 ajo;, we define the integral of w on ¢ by:

I(c,w) := /cw::Zai/aiw.

Next we have to define the boundary of a p chain. Intuitively, the boundary of a singular simplex will
be the restriction of the simplex to the boundary of the standard p-simplex AP (which is a chain and not a

simplex). More precisely
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1.10. DEFINITION. The boundary operator 0, : C,(U) — C,—1(U) is defined as the linear extension of

P
Op 0 := Z(fl)ia o Fy,
0
where o is a singular p-simplex and F; : AP~! —s AP is the linear simplex F; = L(eq, ..., €i,...,€p).

1.11. REMARK. The signs in the definition above guarantee that the (p — 1) faces of AP are taken with

the induced orientations.

1.12. EXAMPLE. For a linear simplex, we have the formula
P

OpL(vo,.. . vp) = _(=1)'L(vo, ..., iy ..., vp).

=0

In our context we have the following version of the classical Stokes Theorem:

1.13. THEOREM. [Stokes Theorem] If ¢ € Cp41(U), w € QP(U), then

I(0c,w) /w—/dwffcdw)
Oc

PROOF. By linearity, it is sufficient to prove the Theorem when c is a singular simplex o : APT! — U,

/dwz/ a*dwz/ do*w
Ap+1 Ap+1

(see Theorem 2.9 of Chapter 1 for the last equality). Also

do BAP+1

where QAP is the linear chain Y227 (=1)"L(eq, - . ., €, . . . epy1) € Cp(APTY),
Now n:=0c*w=">, fi(z1,...,xpp1)dz1 A-- cdzg - A dwzp41. Again by linearity, it is suflicient to prove

In this case

the Theorem for each monomial. Since we can permute coordinates, up to sign, it is not restrictive to assume
n=f(z1,...,zpp1)dz1 A--- Adxy,.

Then:
af

dn = (~1)?
n=( )apo

dz, /\"'/\d.’lfp+1.

Hence, by Fubini’s Theorem

/ dn = (—1)p/ 68f dzy - -dapyr = (—Up/
AP+1 Apr+1 OTpi1 AP

p
= (_1)p/A [f(xlv"'vxpal _sz) _f(x17~~-,1'p70)‘| dxl"'dl'pv
P i=1

where A? is the standard simplex {eq,...e,} CRP C Rr+1,

1-3>"7 @ of
_Y 43 dzy - -do. —
/(; axp+1 ‘IL‘P+1‘| T I‘p

Now AP = L(eq,...ept1) + (=1)PT1L(eg,. .., e,) + v where 7 is a chain of linear simplices that are
faces of APT! containing both ey and e, 1. Since on each of such faces at least one of the first p coordinates

vanishes, 7 = 0 on . Hence:

/ 77=/ 77+(—1)”“/ "=
oAP+1 L(el,...ep+1) L(Eo,.‘.ep)
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P
= (-1)? flxe,.. o, xp, 1 — g z;)dwy - day, + (—1)PH f(xl,...,xp,O)dx1~-~dxp:/ dn.
AP i—1 AP Ap+1

2. Singular homology

We will now look a little deeper into the boundary operator.
2.1. LEMMA. 9,_1) 0 3d, = 0.

PROOF. Let o be a singular simplex. From Example 1.12 we have

P

Op(0) =Y (—1)igoLleq,....6i,... ).

=0

Therefore:
p

Op-1)0p(0) = > (=1)'> (1) g0 Lleg,. ., €. i, ... ep)+

i=0 j<i

P

+3 D) Vo0 Lieo, . i 6y ).

i=0 j>i
Note that the term oo L(eg, ..., €é;,...,€j,...,€p), 4,j fixed, appears twice in the above sum with opposite
signs, and therefore 9(,_1)0,(c) = 0.

|

In particular the sequence:

O(p+1 Ip O(p-1
o Clpiny (U) 5 Cp(U) 25 Cpony(U) 25 -

is a chain complex and we define:

o Z,(U) :=ker 0, the group of p-dimensional cycles.
e B,(U) := Im 0,41 the group of p-dimensional boundaries.
e H,(U) := Z,(U)/B,(U) the p'"dimensional (singular smooth) homology group.

From Stokes Theorem 1.13 we get
2.2. THEOREM. Ifa € Z,(U), I(a,dw) =0. Ifoc € ZP(U), I(0b,0) = 0. Therefore I : C,(U) x QP(U) —

R induces a bilinear map

I[:H,(U)x H/(U) — R, I([c],[w]) := I(c,w).
2.3. REMARK. The classical Theorem of de Rham states that the linear map induced by I,

ARy s HY(U) — (H,O)" R () = [ w

is an isomorphism, called de de Rham isomorphism. We will prove this Theorem in the next section.
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Let F: U CR®™ - V C R™ be a smooth map. Then F induces a linear map F, : C,,(U) — Cp(V),
obtained by extending by linearity the map which sends a singular simplex o : A? — U to the singular
simplex F'oo : AP — V. It is easy to check that F, commutes with the boundary operator and hence it is
a morphism between chain complexes. Therefore it induces a morphism in homology, that we will denote

with the same symbol,
F.: H,(U) — Hy(V).
The following functorial properties are easily established®

o (Iy)s =g, (),
e (GoF),=G,0F,.

An important feature of the de Rham map is that it is natural, in the following sense:

2.4. PROPOSITION. Let F : U — V be a smooth map. Then
[Fi]* (dRy (w)) = dRy (F*w).

ProOF. Let 0 € Cp(U),w € QP(V). Then

/ w:/F*w
Foo o

(essentially by definition), and the conclusion follows. O

Now we will look at some examples that are the analogues, for homology, of Examples 4.1 4.2, and 4.3
of Chapter 1.

2.5. EXAMPLE. Let U = R°. Then there is a unique singular p-simplex, the constant one. Its boundary
is the alternated sum of (p + 1) elements, all equal to the (unique) (p — 1)-simplex. Therefore the boundary

operator is null if p is odd and it is the identity if p is even. The complex of singular chains is given by:
0 1 0 0
— Ciopr)(U) =R — Cop(U) =R — Cip—y(U) =R — --- — Co(U) = R — {0}.

Therefore:

awy~ | B if p=0
P {0} if p>0

2.6. REMARK. It might appear more natural and, in fact, some times more convenient, to define chains
and homology using singular cubes, i.e., smooth maps of the unit cube [0,1)? C R? into U. Since a p-cube
has always an even number of (p — 1)-faces, this construction gives, for U = R a chain complex with
p-dimensional chain group R and null boundary operators. The homology is isomorphic R in all dimensions,
something unpleased if we wont the cohomology to be the dual of homology. However if we take the quotient
of the complex of singular cubes by a suitable subcomplex, we obtain a new complex whose homology is the

same as the homology of the complex of singular simplices.

3This means that the homology is a covariant functor from the category of open sets of R™ and smooth maps into the

category of (graded) vector spaces and linear maps.
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2.7. EXAMPLE. Let U = [[, U, be the disjoint union of the open sets U,. Since AP is connected, the
image of a singular simplex is contained in some U,. Therefore C},(U) = @, Cp(U,) (direct sum) and the

boundary maps preserve the decomposition, i.e. if ¢ = {c,}, 9c = {Ocy}. It follows that
Hy(U) = (D H, (Ua).

2.8. REMARK. We observe explicitly that we are dealing with finite linear combinations of simplices,
hence we have a direct sum instead of a direct product, as in the case of cohomology. Furthermore, this is
in agreement with the de Rham Theorem 2.3, since the dual of the direct sum of vector spaces is the direct

product of the duals.

2.9. EXAMPLE. Let us analyze the 0-dimensional homology. Let us suppose first that U is connected.
A singular 0-simplex is a constant map, i.e. a point in U. Such a simplex is a cycle, by definition. On the
other hand, given two points in U they can be joined by a smooth curve, i.e. a 1-simplex*. The boundary of
such simplex is the difference of the two points, so the two points are in the same homology class. It follows
that Ho(U) = R. Also, as in the case of cohomology, if U C R", V C R™ are connected open sets and
F:U — V is a smooth map, the induced map F; : Hy(U) — Hp(V) is an isomorphism.

If U is not connected, let us say with connected components U,, it follows from Example 2.7 that
Ho(U) = EPHR.

Next we will prove the homotopy invariance for homology:

2.10. THEOREM. Let F,G : U — V be homotopic smooth maps. Then F, = G,.

PROOF. Let H : U x [0,1] — V be a homotopy between F and G. We will construct an algebraic
homotopy between the induced maps, i.e. a map flp : Cp(U) — Cp41)(V) such that

(3) Do H(c)=G.(0) — F.(0) — H o do.

The Theorem then follows since if ¢ € Z,(U), G+ (c) — Fi(c) € Bp(V), Le. [Gi(c)] = [Fi(c)] in Hp(V).

Consider the product AP x [0,1] € RPHL. If ¢ is a singular p-simplex of U, we consider the map
Ho (o x 1) : AP x [0,1] — V. The problem is that AP x [0,1] is not a simplex®. The strategy will be to
subdivide AP x [0, 1] into simplices and to take a suitable alternated sums of the restrictions of H o (o x 1)
to such simplices.

Consider v; = (e;,0), w; = (e;,1), and the linear (p+1)-simplices L(vo, . .., v;, w;, ... wp). If 0 : AP — U
is a singular p-simplex, we define

p
H(o) =) (-1)'Ho (o x 1) o L(vg,...,v;, Wi, ..., wp) € Cpp1 (V).
=0

Extending the formula by linearity we get a morphism H : Cp(U) — Cpy1 (V).

4A connected open set U C R™ is path connected.
5This is a case in which would be more convenient to work with singular cubes instead that simplices since the product of

two cubes is a cube (Remark 2.6).
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We observe that, geometrically, the left hand side of equation (3) is the restriction of ¢ x 1 to the
boundary of the prism AP x [0, 1] while the right hand side is, with appropriate signs, the restriction of
o x 1 to the bases of the prism, A x {0,1}, essentially G.(0) — Fi(0), plus the restriction of o x 1 to the
“lateral faces” AP x [0, 1]. So “morally” H is an algebraic homotopy. Formally, using 1.12 and the functorial

properties, we get:

ZZ ~1)YHo (o0 x 1) o L(vg, .-+, Ujy ...,V Wi, ... wp)+

i j<i

+ZZ —1)"" H o (0 x 1) o L(vg, ..., 05 Wiy ..oy Wy, ..., Wp).

i j>i

For i = j the terms on the right hand side cancel except for
Ho (o x 1) o L(vY,wp,...,wp) =Goo and —Ho(ox1)oL(vg,...,vpw,) =—Foo.

The rest of the sum is the opposite of

ZZ ~1) Ho (0 x 1) 0 L(vg, - -+, Uy v vy Vi Wi, ... Wp)+

i j<i
Jrzz —1)YHo (0 x 1) 0 L(vg, - -+, Vi, Wiy -« -, Wy, ..., Wp) = HO(o).
i g>1
Hence H is then an algebraic homotopy. O

From Theorem 2.10 and the funtorial properties we have

2.11. COROLLARY. If F : U — V is a homotopy equivalence, then F, : H,(U) — H,(V) is an

isomorphism. In particular, a contractible space has the same homology as R.

2.12. REMARK. As in the case of cohomology, the homotopy invariance allows us to define the map

induced in homology by a continuous map (see Remark 4.10 in Chapter 1).

We also have a Mayer-Vietoris exact sequence for homology. Let U; C R™,i = 1,2 be open sets and

define U = Uy U Uy, V = U; NUs. Consider the sequence of chain complexes

(0} — ¢, (v) V) o gy @ o (U)o — (o),

where j; : V — U;, k; : U; — U are the inclusions and the boundary maps are the obvious ones.

We would like to proceed like in the case of cohomology. The problem we have here is that the sequence
above is not exact. More precisely, ((k1)+ — (k2)+) is not surjective, since a chain in U might not be the sum
of chains in U;. To overcome this problem, we consider the chain complex C, (U + Us) C C,(U) spanned by
the singular simplices of U; and U,. Substituting C,,(U) with this complex, we have a short exact sequence

of chain complexes. The point that makes this idea work is the following result

2.13. THEOREM. [Small simplices Theorem| The inclusion Cp(Uyr + Us) — Cp(U) induces an isomor-

phism in homology.
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The proof requires some new constructions and we will give it in the Appendix in order not to interrupt
the flow of our discussion.

Using Theorem 2.13 and Theorem 3.17 of Chapter 1, we deduce, as for cohomology
2.14. THEOREM. There are linear maps A, p 2 Hy(U) — H,—1)(V) such that the sequence
oo Hy (V) P oy @ By () Y B, 0) S8 H, (V) — -
is a (long) exact sequence. Again, we will often write A, or A, for A, ,.

2.15. DEFINITION. The exact sequence above is called the Mayer- Vietoris sequence for singular homology

and the maps A,, the Mayer-Vietoris boundary operators.

2.16. REMARK. As in the case of cohomology (Remark 4.14), we can give an explicit description of
the maps A, : H,(C.(U1 + Us)) — Hp—1(U1 NU3). Let ¢1 + ¢2 be a p-cycle in Cp(Uy + Us). Then
0(c1 + ¢2) = 0, hence dc; = —9cy € Cp—1(Ur NUs). Moreover 99¢; = 0 hence d¢q defines a homology class
[0c1] € Hp—1(U1 NUsz). Then A([e1 + c2]) = [0c1]. We leave to the interested reader the task of proving this

claim. It is also clear, from this interpretation, that A, commutes with morphisms induced by smooth maps.

3. The de Rham Theorem for open sets of R™

Let U C R™ be an open set. As we have seen, integration induces a linear map:
dR: HP(U) — [Hp(U)]",  dR([w])([c]) = /w-

We have already announced that this map is an isomorphism and the aim of this section is to prove this
fact. We will start with a Lemma, known as the Mayer Vietoris argument, useful in several situations.
16

3.1. LEMMA. [Mayer Vietoris argument]® Let U C R™ be an open set and P a statement about the open

subsets V- C U. Suppose that:

(1) P is true for open conver sets,
(2) If P is true for disjoint sets, then it is true for their union,

(3) If P is true for two sets and for their intersection, then it is true for their union.

Then P is true for U.

PROOF. First we observe that P is true for the union of n convex sets. In fact, for n = 2 this follows
from (3) observing that the intersection of two convex sets is convex. Suppose that P is true for the union
of (n — 1) convex sets. Let Vi,...,V, be convex sets and V = Vi U...UV,,_1y. Then P is true for V,, and,
by the inductive hypothesis, for V. But it is also true for V' NV, since

VAVe=WVinV,)U...U (Vi NVi)

is the union of (n — 1) convex sets. From (3), P is true for the union of all the V’s.

Let ¢ : U — [0, 00) be a proper function (see Claim 2. in the proof of Theorem 6.2, Chapter 1). Define:
An = ¢_1([n7 n+ 1])

5The lemma is also called the onion lemma and the reason for this will be clear from the proof (see [2]).
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Since ¢ is proper, A,, is compact and we can cover it with a finite number of open convex sets, Uy, ,,, contained
in ¢! ((n — %,n + %)) Let U, = UgUg,n. Now P is true for Uy, since it is a finite union of convex sets.
Let us consider Ueyenn, = UnUsy, and Upgq = UpUspy1. Then, by (2), P is true for Ueyen and Uygq since
each one is a disjoint union of sets for which P is true. Finally Uecyen N Uodd = Un k,hUk,2n N Up2n41 and
therefore it is a disjoint union of sets that are finite unions of convex sets. Therefore, by (3), P is true for
U = Ucyen U Usdqd- O

We can now prove the de Rham Theorem.
3.2. THEOREM. The map dRy : HP(U) — [H,(U)]* is an isomorphism.

Proor. We are going to use Lemma 3.1. Let V' C U be an open set and consider the statement

P(V):=dRy : H?(V) — [Hp(V)]" is an isomorphism.

Clearly the statement is true for convex sets. In fact they are contractible and we have only to check

the statement in dimension 0, which is trivial. Also, if it is true for a family of disjoint open sets, it is also
true for their union (recall that the dual of the direct sum is the direct product).

Let us suppose that P is true for the open sets V., W and for VN W. Consider the diagram:

e HY(VAW) —— HHYVUW) — BV @ HPHL(W) — -
\L dRvnw i dRvuw J{ dRy ©dRw

- [Hy(VOW)" — [Hpp1(VUW)]* — [Hp 1 (W)]" & [Hpr (W)]" — -
where the upper row is the Mayer-Vietoris sequence for cohomology and the lower row is the dual of the
Mayer-Vietoris sequence in homology. The latter is exact by Proposition 3.14 of Chapter 1. Since integration
commutes with induced maps (Proposition 2.4), the diagram above are commutative. Since dRy~w and
dRy & dRw are isomorphisms by hypothesis, it follows from the five Lemma (Lemma 3.7 of Chapter 1)
that dRyuw is an isomorphism. So P verifies the hypothesis of Lemma 3.1 and hence dR = dRy is an

isomorphism. O

3.3. REMARK. Starting with the singular complex C(U) = {C,(U), 0, }, we can consider the dual complex
C*(U) = {Cp(U)*, 05} (see Remark 3.12 of Chapter 1). The cohomology of C*(U) is called the singular
cohomology of U and it is isomorphic, by Theorem 3.13 of Chapter 1, to the dual of the singular homology
of U. So the de Rham Theorem states that the singular cohomology and the de Rham cohomology are
isomorphic. The de Rham cohomology H*(U) = @p>0H?(U) has a natural product, induced by the exterior
product of forms, which is distributive, associative and graded commutative, (see Remark 2.13 of Chapter
1). In the singular cohomology it is possible to introduce, by geometric arguments, a product, also called
the cup product, which is distributive, associative and graded commutative. The de Rham Theorem actually

says that dR, extended by linearity, is an isomorphism of algebras.

3.4. REMARK. Singular homology is usually defined by starting with continuous simplicesi.e., continuous

maps o : AP — U ”. The singular (continuous) chain complex C®(U) = {C3(U), d,} is defined in the obvious

"Here U can be any topological space.
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way, i.e. the space CS(U) is the vector space with basis the singular continuous simplices and the boundary
operator is defined just as in the smooth case. The basic properties, such as homotopy invariance and the
Mayer-Vietoris exact sequence, are also proved just as in the smooth case. The inclusion C(U) — C°(U) is a
morphism of chain complexes, so it induces a map between the homology groups. Using the same arguments
as in the proof of the de Rham Theorem, it is easy to prove that the inclusion induces an isomorphism in

homology.

4. Tensor product of vector spaces and the Kiinneth’s Theorem

A natural problem is the following: given open sets U; C R™ and Uy C R™ find a relation between the
cohomology groups of Uy, Uy and U; x Uy C R™ x R™. In order to describe this relation we need some

preliminary algebraic facts. To start with we need a slightly different approach to tensors.

4.1. DEFINITION. Let E,F be two real vector spaces (not necessarily finite dimensional). Consider the
vector space freely generated by {(z,y) : x € E,y € F} and the subspace generated by the elements
o (z1+22,y) — (w1,y) — (x2,9), (@91 +y2) — (z,y1) — (z,92), x; €K, y; €F.
o r(z,y) — (rz,y), r(z,y)—(z,ry), =« €E,y €F, reR.
The quotient space is called the tensor product of E and F and will be denoted by E ® F. The class of (z,y)
in E® F will be denoted by =z ® y.

In other words we may think of E ® F as the vector space of finite (formal) linear combinations of
elements of the type x ® y with the “calculus rules”
L4 (1'1 +1'2) RY=21 Y +2T2RY, :E®(y1 +y2) =rQ®y +2 X Yo, Vx,xl,xg S an,ylva eF
e rz®y)=rry=zry VeeEyeF,rekR.

The following facts are easily verified

4.2. PROPOSITION.

1) EF=2FQE, EQR=E.

2) ( E®F)QP2E® (FQP).

3)Ex(FOP) *EQFGE®P.

4) If{e;},{f;} are bases for E,F respectively, then {e;® f;} is a basis for EQF. In particular, if E, F
are finite dimensional, dim(E ® F) = dim(E) dim(F).

(5) IfE is finite dimensional, E* @ E* = E,.

(
(
(
(

Let m: E x F — E®TF be the bi-linear extension of 7(z,y) =z ®y.

4.3. PROPOSITION. The following universal property of the tensor product holds
e (UP®) IfK is a vector space and b: E x F — K, is a bilinear map, then there exists a unique linear
map | : EQF — K such that l o = b.

PROOF. Set l(z ® y) = b(x,y). By the “calculus rules”, [ extend to a linear map of E® F into K such
that lom =b. If ' : E®QF — K is a linear map with I’ om = b, then I'(z ® y) = b(z,y) = I(x ® y). Since
the elements of the type z ® y span E® IF, we have [ = [’ (Il
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The general philosophy is that objects defined by universal properties are unique.

4.4. PROPOSITION. Let H be a vector space and let 7 : E x F — H be a bi-linear map such that UP®
holds for (7,H). Then HXEQTF.

PROOF. From the universal property for 7 : E x F — E ® F follows that there is a unique linear map
l: E®F — H such that [ o m = 7. From the universal property of 7@ : E x F — H follows that there
is a unique map I’ : H — E ® F such that I’ o7 = 7. Now, lol’ : H — H is such that 7o (lol') = 7.
But also 7 o 1l = 7. Hence, by uniqueness, (I ol’) = 1. Analogously I’ ol = 1, hence [ and !’ are inverse

isomorphisms. O

The important feature of the tensor product is that it allows us to transform a bi-linear problem into a
linear problem, which is, in general, easier to solve.

Let E;, F;, ¢ =1,2 be vector spaces and let L; : E; — F; be linear map. We define
L1 ®Ly:Ei ®@Ey — Iy ®F2, L1®L2(v®w) = Ll(v)®L2(w)
We will need the following result, whose proof we will leave to the reader (Exercise 7.32)

4.5. PROPOSITION. Let
e — Ry i)Eg L]E3_>
be an exact sequence and let F be a vector space. Then the sequence
i - EoF e o F B o — ...

15 exact.

We go back now to our question. Let U; C R", Uy C R™ be open sets. Set U = Uy x Uy C R*™™. Let
mw; : U — U; be the projection maps. Define a map

Kyt QP(U) @ QUUs) — QFU), k=p+q, kulw®T)="miwATST.
Since the 7}’s commutes with d, ky induces a morphism in cohomology. Summing up these morphism

for p+ ¢ = k, we get a map, still denoted by ky,
KUt ©prg=t HP(U1) @ HY(Uy) — H"(U).
4.6. DEFINITION. The map sy is called the Kiinneth map

An important feature of the Kiinneth’s map is that it is natural in the following sense (which is an

immediate consequence of the definitions)

4.7. LEMMA. Let U; C R™, V; C R™ ¢ = 1,2, be open sets in the corresponding spaces, U =
Uy xUs, V=V, xV,. Let F; : Uy —> V; be smooth maps. Then

ku(Frw® Fi1) = (F1 X F2) sy (w®T)
The result we have promised, called the Kinneth Theorem, or also the Kinneth formula, is the following

4.8. THEOREM. [Kiinneth’s Theorem| kg is an isomorphism
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ProOOF. We will use the Mayer-Vietoris argument very much as the the proof of the Theorem of de
Rham. Let W C U; be an open set and consider the statement

P(W) = kwxu, is an isomorphism.

We want to prove that P(U;) is true. For this we will show that the conditions of the Lemma 3.1 are
verified. Clearly P(W) is true if W is convex. Also, if W, are disjoint open sets for which P(W,,) is true,
the same holds for W = U,W,. It remains to show that if V, W C U; are open sets such that P(V'), P(W)
and P(V NW) are true, them P(V U W) is true. Consider the Mayer-Vietoris sequence

i HP(VUW) — H2(V) @ HP(W) — HP(VAW) 25 HPPH(VUW) — -

Tensoring with H9(Us) and summing for p + ¢ = k we obtain the diagram

s Bppg=kHP(V O W) @ HY(Us) earel Dpiqek HPFHV UW) @ HI(Uy) — -+
L Ewaw)xu, L E(Vuw)xUs
RN H((VAW) x Us) A% HY(VUW) x Us) e
The upper line is exact by Proposition 4.5 and the lower one is exact being the Mayer-Vietoris sequence of
V xUs, W x Uy C (VUW) x Us. Moreover K(vaw)x U, and kv xu, ® Kw xu, are isomorphisms, by hypothesis.
So we can use the five Lemma to conclude that x(yuw)xu, is an isomorphism, once we show that the squares

commute. This is simple to show. For example, for the square above, we have

® K(Vuw)xU, © (A"@1)(w®¢) =i A%wA 59,
o A% o Kyaw)xu, (W ® ¢) = A*Tiw A T3¢

and conclusion follows from the fact that A* commutes with induced maps (Remark 4.14 in Chapter 1). O

4.9. REMARK. An important feature of the Kiinneth’s map is that it is multiplicative. We explain what
this means. Consider H*(U;) = ®@HP(U;). Then H*(U;) is a vector space and we can consider the tensor
product H*(U1) ® H*(Uz) = ®k[@pre=tH?(U1) ® H1(Us)]. We define a product in H*(Uq) @ H*(Us),
denoted by -, suitably extending ([a] @ []) - ([v] @ [0]) := (=1)/FIV[a Ay] @ [B A 8] where |7| = p if T € QP.
This operation induces an algebra structure in H*(U;) ® H*(Uz) and, as it is easily seen, the Kiinneth’s map

ky : H*(Uy) @ H*(Us) — H*(U) is an algebra isomorphism.

4.10. ExaMPLE. Consider U; = R™\{0}, Uy = R™\{0}. Let c, 8 be generators of H"~1(U;), H™ 1(Uy).
Then H*(U;) @ H*(Us) is generated by 1,a®1,1® 3 and a® 3, with the relations (a®1)? =0 = (1® 8)2.

4.11. REMARK. Two open sets may have cohomologies that are isomorphic, as vector spaces, but not
as algebras. So the algebra structure helps differentiating not homotopically equivalent open sets. We will
propose, in Exercise 7.33, an example of an open set with the same cohomology, as vector space, of the one

of (R?\ {0}) x (R?\ {0}), but not as algebras. In particular these two spaces are not homotopy equivalent.
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5. Integration of 1-forms and some applications

Let U C R™ be an open set. A smooth curve v : [a,b] — U can be seen as the smooth 1-simplex
4 =~ o L(a,b) where L(a,b) = (1 —t)a +tb. If w € Q}(U) is a 1-form, we define

o [w= [ [SaGoinn]a- [ [Seewsnn]a
¥ v 0 a

where the second integral is the integral of w on the 1-simplex 4 and the last equality comes from the formula
of change of variable in 1-dimensional integrals (see also Example 1.8). For the rest of this section, when
clear from the context, we will make no difference between the curve v and the 1-simplex 7.

Let 7 : [a,b] C R — U be a piecewise smooth curve, i.e. a continuous curve such that there exists a
partition tg = a < t; < --- <t = b of [a, b] such that ~; := 7|[t;, t;+1] is smooth. Then ~ can be viewed either
as the (smooth) 1-chain v = >, or as a continuous 1-simplex. Clearly, in both cases, 9y = v(b) — v(a).

Let v : [a,b] CR — U be a continuous closed curve, i.e. y(a) = v(b). Consider the map  : [a,b] —
Sl :={z € R?: ||z = 1}, m((1 — t)a + tb)) = (cos 27t,sin 27t). Since 7 is closed, ¥ = yo 7! is a well
defined continuous map of S* into U. Conversely, any such map defines a continuous closed curve. From this
point of view, continuous closed curves and continuous maps of the circle into U look like the same thing.
However, there are some differences:

o If v is a smooth curve 7 will be just piecewise smooth. It will be smooth if and only if the derivatives
of all orders of v at a, coincide with the derivatives of the corresponding order of v at b.

e Any curve v : [a,b] — U is homotopic to a constant (see Exercise 7.4). This is not the case for maps

of S* into U. The following result,whose proof is quite obvious, relates the two situations:

5.1. LEMMA. Let7,: S — U, i = 0,1 be continuous maps and ; be the corresponding closed curves.
Then 5, ~ 7, if and only if there is a homotopy H : [a,b] X [0,1] — U between o and v1 such that
H(a,s) = H(b,s) Vse€][0,1].

5.2. REMARK. A homotopy like the one in Lemma 5.1 is called a free homotopy and the maps 7, are
said to be freely homotopic. The word “free” is to distinguish this concept from the one of based homotopy,

frequently used in homotopy theory, for example in the definition of the fundamental group.

When clear from the context we will make no distinction between ~ and 7.
Let « : [a,b] — U be a closed piecewise smooth curve. If we think of v as a smooth 1-chain, 9y = 0
and therefore v determines an element [y] € Hy(U).

5.3. LEMMA. If~o and y1 are freely homotopic piecewise smooth closed curves, then [yo] = [y1] in H1(U).

PRrROOF. Let H : [a,b] x [0,1] — U be a free homotopy between the two curves. Subdividing [a, b] x [0, 1]
into triangles and using linear simplices as in the proof of homotopy invariance for singular homology (see
Theorem 2.10), we get a chain H with dH = 1 — . O

The following (well known) facts follow easily from the Theorem of de Rham (we invite the reader to

give a more elementary proof, see Exercise 7.14).

5.4. PROPOSITION. Let w € QY (U) be a closed 1-form.
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(1) If vi, i = 0,1 are freely homotopic piecewise smooth closed curves then:

/w:/ w.
Yo 71

(2) w is exact if and only if for all closed curves

/w:0.
~

5.5. DEFINITION. A connected open set U C R™ is simply connected if every closed curve is freely

homotopic to a constant curve 8

From Proposition 5.4 we have:
5.6. COROLLARY. If U is simply connected, then H'(U) = {0}.

5.7. REMARK. A natural question is whether H'(U) = {0} implies that U is simply connected. The
answer to this question is affirmative for n = 2 (see Exercise 7.18) and negative if n > 3. For example there
are, in R?, (complicated) closed sets, homeomorphic to the 3-dimensional closed disk, whose complements
are not simply connected (for example the so called “horned disks”). The complement of such a disk has,
by the Jordan-Alexander duality (see Theorem 5.4 of Chapter 1), the same cohomology as the complement
of the standard 3-dimensional disk, hence vanishing first cohomology group (see Example 4.15 of Chapter
1). We do not know of any simpler example in dimension 3. For n > 4 there are simpler examples that we

will discuss in Chapter 4.

We will focus now on closed curves in U = R?\ {0}. In U there is an important 1-form, the angle form
-y

R x+x2+y2

dy.

It is easily seen that dw = 0, in fact, locally, w = darctan(y/z) (see Exercise 7.30 of Chapter 1). But w is

not exact since, if y(t) = (cos 2t sin 27t),

1
/w = / 2n[sin?(27t) + cos?(27t)]dt = 27 # 0.
o 0

In particular, dRy ([w])([y]) = 27. Since H'(U) = R, by Examples 4.15 of Chapter 1, [w] spans H'(U)
and [v] spans Hy(U) 2 R.

5.8. DEFINITION. Let = : [0,1] — U be a piecewise smooth curve. An angular function for ~ is a
piecewise smooth function 6 : [0,1] — R such that 6(¢) is one of the determinations, in radians, of the

(oriented) angle between e; and ().

5.9. LEMMA. Any piecewise smooth curve v : [0,1] — U admits angular functions and two angular

functions for v differ by an entire multiple of 2.

8The concept of simply connectedness is usually defined in terms of the vanishing of the fundamental group. In this group,
two freely homotopic closed curves are in the same conjugacy class (and conversely), but they may not be the same element of
the group. However, the vanishing of the fundamental group is equivalent to the fact that every two closed curves are freely

homotopic (see Remark in Exercise 7.28).
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PRrROOF. Let 6y € [0,27) be the angle between e; and v(0), and w the angle form. Consider

H(t):/ w + 6.
71[0,¢]

Since, locally, w = d arctan(y/z) (see Exercise 7.30 of Chapter 1), 8 is an angular function for . Finally we
observe that two angular functions are, at a given time, determinations of the same angle, so they differ, at
that time, by an entire multiple of 27r. This multiple does not depend on the time since the difference of the
two angular functions, divided by 27, is an integers valued continuous function defined on a connected set,

hence constant. O

5.10. REMARK. The advantage of having angular functions is that we can write v in polar coordinates
1(#) = [y @) € = Iy @] (cos O(t), sin (¢)).

Let v : [0,1] — U be a closed curve and 6 an angular function. Since v(0) = v(1), 6(1) — 6(0) is an

entire multiple of 27.

5.11. DEFINITION. The winding number of 7 is the integer

5.12. REMARK. Since two angular functions differ by a multiple of 27, the winding number does not

depend on the particular angular function. Moreover

w:;Lw

5.13. EXAMPLE. Consider the curve £, (t) = (cos2mnt,sin27nt), t € [0,1], n a given integer. Then

g

0(t) = 27nt is an angular function and w(&,) = n.
The main fact about winding numbers is the following

5.14. THEOREM. [Homotopy classification] Two piecewise smooth closed curves~y; : [0,1] — U, i =0, 1,

are freely homotopic if and only if they have the same winding number.

PROOF. If the two curves are freely homotopic, by Proposition 5.4 and Remark 5.12, they have the same
winding number. Let v be a piecewise smooth closed curve with angular function # and winding number
w(y) =n € Z. Let &, be as in Example 5.13. Define

H:[0,1] x [0,1] — U, H(t,s) = [s||l7@®)| + (1 — s)](cos(s0(t) + (1 — s)2mnt),sin(sO(t) + (1 — s)2mwnt)).

Then H(t,0) = &,(t), H(t,1) = v(¢) and the condition w(y) = n implies H(0,s) = H(1l,s), V s € [0,1].
Hence H is a free homotopy between &, and 7. This concludes the proof since the relation of being freely

homotopic is an equivalence relation. O

5.15. REMARK. Any continuous curve in U admits continuous angular functions. Once we have angular
functions, we can define the winding number for a continuous closed curve. Theorem 5.14 holds true in this

more general situation (see Exercise 7.25).
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We will see now some applications of the homotopy invariance of the winding number.

Let D?(r) := {z € R? : ||z|| < r} be the disk of radius r and let S'(r) := {x € R? : ||z|| = r} be
its boundary. Consider a smooth function? f : D?(r) — R2. A basic question is to find solutions of the
equation f(z) = 0. In the case of a function f : [-r,7r] C R — R, the celebrated Theorem of Bolzano states
that if f(r)f(—r) < 0 then the equation f(¢) = 0 has a solution in (—r,r). We will prove a similar result
for our case, similar in the sense that we shall give a condition on f, at the boundary of the disk, that is

sufficient (but not necessary, in general) for the existence of solutions of our equation.

5.16. DEFINITION. Let f : D?(r) — R? be a smooth function. Suppose f(x) # 0 if ||| = r. The
degree of f, dg(f), is defined as the winding number of the closed curve:

vs:[0,1] — U :=R*\ {0},  ~4(t) = f(r(cos2nt,sin2nt))

5.17. ExaMPLE. Consider the complex plane C = R? with complex variable z = = + iy, and the map
g(z) = 2". Then v4(t) = r(cos2mnt,sin 27rnt). Hence dg(g) = n.

The announced result is the following
5.18. THEOREM. If dg(f) # 0 then the equation f(x) =0 has a solution.
PROOF. Suppose dg(f) #0, f(x)# 0V x € D*(r). Consider the map
H:[0,1] x [0,1] — R2\ {0}, H(t,s) = f(sr(cos2nrt,sin 27t)).

Since f(z) # 0, for ||z|| < r, H is a free homotopy, in R?\ {0}, between ; and the constant curve a(t) = f(0).
Therefore, by Theorem 5.14, dg(f) := w(vf) = w(e) = 0, a contradiction. O

In order to compute degrees, the following fact is often useful

5.19. LEMMA. [Poincaré-Bohl] Let «; : [0,1] — R?\ {0}, i = 0,1 be two closed curves. If |yo(t) —
(@) < lv@)| Vtel0,1], the two curves are freely homotopic.

PrOOF. Consider the map:
H:[0,1] x [0,1] — R?,  H(t,s) = s71(t) + (1 — s)70(t).

The condition ||vo(t) — y1(¢)]] < ||[70(t)|| implies that the segment joining vo(t) and +;(¢) does not contain
the origin. Hence H([0,1] x [0,1]) € R?\ {0} and H is a free homotopy (in U) between the two curves. [

As an application of Theorem 5.18, we prove now the Fundamental Theorem of Algebra:

5.20. THEOREM. Let f(z) = 2" + a1z" '+ +a,_12+ an, be a polynomial in the complex variable z.

If n > 1, f has a complex root.

9By Remark 5.15 we only need continuity of the function.
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PROOF. Let r > 1+ Y 7a;|. If f(z) = 0, for some z € S*(r), there is nothing to prove. Suppose

f(z) £ 0 for ||z|| = r and consider the function g(z) = 2™. For ||z|| = r we have:
1£(z) =gl < D lailll=l"~F <™ = llg(2)]]-
1

Hence, by Lemma 5.19, f and g have the same degree and dg(g) = n # 0, by Example 5.17. Hence, by
Theorem 5.18, the polynomial f has a root in D?(r). O

5.21. REMARK. We can take a slightly different approach to the winding number. Let v : S — R?\ {0}

be a closed smooth curve. Then we can extend v to a map
I:R*\ {0} — R*\ {0}, T(tz)=1ty(z), =S
Hence we have an induced map
Dy Hy(R?\ {0}) 2 R — Hy(R*\ {0}) =R

which is multiplication by a real number, which is, as it is easily seen, the winding number of . In this
context the winding number is also called the degree of v and is denoted by dg(v). This point of view is

useful in extending the concept to higher dimensions (see Exercise 7.29).

6. Appendix: baricentric subdivision and the proof of Theorem 2.13

Let Uy, Uz be open sets in R” and U = Uy UU,. We want to show that the inclusion ¢ : Cp(Us +Us) —
Cp(U) induces an isomorphism in homology. The idea of the proof goes as follow: consider a singular simplex
o : AP — U and the covering of AP given by o~ 1(U;) ,i = 1,2. We “subdivide” AP into subsimplices of
very small diameter so that ¢ sends each one of the small simplices into U; or Uy. With this operation we
pass from a chain ¢ € Cp(U) to a chain é € Cp(Uy + Us). Finally we must show that if ¢ is a cycle, ¢ is also
a cycle and represents, in Hy,(U), the same class of ¢ and that, if ¢ is the boundary of a chain in Cp11(U),
it is also the boundary of a chain in Cpyq(Ur + Ua).

We will describe the subdivision process in three steps.

STEP 1. Barycentric subdivision of a simplex.

Let I' = [vp, ..., v, be a p-simplex in R™ and let b := by := (p+ 1)~* 35 v; be its barycenter.

6.1. DEFINITION. A barycentric subsimplex of T' is a simplex of the form [b,...b;] where b; is the
barycenter of a face F; of I' with Fy, 2 Fr—1 2 --- 2 Fo.

The set of barycentric subsimplices of I', denoted by I')) | is called the (first) barycentric subdivision of T.
Inductively we define the " barycentric subdivision of ', T\"), as the collection of barycentric subsimplices

of simplices in T("—1),

The effect of the barycentric subdivisions of I', that we are interested in, is that the diameters of the

simplices of T'") go to zero when r — oo (Corollary 6.3).

6.2. PROPOSITION. Let ' = [vg, ..., v,). If A € T, diam(A) < p(p + 1)~ diam(T).
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PROOF. First we observe that, since the diameter of a subset of R™ coincides with the one of its convex
hull, the diameter of a simplex is the maximum of the distance between its vertices.

We will proceed by induction. Clearly the claim is true for p = 0. Suppose the claim true for k—simplices,
k < pandset A = [by,...,bp], where b; is the barycenter of a face F; of I', Fy 2 --- 2 Fy,. If dim(Fp) = k < p,

we have, by induction,
b; — bj|| < k(k + 1) diam(Fp) < p(p + 1)~ ' diam(Fp) < p(p + 1)~ * diam(T").

Let us suppose now that b = by is the barycenter of I'.
CLAIM. ||v; — b|| < p(p + 1)~ diam(T).

PrROOF. We can assume ¢ = 0. Then
p

[lvo = bl = [lvo = (p+ 1)~ szl\f\\vo* P+ o=+ 1) Y vl =
1

= |lp(p+1)"tvg—(p+1)~ Z’UZH < (p+1) 1||Z vo—v;)| < p(p+1) " sup{|lvo—v; ||} < p(p+1)~" diam(T").
O

In particular T', hence A, is contained in the ball with center b and radius p(p + 1)~!diam(I') and
lbo — bi|| < p(p + 1)~ diam(T). Since, by the inductive hypothesis, the distance between any other two
vertices of A is also, at most, p(p + 1) ~! diam(I"), the conclusion follows.

(Il

6.3. COROLLARY. Given € > 0, there exists o such that diam(A) <e, ¥V A el ¢ >,

PROOF. The claim follows from the fact that, if A € T'(®), diam(A) < p*(p+1)~° diam(I") (by induction

using Proposition 6.2) and the latter quantity is monotone decreasing with limit zero as s goes to co. O

STEP 2. Barycentric subdivision of linear chains.

Let U C R™ be a convex open set. We will denote by LC),(U) the linear subspace of C,(U) spanned by
the linear simplices. Clearly 9(LC,(U)) € LC,—1(U), (see Example 1.12) and therefore {LC,(U),0d|Lc, )}
is a subcomplex of {C,(U), 0}.

Let v € U. We define the cone operator with vertex v extending, by linearity, the map

L(vg,...,vp) ~ CyL(vy,...,vp) := L(v,v0,...,0p).

Since U is convex, C,, is well defined.
6.4. LEMMA. Ifce LC,(U), 0C,(c)) =0 — Cy(9c).

PRrOOF. It is sufficient, by linearity, to prove the Lemma in the case that ¢ = L(vo,...,vp) is a linear
simplex. Since the “boundary of the cone” is the base, essentially ¢, union the cone on the boundary of c,

the formula is “morally true”. Formally,

P
9Cy(c) = OL(v, vo, ..., vp) = L(vo, ..., vp) + Y _(=1)" L(v,v0,..., 6, ..., 0p) =
1=0
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—c— CU(Z(—l)iL(UQ, Ty 0p)) = ¢ — Cy(Dc).
O

6.5. DEFINITION. The barycentric subdivision S, : LC,(U) — LC,(U) is defined, inductively, extend-
ing, by linearity,
So(o) = o, Sp(U)ZCbU(S(p_l)(aJ)), if p>0,

where o is a linear p-simplex and b, is its barycenter, i.e. if 0 = L(vo,...,vp), bo = (p+1)7* > v;.

Our next task is to show that S is a chain morphism that induces an isomorphism in homology. This

will follow from the next two Lemmas.
6.6. LEMMA. Ifce LC,(U), 9S(c) = S(dc).

ProoF. If p = 1 and o0 = L(vg,v1), both sides are equal to do and the formula is true. Suppose, by

induction, that the formula is true for linear chains of dimension < p — 1 and let ¢ be a linear p-simplex.
05(0) = 9(Cy, S(00)) = SO0 — Cp,05(00) = S0c — Cy_ S(00o) = Sdo,
where the second equality follows from Lemma 6.4 and the third one from the inductive hypothesis. g
We define, by induction, a linear map T': LC,(U) — LCp41(U),
T(L(z)) = L(z,z), if p=0, T(o)=Cy, (0 —T(00)), if p>1.
6.7. LEMMA. 9T(c) + T(9c) = ¢ — S(c). In particular T is an algebraic homotopy between S and 1.

PrROOF. Again by induction. The formula holds for p = 0. Suppose that it holds for linear chains of

dimensions at most p — 1. Then, if ¢ is a linear p-simplex,

T (0) = 0(Cy, (0 — T(00)) =0 —T(0c) — Cp,0(c — T(00)) =0 — T(9c) — Cp, (00) + Cp,, (0T (o)) =
=0 —T(00) — Cy, (00) + Cp, (00 — S(0o) —TI(Jo)) =0 —T(do) — Cp,S(00) = 0 — T(do) — S(o),
where the second equality follows from Lemma 6.4, the fifth by induction and the last by definition of S.

Again, by linearity, the Lemma holds for linear chains. g

STEP 3. Subdivision of singular chains.

We will extend the operators S, T to act on singular chains in an arbitrary open set U C R™.

Let 1 : AP — AP be the identity singular simplex. Since AP is convex, S(1) € LC,(AP) and T(11) €
LC,41(AP) are well defined!?.

If 0 : AP — U is a singular simplex, we define S(o0) := 0,(S(1)), T(o) := o.(T(1)). Then, by linear

extensions, we have maps
S:Cp(U) — Cp(U), T:C,(U)— Cpya(U).
As for the case of linear chains we have

1075 be more precise we should consider 1 as a singular simplex on a convex open neighborhood of AP C RP.
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6.8. LEMMA. S is a chain map and T an algebraic homotopy between S and 1.

PRrROOF. Let 0 : AP — U be a singular simplex. Then

05(0) = 90, S(1) = 0,0S(11) = 0,.5(01) = S(do),
where the tird equality follows from Lemma 6.6. This prove the first claim. For the second one we have
OT (o) + T(90) = 004 (T(1)) + TOo, (1) = 0, (0T (1) + T(01)) = 04 (1L — S(1)) = 0 — S(0),

where the third equality follows from Lemma 6.7. O

We define the support of a singular simplex o : AP — U as support(c) = o(AP). The support of a

singular chain ¢ =Y r;o; will be the union of the supports of the simplices o;. Then we have
6.9. LEMMA. If c € C,(U), support(S(c)) = support(c), support(T(c)) = support(c).
We go back now to our problem. Let Uy, Us be open sets in R® and U = U; U Us.

6.10. LEMMA. If z € Cp(U) is a cycle, then S(z) is a cycle and z — S(z) = Ow, w € Cp1(U). In
particular [z] = [S(z). Moreover, if z € Cp(Uy + Uz), w can be chosen in Cpy1(Ur + Us).

PROOF. Since 9T(z) + T(0z) = z — S(z), it follows that z — S(z) = 9T(z). Moreover, if z € C, (U1 +
Us), T(z) € Cpy1(Ur + Usz), by Lemma 6.9. O

We define, by induction, the r** subdivision operator S") : C,(U) — C,(U), S© =5, S0 =

S o Sr=1_ Clearly, also S() is a chain map and, in particular, if z is a cycle, S(")(z) is also a cycle.
6.11. LEMMA. If z € C,(U), there exists v = r(z) such that S (z) € C,(Uy + Us).

PROOF. Suppose first that z = ¢ : AP — U is a singular simplex. If m > 1, S (g) = 0, (S (1)).
The simplices that appears in S(™) (1) are linear homeomorphisms between AP and barycentric subsimplices
of AP. By the Lebesgue Lemma'! and Corollary 6.3 there exist an 7 = () such that the simplices of [AP](")
are contained in one of the open sets ¢~ (U;). Hence S") (0) € C,,(Uy + Us), by Lemma 6.9. This shows that
the lemma holds for simplices. If z = Zle t;o;, where o; : AP — U are singular simplices, we can take

r(z) = max{r(o;)} and the result follows, again, from Lemma 6.9. O

At this point we can prove our result
2.13. THEOREM. [Small simplices Theorem| The inclusion Cp(U1 + Us) — Cp(U) induces an isomor-

phism in homology.

PROOF. We have to show two things
(1) If z is a cycle in Cp(U) then z is equivalent in H,(U) to a cycle in C,(Uy + Us).
(2) If 2z is a cycle in Cp(Uy + Usz) which is the boundary of a chain in Cpy1(U), then it is also the
boundary of a chain in C,(U; + Us).

HThe Lemma states that if K C R™ is a compact set and U is an open covering of K, then there exists § > 0 such that

any subset of K of diameter less than § is contained in one of the sets of the covering.
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For (1) we consider 2z’ = S(")(z), with r as in Lemma 6.11. Then 2 is a cycle in C,(U; + Us) equivalent,
in H,(U), to z (Lemma 6.10 and induction).

For (2), we suppose z = dc, ¢ € Cpy1(U). Let 7 be such that S (c) € Cpy1(Uy + Uy). Then 957 (c) =
S (z). Also, by Lemma 6.10 (and induction), z — S(")(z) is the boundary of a chain d € Cpy1(U; + Us)
and therefore S (c) +d € Cpy1(Uy + Us). Finally

(8™ () +d) = ST (2) +0d = S (2) + 2 — ST (2) = z.

7. Exercises

7.1. Consider the p-simplex AP = [ey, ..., e,11] C RPT! where {e;}, is the canonical basis of RPF!.
(1) Prove that AP = {(t1,...,t,11) € RPFFL ¢, €[0,1], S04 ¢, =1}
(2) Let {vi,...vp41} € R™ be points in general position. Prove that the map L(ty, ... Jtpr1) =
Z’f“ t;v; is a homeomorphism of A? onto [V1,. .., Upy1].
(3) Deduce the existence of barycentric coordinates for the points of a p-simplex (see Remark 1.4).
REMARK. In many texts it is AP that is called the standard simplez. This has the advantage that every

face of A? is a “standard (p — 1) simplex”, which is not true with our definition of standard simplex.

7.2. Let w=dz; A--- Adz, € QP(R™) and let AP be the standard p-simplex. Show that

1
/ w=— (= volume of AP).
AP p!
7.3. Let U,V C R™ be connected open sets and F': U — V be a diffeomorphism. Let D C U be the
closure of a bounded open set and f : V — R a smooth function. Prove that, if w € Q" (V),

/ w::t/ F*w,
F(D) D

with the sign 4 (resp. —) if F' preserves (resp. reverse) the orientation, i.e. det(dF) > 0 (resp. det(dF) < 0).

7.4. Let U CR™, V CR™ be open sets and F : U — V a continuous map.

(1) Prove that if U (resp. V') is contractible, then F' is homotopic to a constant map.
(2) prove that if V' is contractible, any two maps F,G : U — V are homotopic.
(3) Tt is true that, if U is contractible, any two maps F,G : U — V are homotopic?

75. Let D"t = {z e R : ||z < 1}, S" = {z e R*™!: ||z| = 1} = D" and V C R™. Show that
a continuous map F' : S™ — V is continuously homotopic to a constant map if and only if it extends to a

continuous map F : D"t — V.

7.6. Prove that a map F' : S — S™ which is not surjective is homotopic to a constant. Give an

example of a surjective map F' : S™ — S™ which is homotopic to a constant.
7.7. Prove that an open set U C R™ is connected if and only if Ho(U) = R (see Example 2.9).

7.8. Let U CR"™, V CR™ be open sets and F': U — V a smooth map. Prove that if U is connected,
F, : Hy(U) — Hy(V) is injective. Study the case in which U is not connected (see Example 2.9).
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7.9. For an open set U C R™ define the reduced homology, H,(U), as the homology of the augmented
chain complex
= Cp(U) — Cpr(U) — -+ — Co(U) — R — {0},
where the last map sends any singular 0-simplex to 1 € R and is extended by linearity (the other maps are
the usual boundaries). Find the relation between H,(U) and H,(U) and prove the homotopy invariance and

the exactness of Mayer-Vietoris sequence for reduced homology.

7.10. Compute the homology of ¥, C R™ using the Mayer Vietoris sequence for reduced homology (see
Example 4.15 of Chapter 1 for the definition of ¥,,).

7.11. Let U C R"™ be an open set and p € U. Assume known that H, (U) = {0} (see Remark in Exercise
7.32 of Chapter 1). Find the relation between Hy (U \ {p}) and of Hy(U).

7.12. Prove the claim made in Remak 3.4 that the homology of the complex spanned by the continuous

singular simplices is isomorphic to the homology of the complex spanned by the smooth singular simplices.

7.13. Let U C R™ be an open set. Two curves «; : [0,1] — U are homotopic relative to the end points
if there exists a homotopy H : [0, 1] x [0, 1] such that H(0,s) = ;(0), H(1,s) =(1), V se€[0,1].
(1) Prove that U is simply connected if and only if any two curves in U, with the same endpoints, are
homotopic relative to the endpoints.

(2) Let w € QY (U) be a closed 1-form and ~;, i = 1,2 be curves homotopic relative to the endpoints.

Prove that
/ W= / w.
Y1 Y2

7.14. Give a proof of Proposition 5.4 using Stokes Theorem (instead that the Theorem of de Rham).

7.15. Let w = a(x,y)dx + b(z,y)dy be a smooth closed 1-form in R? \ {0}. Suppose that, for 0 <
2? + y? < K, the functions a, b are bounded. Prove that w is exact (hint: use homotopy invariance to show
that for all closed curves v : S* — R*\ {0}, [ w =0).

7.16. Let v : [0,1] — R%\ {0} be a regular'? smooth closed curve and ¢ a unit vector. Then +
is transverse to the ray re = {t{ : t > 0} if, at any intersection point v(¢p), “(to) and & are linearly
independent. Moreover, such an intersection point is said to be positive if {£,%(to)} is a positive basis for
R2, and negative otherwise. Suppose v intersects r¢ transversally.

(1) Prove that the intersection points are isolated, in particular the number of such points is finite.
(2) Prove that w(y) = P— N where P (resp. N) is the number of positive (resp. negative) intersection

points.

REMARK. It is known that “most” rays intersect  transversally.

7.17. Let p € R2. Consider the angle form based at p,

—(y —y(p)) dr + (z — x(p))
(z —z(p)* + (y — y(p))? (z —z()*+ (y —y(p))

Cdp:

zdy € Q'(R*\ {p}).

12 6. %(t) #£ 0.



CHAPTER 2. INTEGRATION AND THE SINGULAR HOMOLOGY OF OPEN SETS OF R"Y 81

Let v : [0,1] — R? be a closed smooth curve and p € R?\ v([0, 1]). Define the indez of p (relative to 7y) as

i(p) = Awp-

(1) Prove that i(p) is a locally constant function, in particular is constant on each connected component
of B2\ ([0, 1]).

(2) Prove that, if v is a smooth Jordan curve, i(p) = 0 (resp. i(p) = £1), if p is in the unbounded
(resp. bounded) component of R? \ ([0, 1]).

7.18. Let v :[0,1] — R? be a Jordan curve. Then, by Theorem 5.8 of Chapter 1, R?\ ([0, 1]) has two
connected components. It is easily seen that one component is bounded and the other is unbounded (see
Exercise 7.16). Assume the following (non trivial) result

THEOREM. [Shoenflies Theorem] The bounded component of R? \ v([0,1]) is homeomorphic to a disk.

Let U C R? be an open set such that H'(U) = {0}. Prove that any smooth Jordan curve v : S — U is
homotopic, in U, to a constant curve (hint: by the Theorem above, v(S1) is the boundary of a disk D C R2.
If the disk is contained in U, the curve is contractible in U, by Exercise 7.5. If not, use the angle form based
at p € D\ U to get a contradiction).

REMARK: This fact implies that U is simply connected (see Remark 5.7) hence diffeomorphic to R?, by

the Riemann mapping Theorem.

7.19. Let v : S — R2?\ {0} be an odd closed curve, i.e. v(—t) = —(t), Vt € S. Prove that w(vy) is

an odd integer.

7.20. Prove the following Theorem of Borsuk: if f,g : 5S> — R are odd continuous functions, there
exists p € S2 such that f(p) = 0 = g(p) (hint: use the projection of the closed upper hemisphere onto the
unit disk to define a function of the disk in R?).

7.21. Let f,g : S — R be continuous functions. Prove that there exists p € S? such that f(p) =
f(=p), 9(p) = 9(-p).

7.22. Prove that there are no injective continuous functions F : $? — R2.

7.23. Let U C R2 be an open set and X : U — R2 a smooth vector field. Let D, C U be a disk of
radius €, with center p € U, and assume that X(q) # 0, Vg € D, \ {p}. The point p is called an (isolated)
singularity of X. The index of X at p, i(X,p), is defined as the degree of X|p_, i.e. the winding number of
the curve X (p + €cos27t, p + esin 27t), t € [0, 1].

(1) Let 7y : [0,1] — U be a piecewise smooth, positively oriented closed Jordan curve bounding a disk

in U and containing p in its interior. Prove that (X, p) is the winding number of X o ~.
(2) If X(x,y) = (f(z,¥),9(x,y)), prove that

. 1
Z(xup) = 277_/0’
Yy

where 7 is as in the preceding item and

_ —gdw fdy _ oy
_f2+g2 f2+92_ W,

where w is the angle form.
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(3) Prove that if X (p) # 0, then i(X,p) = 0.

(4) Let X : R? — R? be a linear isomorphism. Prove that i(X,0) = 1 if det X > 0 and i(X,0) = —1
if det X < 0.

(5) Assume that X(p) = 0 and dX (p) is invertible. In this case we say that p is a simple singularity
of X, positive, if detdX (p) > 0, negative otherwise. Prove that a simple singularity is isolated
and i(X,p) = +1, depending on whether p is a positive or negative simple singularity (hint:
by Taylor’s formula X (q) = dX(0)(¢) + R(¢)|lgl|, with lim, o R(g) = 0. Prove that H(g,s) =
dX(0)(q) + (1 = t)R(q)|lq|| # 0, if ||g|| is sufficiently small. Hence...).

(6) Prove the following formula, called the Kronecker formula.

Let D C R? be a closed disk, with center ¢ and radius r, and X : D — R? be a vector field with

only simple singularities, none of which is in dD. Then

%/Q:P—N,
n Y

where (t) = p+r(cos 2nt, sin 27t), P is the number of the positive singularities and N the number

of the negative ones.

REMARK: The condition (X, p) = 0 does not imply X (p) # 0 (find an example!). However, if i(X,p) =
0, given € > 0, we can find a vector field X which coincides with X outside a disk of radius e and center p

and has no zeros in that disk.

7.24. Let f : U C C = R? — C be a holomorphic function (see Exercise 7.33 of Chapter 1), f = u+ iv.
(1) Prove the following result
THEOREM: [Cauchy Theorem] If U is simply connected and v : S* — U is a closed piecewise
smooth curve then

/Yf(z)dz = [Y(udx — vdy) +i/(udy + vdz) = 0.

gl
(2) Suppose that f'(z) # 0 for z in a disk D C U and f(z) # 0 for z € OU. Prove that the number of
zeros in D is given by

Lo

211 oD f
(hint: prove that the singularities of the vector field X (z,y) = (u(z,y), (v(x,y)) are all simple and

positive. Then....).

7.25. Prove that any continuous curve 7 : [a,b] — R?\ {0} admits angular functions (hint: use polar
coordinates to prove the claim when the image of v is contained in a half plane. Then...). Extend Theorem

5.14, Definition 5.16 and Theorem 5.18 to the case of continuous functions.

7.26. (For this and the next two Ezercises, U can be any topological space) Let U C R be an open set
and let «, 5 : [0,1] — V be continuous curves with «(1) = 8(0). Define the product o * § as

2t 0
ok B(t) = a(2t) se
B2t —1) se i
and a~1(t) = (1 —t). Assuming that the products below are well defined, prove that
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(1) f ag ~ B1, ag ~ Ba, then ag *x ag ~ P71 * Pa.
(2) (axB)*xvy~ax*x(Bx*7).
(3)

1

(4) axat~e ~alxa

Uk €p ~ QU ~ Ep % QL

where the homotopies are relative to the endpoints and ¢, is the constant curve €,(t) = p.

Hint: consider the homotopies

(1)

(2)

a(s‘fl) se0<4t< s+1
H(t,s) Bdt—s—1) ses+1<4t<s+2
7(‘“2%;2 ses+2<4t<4
®3)
ep(t) se0<2t<1—s
H(t,s)=q * 2145
a(liﬂ) sel—s<2t<2
(4)
1—s
a(2t) se 0 <t <5
H(t,s) =1 a(l—s) se 158 <t < s
a (2t —1) self2 <<

7.27. Let U C R™ be an open set and p € U. Consider the set QU,p) = {y : [0,1] — U :
v is continuous and v(0) = (1) = p}. Prove that * induces a group structure on the quotient set
m1(U,p) := Q(U,p) modulo the equivalence relation o ~ § if and only if «, 8 are homotopic relative to

the endpoints (see Exercise 7.13).
REMARK. With this structure, w1 (U) is called the fundamental group of U with respect to p.

7.28. Prove that an open set U C R™ is simply connected if and only if 71 (U) is trivial.

REMARK. The equivalence relation that defines 71 (U, p) is the one of based homotopy, i.e. two closed
curves in Q(U, p) are equivalent if there is an homotopy H between them such that H(0,s) = H(1,s) = p.
This is not the same as free homotopy between closed curves. It is easy to see, and we invite the reader to
prove it, that if two curves «, 8 € Q(U, p) are freely homotopic, as closed curves, then they define conjugate

elements in (U, p), i.e. there exist [y] € 71 (U, p) such that [o] = [7][8][y] 7.

7.29. Let F : S" — S™ be a smooth function and F : R\ {0} — R**1\ {0}, F(tz) = tF(z).
Then we have an induced linear map F, : H,(R"*1\ {0}) % R — H,(R**'\ {0}) = R. This map is
multiplication by a real number dg(F), called the degree of F. It is known that dg(F) € Z '3 . Let D!

be the unit disk and G : D"*! — R"*! a smooth function not vanishing on the unit sphere S™ = 9D"*1.

134 follows, from homotopy invariance, that homotopic maps have the same degree. A basic fact in homotopy theory is

the Theorem of Hopf: if two maps from S™ to S™ have the same degree, then they are homotopic.
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Then the degree of G, dg(G), is defined as the degree of the map G(z) = Hggi;\l' Prove that, if dg(G) # 0,

then the equation G(x) = 0 has a solution.

7.30. Prove that there are no smooth maps F : D"*1 —s S = 9D" ! guch that F(z) =« Vz € S™.
Use this fact to prove the celebrated result

THEOREM. [Brouwer fixed point Theorem] Any continuous map G : D"** — D"+ has a fixed point,
i.e. a point z € D"! such that G(z) =z
(hint for the Brouwer fixed point Theorem: suppose G(z) # x V x € D", For z D™*! consider the ray
starting at G(x) containing = and define F'(x) to be the intersection of this ray with S™. Then ...).

7.31. Use Exercise 7.29 to define the index of a vector field X : U C R™ — R™ at a point p € U and

try to extend, as much as you can, the facts claimed in Exercise 7.23 for this situation.

7.32. Let L : E; —> Es be a linear map and let F be a given vector space. Prove that ker(L ® 1) =
ker(L) @ F and Im(L ® 1) = Im(L) ® F. Prove Proposition 4.5.

7.33. Consider, in R?, the points Py = (0,0,0), P, = (—1,0,0), P, = (1,0,0). Let S; = P;+tes, i = 1,2.
Consider the open set U = R3\ {Py U S; US2}. Let V;, j =0,1,2 be the open sets

2 2 1 1
Vo = {(z,y,2) € R®: —3 <z< g}ﬁU, Vi={(z,y,2) ER®: 2 < —g}ﬂU, Vo= {(z,y,2) ER*: 2 > g}ﬁU.

Clearly U = Vo U Vp U Vs,
(1) Prove that Vo ~R3\ {0}, Vi ~R3\ S;, i =1,2, VonV, ~R3,i=1,2.

(2) Use the Mayer Vietoris sequence (twice) to prove that the restriction homomorphism
rp : Q(U) — (V) ® Q7 (V1) @ Q°(Va), 71p(w) = (@lvps wlvis wlva ),

indices an isomorphism in cohomology. Conclude that H*(U) is spanned, as a vector space, by
1 € HYU),ri([oa]), ri[aa] € HY(U) and r3([w]) where [a;] is a generator of H'(V;) and [w] is a
generator of H2(Vp).

(3) Prove that [ay A ] = 0 € H2(U). Conclude that U and W = R?\ {0} x R?\ {0} C R* have
cohomology that are isomorphic as vector spaces, but not as algebras. In particular the two sets

are not homotopy equivalent (see Example 4.10 and Remark 4.11).

REMARK. Naturally U, W do not have the same dimension. To have an example of open sets of the same

dimension, with isomorphic cohomology (as vector spaces) but not homotopy equivalent, just take U x R.



Bibliography

Bott, R.; Tu, L. W. : Diferential Forms in Algebraic Topology, Graduate Texts in Mathematics, Springer-Verlag, New
York-Berlin, 1982.

Bredon, G. E. : Topology and geometry, Graduate texts in Mathematics, Springer Verlag, New York-Berlin, 1993

do Carmo, M. P. : Differential forms and applications, Universitext, Springer-Verlag, Berlin, 1994.

Dold, A. : A simple proof of the Jordan-Alezander complement theorem. Amer. Math. Montly, 100, n. 9, 856-857.

Lima, E. L. : Curso de Andlise, Volume 2, Projeto Euclides, IMPA, Rio de Janeiro, Brazil, 1989.

Lima, E. L. : Introduccion a la Cohomologia de de Rham, IMCA, PUC del Perd, Lima, Pert, 2001.

Lima, E. L. : Algebm exterior, Colecdo Matemaética Universitaria, IMPA, Rio de Janeiro, Brazil 2005.

Lima, E. L. : Algebm linear, Colegdo Matemaética Universitaria, IMPA, Rio de Janeiro, Brazil 2008.

Milnor, J. : Notes on differential topology, mimiograph notes, Princeton

Singer, M. Thorpe, J. A. : Lecture Notes on Elementary Topology and Geometry, Undergraduate Texts in Mathematics,
Springer-Verlag, New York-Heidelberg, 1976.

Spivak, M. : Calculus on Manifolds, Addison-Wesley Company, 1965.

85



