NUMERICAL LINEAR ALGEBRA

Lloyd N. Trefethen David Bau, III

Notation

For square or rectangular matrices A ∈ C^{m×n}, m ≥ n:

QR factorization: A = QR Reduced QR factorization: A = Q̂R̂ SVD: A = UΣV^∗ Reduced SVD: A = ÛΣ̂V^∗

For square matrices A ∈ C^{m×m} :

LU factorization: PA = LU Cholesky factorization: A = R^∗R Eigenvalue decomposition: A = XΛX^{−1} Schur factorization: A = U T U^∗ Orthogonal projector: P = Q̂Q̂^∗ Householder reflector: F = I − 2 vv^∗ v^∗v QR algorithm: A^k = Q^{(k)}R^{(k)}, A^{(k)} = (Q^{(k)})^T AQ^{(k)} Arnoldi iteration: AQ_n = Q_{n+1}H̃_n, H_n = Q^∗_nAQ_n Lanczos iteration: AQ_n = Q_{n+1}T̃_n, T_n = Q^T_n AQ_n

Contents

Preface ix

Acknowledgments xi

I Fundamentals 1

Lecture 1 Matrix-Vector Multiplication . . . . . . . . . . . . . . 3 Lecture 2 Orthogonal Vectors and Matrices . . . . . . . . . . . . 11 Lecture 3 Norms . . . . . . . . . . . . . . . . . . . . . . . . . . 17 Lecture 4 The Singular Value Decomposition . . . . . . . . . . . 25 Lecture 5 More on the SVD . . . . . . . . . . . . . . . . . . . . 32

II QR Factorization and Least Squares 39

Lecture 6 Projectors . . . . . . . . . . . . . . . . . . . . . . . . 41 Lecture 7 QR Factorization . . . . . . . . . . . . . . . . . . . . 48 Lecture 8 Gram–Schmidt Orthogonalization . . . . . . . . . . . 56 Lecture 9 MATLAB . . . . . . . . . . . . . . . . . . . . . . . . 63 Lecture 10 Householder Triangularization . . . . . . . . . . . . . 69 Lecture 11 Least Squares Problems . . . . . . . . . . . . . . . . . 77

III Conditioning and Stability 87

Lecture 12 Conditioning and Condition Numbers . . . . . . . . . 89 Lecture 13 Floating Point Arithmetic . . . . . . . . . . . . . . . . 97 Lecture 14 Stability . . . . . . . . . . . . . . . . . . . . . . . . . 102 Lecture 15 More on Stability . . . . . . . . . . . . . . . . . . . . 108 Lecture 16 Stability of Householder Triangularization . . . . . . . 114 Lecture 17 Stability of Back Substitution . . . . . . . . . . . . . 121 Lecture 18 Conditioning of Least Squares Problems . . . . . . . . 129 Lecture 19 Stability of Least Squares Algorithms . . . . . . . . . 137 viii Contents

IV Systems of Equations 145

Lecture 20 Gaussian Elimination . . . . . . . . . . . . . . . . . . 147 Lecture 21 Pivoting . . . . . . . . . . . . . . . . . . . . . . . . . 155 Lecture 22 Stability of Gaussian Elimination . . . . . . . . . . . 163 Lecture 23 Cholesky Factorization . . . . . . . . . . . . . . . . . 172

V Eigenvalues 179

Lecture 24 Eigenvalue Problems . . . . . . . . . . . . . . . . . . 181 Lecture 25 Overview of Eigenvalue Algorithms . . . . . . . . . . 190 Lecture 26 Reduction to Hessenberg or Tridiagonal Form . . . . . 196 Lecture 27 Rayleigh Quotient, Inverse Iteration . . . . . . . . . . 202 Lecture 28 QR Algorithm without Shifts . . . . . . . . . . . . . . 211 Lecture 29 QR Algorithm with Shifts . . . . . . . . . . . . . . . . 219 Lecture 30 Other Eigenvalue Algorithms . . . . . . . . . . . . . . 225 Lecture 31 Computing the SVD . . . . . . . . . . . . . . . . . . . 234

VI Iterative Methods 241

Lecture 32 Overview of Iterative Methods . . . . . . . . . . . . . 243 Lecture 33 The Arnoldi Iteration . . . . . . . . . . . . . . . . . . 250 Lecture 34 How Arnoldi Locates Eigenvalues . . . . . . . . . . . 257 Lecture 35 GMRES . . . . . . . . . . . . . . . . . . . . . . . . . 266 Lecture 36 The Lanczos Iteration . . . . . . . . . . . . . . . . . . 276 Lecture 37 From Lanczos to Gauss Quadrature . . . . . . . . . . 285 Lecture 38 Conjugate Gradients . . . . . . . . . . . . . . . . . . 293 Lecture 39 Biorthogonalization Methods . . . . . . . . . . . . . . 303 Lecture 40 Preconditioning . . . . . . . . . . . . . . . . . . . . . 313

Appendix The Definition of Numerical Analysis 321

Notes 329

Bibliography 343

Index 353

Preface

Since the early 1980s, the first author has taught a graduate course in numerical linear algebra at MIT and Cornell. The alumni of this course, now numbering in the hundreds, have been graduate students in all fields of engineering and the physical sciences. This book is an attempt to put this course on paper.

In the field of numerical linear algebra, there is already an encyclopedic treatment on the market: Matrix Computations, by Golub and Van Loan, now in its third edition. This book is in no way an attempt to duplicate that one. It is small, scaled to the size of one university semester. Its aim is to present fundamental ideas in as elegant a fashion as possible. We hope that every reader of this book will have access also to Golub and Van Loan for the pursuit of further details and additional topics, and for its extensive references to the research literature. Two other important recent books are those of Higham and Demmel, described in the Notes at the end (p. 329).

The field of numerical linear algebra is more beautiful, and more fundamental, than its rather dull name may suggest. More beautiful, because it is full of powerful ideas that are quite unlike those normally emphasized in a linear algebra course in a mathematics department. (At the end of the semester, students invariably comment that there is more to this subject than they ever imagined.) More fundamental, because, thanks to a trick of history, “numerical” linear algebra is really applied linear algebra. It is here that one finds the essential ideas that every mathematical scientist needs to work effectively with vectors and matrices. In fact, our subject is more than just x Preface

vectors and matrices, for virtually everything we do carries over to functions and operators. Numerical linear algebra is really functional analysis, but with the emphasis always on practical algorithmic ideas rather than mathematical technicalities.

The book is divided into forty lectures. We have tried to build each lecture around one or two central ideas, emphasizing the unity between topics and never getting lost in details. In many places our treatment is nonstandard. This is not the place to list all of these points (see the Notes), but we will mention one unusual aspect of this book. We have departed from the customary practice by not starting with Gaussian elimination. That algorithm is atypical of numerical linear algebra, exceptionally difficult to analyze, yet at the same time tediously familiar to every student entering a course like this. Instead, we begin with the QR factorization, which is more important, less complicated, and a fresher idea to most students. The QR factorization is the thread that connects most of the algorithms of numerical linear algebra, including methods for least squares, eigenvalue, and singular value problems, as well as iterative methods for all of these and also for systems of equations. Since the 1970s, iterative methods have moved to center stage in scientific computing, and to them we devote the last part of the book.

We hope the reader will come to share our view that if any other mathematical topic is as fundamental to the mathematical sciences as calculus and differential equations, it is numerical linear algebra.

Acknowledgments

We could not have written this book without help from many people. We must begin by thanking the hundreds of graduate students at MIT (Math 335) and Cornell (CS 621) whose enthusiasm and advice over a period of ten years guided the choice of topics and the style of presentation. About seventy of these students at Cornell worked from drafts of the book itself and contributed numerous suggestions. The number of typos caught by Keith Sollers alone was astonishing.

Most of Trefethen’s own graduate students during the period of writing read the text from beginning to end—sometimes on short notice and under a gun. Thanks for numerous constructive suggestions go to Jeff Baggett, Toby Driscoll, Vicki Howle, Gudbjorn Jonsson, Kim Toh, and Divakar Viswanath. It is a privilege to have students, then colleagues, like these.

Working with the publications staff at SIAM has been a pleasure; there can be few organizations that match SIAM’s combination of flexibility and professionalism. We are grateful to the half-dozen SIAM editorial, production, and design staff whose combined efforts have made this book attractive, and in particular, to Beth Gallagher, whose contributions begin with first-rate copy editing but go a long way beyond.

No institution on earth is more supportive of numerical linear algebra—or produces more books on the subject!—than the Computer Science Department at Cornell. The other three department faculty members with interests in this area are Tom Coleman, Charlie Van Loan, and Steve Vavasis, and we would like to thank them for making Cornell such an attractive center of scientific xii Acknowledgments

computing. Vavasis read a draft of the book in its entirety and made many valuable suggestions, and Van Loan was the one who brought Trefethen to Cornell in the first place. Among our non-numerical colleagues, we thank Dexter Kozen for providing the model on which this book was based: The Design and Analysis of Algorithms, also in the form of forty brief lectures. Among the department’s support staff, we have depended especially on the professionalism, hard work, and good spirits of Rebekah Personius.

Outside Cornell, though a frequent and welcome visitor, another colleague who provided extensive suggestions on the text was Anne Greenbaum, one of the deepest thinkers about numerical linear algebra whom we know.

From September 1995 to December 1996, a number of our colleagues taught courses from drafts of this book and contributed their own and their students’ suggestions. Among these were Gene Golub (Stanford), Bob Lynch (Purdue), Suely Oliveira (Texas A & M), Michael Overton (New York University), Haesun Park and Ahmed Sameh (University of Minnesota), Irwin Pressmann (Carleton University), Bob Russell and Manfred Trummer (Simon Fraser University), Peter Schmid (University of Washington), Daniel Szyld (Temple University), and Hong Zhang and Bill Moss (Clemson University). The record-breakers in the group were Lynch and Overton, each of whom provided long lists of detailed suggestions. Though eager to dot the last i, we found these contributions too sensible to ignore, and there are now hundreds of places in the book where the exposition is better because of Lynch or Overton.

Most important of all, when it comes to substantive help in making this a better book, we owe a debt that cannot be repaid (he refuses to consider it) to Nick Higham of the University of Manchester, whose creativity and scholarly attention to detail have inspired numerical analysts from half his age to twice it. At short notice and with characteristic good will, Higham read a draft of this book carefully and contributed many pages of technical suggestions, some of which changed the book significantly.

For decades, numerical linear algebra has been a model of a friendly and socially cohesive field. Trefethen would like in particular to acknowledge the three “father figures” whose classroom lectures first attracted him to the subject: Gene Golub, Cleve Moler, and Jim Wilkinson.

Still, it takes more than numerical linear algebra to make life worth living. For this, the first author thanks Anne, Emma (5), and Jacob (3) Trefethen, and the second thanks Heidi Yeh.