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INTRODUCTION

Let X, Y be Banach spaces and let F : Y — X be a continuous function.
We say that the Cauchy problem

Oru(t) = F(u(t)) € X,
(E){ u0) = b€ V.

is locally well-posed in Y if
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INTRODUCTION

Let X, Y be Banach spaces and let F : Y — X be a continuous function.
We say that the Cauchy problem

Oru(t) = F(u(t)) € X,
(E){ u0) = o< Y.

is locally well-posed in Y if

Existence: For each ¢ € Y there are a real number T > 0 and a
function u € C([0, T]; Y) satisfying (E) for t € (0, T].

Uniqueness: Problem (E) has at most one solution in C([0, T]; Y).

Continuous Dependence: The map ¢ — wu is continuous from Y
to C([0, T]; Y).
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INTRODUCTION

Let X, Y be Banach spaces and let F : Y — X be a continuous function.
We say that the Cauchy problem

Oru(t) = F(u(t)) € X,
(E){ u0) = o< Y.

is locally well-posed in Y if

Existence: For each ¢ € Y there are a real number T > 0 and a
function u € C([0, T]; Y) satisfying (E) for t € (0, T].

Uniqueness: Problem (E) has at most one solution in C([0, T]; Y).

Continuous Dependence: The map ¢ — wu is continuous from Y
to C([0, T]; Y).

If T can be taken arbitrarily large, the Caucy problem (E) is globally
well-posed in Y.
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THE PROBLEM

ur 4 uty + BHusx + n(Hux — txx) = 0, xeR, t>0,

(PEO) { o(x,0) = 6(x)

where 5, n > 0 and H denotes the usual Hilbert transform given by

1 < f
Hf(x):;p.v./ y(—yl dy,

or equivalently, (’H/?)(f) = i sgn(&)F (&) for f € S(R).
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THE PROBLEM

ur 4 uty + BHusx + n(Hux — txx) = 0, xeR, t>0,

(FEO) { (x.0) = 6(x),

where 5, n > 0 and H denotes the usual Hilbert transform given by

1 < f
Hf(x):;p.v./ y(—yl dy,

or equivalently, (H/?)(g) = i sgn(&)F (&) for f € S(R).

This equation was introduced by H. H. Chen and Y. C. Lee (1982)
to describe fluid and plasma turbulence.
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EXAMPLE

The Benjamin-Ono-Burgers equation which was studied by M. Otani
(2005,06) as a particular case of the initial value problem for the gene-
ralized Benjamin-Ono-Burgers (gBOB) equations when a = 0 and o = 1.
That Cauchy problem is

U + uty — 0| Dy P u + |D[**u =10 xeR, t>0,
U(X,O) = UO(X)v

where |D,|* is the Fourier multiplier operator with symbol |¢[¥.
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EXAMPLE

The Benjamin-Ono-Burgers equation which was studied by M. Otani
(2005,06) as a particular case of the initial value problem for the gene-
ralized Benjamin-Ono-Burgers (gBOB) equations when a = 0 and o = 1.
That Cauchy problem is

U + uty — 0| Dy P u + |D[**u =10 xeR, t>0,
U(X,O) = UO(X)v

where |D,|* is the Fourier multiplier operator with symbol |¢[¥.
Otani proved that these equations are globally well-posed in Sobo-

lev spaces H°(R) for s > —(a + 2a — 1)/2, with a + 2o < 3 and
a>(3-a)/4>1)2
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EXAMPLE

The Cauchy problem for the Dissipative Benjamin-Ono equations studied by
S. Vento (2008)

Up + uty + Huxx + |Dy|“u =0 xeR, t>0, 0<a<2,
u(x,0) = up(x),

Vento proved, when 1 < a < 2, the global well-posedness in H*(R),
s > —a/4. This result is sharp.
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EXAMPLE

The Cauchy problem for the Dissipative Benjamin-Ono equations studied by
S. Vento (2008)
Up + uty + Huxx + |Dy|“u =0 xeR, t>0, 0<a<2,
u(x,0) = up(x),

Vento proved, when 1 < a < 2, the global well-posedness in H*(R),
s > —a/4. This result is sharp.

When 1 < a < 2, and s < —a/4, there is not T > 0 such that
this problem admits a unique local solution defined on the interval [0, T]

and such that the flow map ug — u is of class C3 in a neighborhood of the
origin from H*(R) to H*(R).
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PRELIMINARIES

Since the linear symbol of equation PBO is

i(m —q(§)) + p(§),

where q(€) = Bel¢] and p(€) = 1 (€2 — €]). we denote by
E(E, t) = O =Pt
S(e = e g (E(6,05)".

for every ¢ € H°(R), s€ R and t > 0.
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PRELIMINARIES

Since the linear symbol of equation PBO is

i(r = q(&)) + p(S),
where q(€) = BEI¢] and p(&) =11 (€2 — |¢]), we denote by
E(E,t) = @) t=p()t,
S(t)p = e—(57'l83+7](?{3x—83))t¢ — (e, t)a)v,

for every ¢ € H°(R), s€ R and t > 0.

Proposition

Let ¢ € H*(R). Then, u(t) = S(t)¢ € C([0,00), H*(R)) is the unique
solution of the linear problem. Moreover, u € C((0,00), H*(R)).
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We denote by U the unitary group in H*(R),

U(t) = (@)t

U(t)o = (€796)",
with ¢ € H*(R), t € R.

it
-
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PRELIMINARIES

We denote by U the unitary group in H*(R),
U(t) = €)1, U(t)p = (e795)",
with ¢ € H*(R), t € R.

Next, for given s, b € R we introduce the function space X:fq(g) to
be the completion of the Schwartz space S(R?) on R2 endowed with

||u||X5b - || T_q(§ ’T)HLEL%_' (1)
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PRELIMINARIES

We denote by U the unitary group in H*(R),
U(t) = e, U(t)p = (e795)",
with ¢ € H*(R), t € R.

Next, for given s, b € R we introduce the function space Xf_f © to
be the completion of the Schwartz space S(R?) on R2 endowed with

||u||X5b - || T_q(é- ’T)HLELE_' (1)

By the identity,
(U(=t)u)"(&,7) = U(& ™ + q(£)), (2)

s,b . . .
the norm X7'=q(§) is written equivalently as

lullxse = NU(=t)ullyes, s, bER,

[Jul

o = [ (0 (9 fa(e. )P de o
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PRELIMINARIES

s,b
Lemma (X7,

Zate)  LEHR)

Let s € R, b > 1/2. There exists C > 0, depending only on b, such that

ol < C el
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PRELIMINARIES

Lemma (Xs‘b — L°HS)

T=q(&)
Let s € R, b > 1/2. There exists C > 0, depending only on b, such that

ol < C el

By analogy with (1), we define the space X provided with the norm

s = [[€€)° (7 = a(€)) + P(€)) " (&, | 22

[Jul
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PRELIMINARIES

Lemma (X

o) < LS HE)

Let s € R, b > 1/2. There exists C > 0, depending only on b, such that

el < C llulles,

By analogy with (1), we define the space X provided with the norm

s = [[€€)° (7 = a(€)) + P(€)) " (&, | 22

[Jul

From (2), we can rewrite the norm of X** as

lullx=o = [[€)° (i + p(€))° (U(*f)U)A(E,T)HLELzT
~ U= t)ull e + [[(€)° (p(€)) P CE, t)HLELg

and this shows that X5 < X
T=q(§)"
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We extended S(t) to all t € R by setting

S(t)¢ = (eiq(ﬁ) t—p(§) |t|$)v for b€ HS(R)’ t € R.
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PRELIMINARIES

We extended S(t) to all t € R by setting
S(t)p = (9O =PEOIG)Y for ¢ € H(R), t € R.

For T > 0, we define X;’b to be the restriction of X5 on R x [0, T], i.e.,

X?b consists of functions u : R x [0, T] — R such that there exists v € X5
such that v |rxjo, 7] = u, with the norm

[|u] xab = inf{||[v|lyss : vE XsP vy lRx[o, 7] = U }-
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PRELIMINARIES

We extended S(t) to all t € R by setting
S(t)p = (9O TPOIGY  for ¢ e H(R), t € R.
For T > 0, we define X;’b to be the restriction of X5 on R x [0, T], i.e.,

X?b consists of functions u : R x [0, T] — R such that there exists v € X*?
such that v |rxjo, 7] = u, with the norm

[|ul xob = inf{ ||VHxs,b L ve Xs’b7 v |R><[O,T] =u}.

We will mainly work on the integral formulation of the equation PBO,

u(t) = S(t)é — /0 S(t — )u(t)u ()] dt’ > 0. (3)
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PRELIMINARIES

We extended S(t) to all t € R by setting
S(t)p = (9O =PEOIG)Y for ¢ € H(R), t € R.

For T > 0, we define X;’b to be the restriction of X5 on R x [0, T], i.e.,
X?b consists of functions u : R x [0, T] — R such that there exists v € X*?
such that v |rxjo, 7] = u, with the norm

[ ul xob = inf{|lvlx:s : v€ X*P, v [Rx[o,7] = U }-

We will mainly work on the integral formulation of the equation PBO,

u(t) = S(t)é — /0 S(t — )u(t)u ()] dt’ > 0. (3)

We will apply a fixed point argument to the following truncated version:
t
o) = w0 - 2 [se- nare )] @
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LINEAR ESTIMATE FOR THE FREE TERM

Proposition

Let s € R and b € [1/2,1]. There exist C > 0 such that

[W(2) S(8) Gllxes < ClIBl pras 1y V9 € HHHETD(R),
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LINEAR ESTIMATE FOR THE FORCING TERM

LetSGR,%<b§1. Then,

(a.) There exists C > 0 such that, for all v € S(R?),

<

xr+(t /S(t—t) v(t") dt’ y

€ [||V||xw—1 + (/< & Ip()I*” 1(/ = IT+P(5(§>7T)| T) d£>1/2]

(b.) For any 0 < & < 1/2 there exists Cs such that, for all v € X5P~1%9,
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(v [ S(t - tyu(t) dt

< G [Vl xs.o-vs-
Xs,b




REGULARITY

Lets€R,0<6<3and3 <b<1—04. Then, forall f e X*P~1F,

t— /tS(t— t')f(t')dt' € C(RT, HSt?(R)).
0

Moreover,

< C||Fllxoses-
Loo (R+7HS+25)

xr+(t) V(t) /OtS(t —t') f(t') dt
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BILINEAR ESTIMATE

1

Let s > —%. There exists b > % 0 > 0 and 6 > 0 such that for any
u, v € X*° with compact support in [-T, T], we have

()l xpmres < €T [lutl o 1V o
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BILINEAR ESTIMATE

Let s > —%. There exists b > % 0 > 0 and 6 > 0 such that for any
u, v € X*° with compact support in [-T, T], we have

()l xpmres < €T [lutl o 1V o

Sketch of the proof:

The bilinear estimate is equivalent to show that Yw € X —s1-b=9

[{(uv)e, w)| < CT?|ul

X5:b [ v] Xs:b ||WHx—sﬂl—b—<S~ (5)
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BILINEAR ESTIMATE

Let s > —%. There exists b > % 0 > 0 and 6 > 0 such that for any
u, v € X*° with compact support in [-T, T], we have

()l xpmres < €T [lutl o 1V o

Sketch of the proof:

The bilinear estimate is equivalent to show that Yw € X —s1-b=9
[{(v)xs W) < C T {[ullxos [VIxe Wl x—ca-6-s- (5)
Setting n=7—1, & =§€— &,
0O=T— ﬁg |§|7
op =1 —B& &l
o2 =72 — &,
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BILINEAR ESTIMATE

F(&2,m2) = (&) (ios + p(&))P T(&, ),
g(&1,m) = (&)* (ion + p(&))° V(&1 1),
h(E,7) = (€)% (io + p(€)) 20 w(¢, 7).

We see that (5) is equivalent to
0
<cT ||fHL§Lg ||g||L§L§ ||h||L§L2T»
where

I={(u),w)=C [ €uxV(ET)w(ET)dE dr
RZ

[ erRen) @) EE ) @ TG o
= L T AT ot o Gon T a4 dEr O



BILINEAR ESTIMATE

F(€2,72) = (£2)° (ion + p(&2))P T(E2, 2),
g(&1,m) = (&)* (ion + p(&))° V(&1 1),
h(E,7) = (€)% (io + p(€)) 20 w(¢, 7).

We see that (5) is equivalent to
0
<cT ||fHL§Lg ||g||L§L§ ||h||L§L2T»
where

I={(u)x,w)=C [ €uxV(ET)w(ET)dE, dr
RZ

[ _erhen) (@ EE ) @G o
= T AT o o Gon T a4 dEr O
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BILINEAR ESTIMATE

For 0 <e<1, take 6 = 5 and b= % + €, we rewritten / as

I:/ §<§>Sﬁ(§,7) (@) BE ) (&) f(&.n) d¢ dr d&y dm.
R+ (

ig+ p(£))2 72 (ion + p(&a)) =+ (ioa + p(&2)) 27
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MAIN RESULT

Theorem (Local well-posedness)

Let s > —1/2. Then for any ¢ € H*(R) there exist T = T(||¢||4:) >0,
% < b < 1, and a unique solution u of the Cauchy problem PBO satisfying
u e C([0, T], H*(R)) N C((0, T), H**(R)),
ue X52Ab=3)b,
= Xs—2(b—%),b—1,
Opu € X5~2b=3)b-1,

Moreover, the flow map ¢ — u(t) is locally Lipschitz from H*(R) to
C(o, T], H*(R)) N C((0, T], H>(R)) N X*~2=2)b.
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We assume 0 < T < 1. Let ¢ € H*(R) with s > —3.

1
We take 0 < ek 1 : 0<3e§s+§, and b > 5 satisfying 2b—1 = 2e.
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EXISTENCE

We assume 0 < T < 1. Let ¢ € H5(R) with s > —1.

1 1
Wetake 0 <e<1:0<3e< s+§, and b > 5 satisfying 2b—1 = 2e.

Define

(Au)(£) = W(D)S(1)6 — 3 xar (DV(1) /O (e — ) (Ur(t) u(t))) ot
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EXISTENCE

We assume 0 < T < 1. Let ¢ € H5(R) with s > —1.

1 1
Wetake 0 <e<1:0<3e< s+§, and b > 5 satisfying 2b—1 = 2e.

Define
(Au)(e) = W(E)S(£)6 = e (19e) | S(e = )0V r(e) ) o
Suppose u is in the ball

Br = {u e X200 lul oy < R = 2Go]6]l }-
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EXISTENCE

We assume 0 < T < 1. Let ¢ € H5(R) with s > —1.

1 1
Wetake 0 <e<1:0<3e< s+§, and b > 5 satisfying 2b—1 = 2e.

Define
(Au)(e) = W(E)S(£)6 = e (19e) | S(e = )0V r(e) ) o
Suppose u is in the ball

Br = {u e X200 lul oy < R = 2Go]6]l }-

Letse€ R and b> 1. Forany T € (0,1], we have

1-2b
Wrullxse < CT 72 |lul|xs.s-
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Since s —2(b—3) > —3 +¢> —3, it follows that for u € Bg

«4Or «4F» «=)» «=)» = Q>



EXISTENCE

Since s —2(b— 1) > -1 + ¢ > —1, it follows that for u € Bg
ICAW) ()] 52— 36 <
WOS(@)oles + e (02 [ 56— 90,07 (¢)ute)? o
Xs—2¢,b

< C0||<I5||Hs+C6Ha (Wr(t) (t)) |
< Coll@lly + Cs T2 [Wrulf? o

X5 2(b—3),b—1+5

1) b
< Coll@llys + G T2 IIUIIXS 26—
Therefore, for u € Br, we have
| Aull , < Roar=ge
Xs 2 — 2 1 M

Hence it follows that for 0 < T < (4RC;)" 77, Au € Bg.



EXISTENCE

Sinces—2(b—1)> -1 +e>—

I(AG) ()] yo—20- 106 <

W(2)S(t)ol

Xs— 26b+‘X]R

< Coll@lly + Cs T2 [Wrulf? o

< Gollllps + G T2 ull e

RICARDO A. PASTRAN R. Universidad Nacional de Colombia, Bogotd

/5

< Gollgllys + Gsl| (W () (t))|

=, it follows that for u € Bgr

W (t') u(t')? dt’

Xs—2e,b

X5 2(b—3),b—1+5
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EXISTENCE

Since s —2(b— 1) > -1 + ¢ > —1, it follows that for u € Bg

I(AG) ()] yo—20- 106 <

[w(2)S(2)¢l e / S(t V() ule))” o
< Gollgllys + Gsl| (W () (t)) |
< Col|glls + Cs T2 W rull 5z

Xs— 26b+‘

Xs—2e,b

X5 2(b—3),b—1+5

~Lyb
< Coll@llys + G T2 IIUIIXS 26—
Therefore, for u € Br, we have
R 0—2e p2
||"4u||Xs 2(b E Cl T R
Hence it follows that for 0 < T < (4RC;)” 72, Au € Bg.
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EXISTENCE

Similarly, it follows for u, v € Bg

[t = AVlxomzen < G T2 (el oz + [1Vlxomae )1 = Voo
<2GRT%|u—v|

Xs—2(b—%),b
1
< Sllu— V”Xs—Z(b—%),b’

from which A is a contraction on Brg.

RICARDO A. PASTRAN R. Universidad Nacional de Colombia, Bogota ON A PERTURBATION OF THE BENJAMIN ONO EQUATION



EXISTENCE

Similarly, it follows for u, v € Bg

AU = AV ez < o T2 ([0l e+ [Vl om0 ) 10 = Vo2

<2GRT7%||u — v|

X5—2(b—%),b
1

< Sllu— V”Xs 2(b—1).b>
from which A is a contraction on Brg.

Therefore there exists a unique solution u(t) in Bg for

0<T< (4RC1)‘ﬁ

satisfying

o(t) = W(0)S(£)o — e / S(t - ). (Wr(e) u(t)) dt'.
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EXISTENCE

It is known that
5()¢ € C([0,00), H*(R)) N C((0, 00), H™(R))

and
t %/ S(t— t’)@x(u2(t'))dt’ e C([o, T, HS+25(]R)),
0

(b=3)b

where u € X3° is the solution to (3) that we have already got.
T g
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EXISTENCE

It is known that
5()¢ € C([0,00), H*(R)) N C((0, 00), H™(R))

and
t %/ S(t— t’)@x(u2(t'))dt’ e C([o, T, HS+25(]R)),
0

(b=3)b

where u € X3° is the solution to (3) that we have already got.
T g

So we conclude that
u € C([0, T, H*(R)) N C((0, T], H*"*(R)).
We can deduce by induction that

u e C([0, T], H*(R)) N C((0, T], H**(R)).
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GLOBAL RESULT

Theorem (Global well-posedness)

Let s > 0 and ¢ € H*(R). Then the supremum of all T > 0 for which all
the assertions of Theorem above hold is infinity.
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GLOBAL RESULT

Theorem (Global well-posedness)

Let s > 0 and ¢ € H*(R). Then the supremum of all T > 0 for which all
the assertions of Theorem above hold is infinity.

Let s >0 and ¢ € H5(R). Define T* = T*(||¢|

Hs) by
T* = sup{T > 0: 31 solution of (3) in C([0, ], H*(R)) mx;*("*%’*"}.

Let u € C([0, T*), H(R))N C((0, T*), H>*(R)) be the local solution of (3)
in the maximal time interval [0, T*).
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GLOBAL RESULT

lin

ol = (o

= —(u, uuy)o — B(u, Hu)o — n(u, Hux)o — n(u, U)o

_ _ g2 o 2

S AGRIF G

_ _ 2 o 2 _ 2 i 2

= _ta-eseras [ - a)
2 b 2

<o [ (-eNuor e

<y / 0(6)P de < nllu(t)|%.
[€1<1
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GLOBAL RESULT

1d
5&”“”%2 = (U7 Ut)O

= —(u, uuy)o — B(u, Hux)o — n(u, Hux)o — n(u, txx)o
_ NPy
S AGRIF G

_ _ 2 o 2 _ 2 i 2

= _ta-eseras [ - a)
2 b 2

<o [ (-eNuor e

o
l§1<1

Integrating the last relation between 0 and t and using the Gronwall's ine-
quality we obtain a priori estimate

lu(t)llz < 102 ™"

B(€)? de < nllu(t)|%.

M, vYte(0,T").
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ILL-POSEDNESS RESULT

Theorem

Fix s < —1. Then there does not exist a T > 0 such that PBO admits a
unique local solution defined on the interval [0, T| and such that the
flow-map data-solution

¢ — u(t), t €0, TJ,

for PBO is C? differentiable at zero from H*(R) to H*(R).
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ILL-POSEDNESS RESULT

Theorem

Fix s < —1. Then there does not exist a T > 0 such that PBO admits a
unique local solution defined on the interval [0, T| and such that the
flow-map data-solution

o — u(t), t €0, TJ,

for PBO is C? differentiable at zero from H*(R) to H*(R).

| A

Corollary

The flow map in the existing results for the equation PBO is not C? from
H*(R) to H*(R), if s < —1.

RICARDO A. PASTRAN R. Universidad Nacional de Colombia, Bogota ON A PERTURBATION OF THE BENJAMIN ONO EQUATION



ILL-POSEDNESS RESULT

Lemma

Let s < —1 and T > 0. Then there does not exist a space Xt continuously
embedded in C([0, T], H*(R)) such that there exists C > 0 with

IS®)6lx, < Clidlwy: ¢ €H®), (6)

and

< Cllull,: u e Xr. (7

v

/o S(t — t)[u(t)ux(t))] dt’

Xt
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ILL-POSEDNESS RESULT

Lemma

Let s < —1 and T > 0. Then there does not exist a space Xt continuously
embedded in C([0, T], H*(R)) such that there exists C > 0 with

IS®)6lx, < Clidlwy: ¢ €H®), (6)

and

< Cllull,: u e Xr. (7

Xt

/o S(t — t)[u(t)ux(t))] dt’

Suppose that there exists a space Xt such that (6) and (7) hold. Take
u=5(t)¢ in (7). Then

v

< C|S(t)o%, -

X

M[g“—fmﬂﬂwxﬂﬂw»wy
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ILL-POSEDNESS RESULT

Now using (6) and that X7 is continuously embedded in C([0, T], H*(R))
we obtain for any t € [0, T] that

< Cllgl1Fsr)- (8)
He(R)

/0 S(t — )(S(t)B)(S(t')b)] i’
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ILL-POSEDNESS RESULT

Now using (6) and that X7 is continuously embedded in C([0, T], H*(R))
we obtain for any t € [0, T] that

Take ¢ defined by its Fourier transform as

B(€) = N~y V2 (xs(€) + xi(—€))

where [ is the interval [N, N 4+ 27] and v < N. Note that |[¢] 4. ~ 1.

< Cllgl1Fsr)- (8)
Hs(R)

/0 S(t — )(S(t)B)(S(t')b)] i’
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ILL-POSEDNESS RESULT

Now using (6) and that X7 is continuously embedded in C([0, T], H*(R))
we obtain for any t € [0, T] that

/5 (t - O(S(E)S)SE)o dt|| < Clllgy  (8)

He (R)

Take ¢ defined by its Fourier transform as

B(€) = N~y V2 (xs(€) + xi(—€))

where [ is the interval [N, N 4+ 27] and v < N. Note that |[¢] 4. ~ 1.

Taking v = O(1) it infers for N > ~ and any T > 0 that

—25-2
> N2,
HS

sup
te[0,T]

/Sr—r ()0)(S(t')6)] dt

This contradicts (8) for N large enough, since ||¢|| . ~1and —25s—2>0
when s < —1.
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DECAY PROPERTIES OF THE SOLUTION

Now, the purpose is to discuss the asymptotic behavior (as |x| — o) of
the solutions of the initial value problem PBO.

RICARDO A. PASTRAN R. Universidad Nacional de Colombia, Bogota ON A PERTURBATION OF THE BENJAMIN ONO EQUATION



DECAY PROPERTIES OF THE SOLUTION

Now, the purpose is to discuss the asymptotic behavior (as |x| — o) of
the solutions of the initial value problem PBO.

Asymptotic properties of the solutions will be obtained by solving
the equation in weighted Sobolev spaces.

For = H'R)NLA(R), s,r=0,1,2,... and

2 2 2
1Fll%,, = Il + 1112 (9)
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DECAY PROPERTIES OF THE SOLUTION

Now, the purpose is to discuss the asymptotic behavior (as |x| — o) of
the solutions of the initial value problem PBO.

Asymptotic properties of the solutions will be obtained by solving
the equation in weighted Sobolev spaces.

Fsr= HS(R)QLE(R), s,r=0,1,2,... and
IF1%,, = IF1Z + 115 (9)

Here L2(R), r € R is the collection of all measurable functions f : R — C
such that
IFZ: = /(1 +x2)" |F(x)|? dx < 0. (10)
' R
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DECAY PROPERTIES OF THE SOLUTION

We prove certain properties of the semigroup associated to the problem
PBO.

Let A\ >0 and s € R. Then,

(a.) S(t) € B(H*(R), H**(R)) for all t > 0 and satisfies,

1S(£)lls4x < Cr (€7 + (nt)2) 1@l (11)

where ¢ € H*(R) and C, is a constant depending only on A. Moreover,
the map t — S(t)¢ belongs to C((0,00), H*F*(R)).
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DECAY PROPERTIES OF THE SOLUTION

We prove certain properties of the semigroup associated to the problem
PBO.

Let A\ >0 and s € R. Then,

(a.) S(t) € B(H*(R), H**(R)) for all t > 0 and satisfies,
IS(£)¢lls4r < Cn (€™ + (nt) ) 16l , (11)

where ¢ € H*(R) and C, is a constant depending only on A. Moreover,
the map t — S(t)¢ belongs to C((0,00), H*F*(R)).

(b.) S :[0,00) — B(H*(R)) is a C%-semigroup in H(R). Moreover, for
every t > 0,

150 lg(rsy < €™ (12)

v
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DECAY PROPERTIES OF THE SOLUTION

Lemma

LTC;)t E(¢,t) = e/ 9O =Pt where p(&) = n(&2 — |€]) and q(&) = BEIE].
O¢E(&,t) = t[(n + 2iBE) sgn(€) — 2n€| E(€, t) (13)
6§E(§, t) = 2ntd + 2t[iB sgn(€) — n] E(&, t)+

+ t2[(n + 2iB¢€) sgn(€) — 2175] E(¢,t) (14)
RE(E, t) = 20t + 4iBts + 3t°[(—2n* — 8iBnE) sgn(€) + 2iBn+
+4(n? — B E(E, 1) + £ [(77 +2iB¢) sgn(€) — 21¢] 35(5,(1“1)5)

.
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DECAY PROPERTIES OF THE SOLUTION

Moreover, for j > 4 we have that

j—4
OLE(E,t) = 2nt6U=2 + 4iBtoU=) 1>~ p (1) +
k=0
Jj—1 )
+ Z t*[r(€) sgn(€) + sk(§)] E(&, £) + ¥/ [(n + 2iB¢) sgn(€) — 20l E(€, 1),
k=0

(16)

where § is the Dirac delta function and pi(t), ri(€) and sk (&) are polynomials
satisfying deg(pi(t)) < j — 1, deg(ri(€)) < j — 2 and deg(sx(€)) < —2.
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DECAY PROPERTIES OF THE SOLUTION

Lemma

Suppose thatn >0, t > 0 and ¢ € LJ2 or S(t)¢ € H' as necessary, where
jeN.

|eZé)|. < cillel. (1)

g€ D9(©)|| < IS8 (18)

| Ete, 00ld@)||. < e + D Pligllz: k>0 (19)
3k—2

|ocEce, 08ia(@) |, < (pelrem + 3 Cupt=372) ], (20)
I=0

k > 2 and (82(?5)(0) =0 forj=0,1,2,--- it is a sufficient condition to
obtain (20).
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DECAY PROPERTIES OF THE SOLUTION

Proposition

Let n > 0 and 3 > 0 be fixed. Then,
(a.) S:[0,4+00) — B(F,,), r=0,1, is a CO-semigroup and satisfies the
estimate,

(21)

1815, < (e70() + Cppt?) 16,

for all ¢ € F, ,, where ©,(t) is a polynomial of degree r with positive
coefficients that depend only onn, B and r.

V.
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DECAY PROPERTIES OF THE SOLUTION

Proposition

Let n > 0 and 3 > 0 be fixed. Then,
(a.) S:[0,4+00) — B(F,,), r=0,1, is a CO-semigroup and satisfies the
estimate,

1815, < (e70() + Cppt?) 16, (21)

for all ¢ € F, ,, where ©,(t) is a polynomial of degree r with positive
coefficients that depend only onn, B and r.

(b.) If r > 2 and ¢ € F, ., the function S(t)¢ belongs to C([0,00); F;.,)
if, and only if,

(96)(0) =0, j=0,1,2---,r—2 (22)

In this case we have the next estimate

3r—2

5y S (M0,() + D Crap t4722) g5, (23)

1=0

15(2)9|
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DECAY PROPERTIES OF THE SOLUTION

Letn >0 and 8 > 0 fixed and ¢ € Fs, withs,r € N and s > r.
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DECAY PROPERTIES OF THE SOLUTION

Theorem

Letn >0 and § > 0 fixed and ¢ € Fs, withs,r € N ands > r.
If r = 0,1 the unique solution of the linear problem associated to PBO in
Fs.r is given by u(t) = S(t)¢.
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DECAY PROPERTIES OF THE SOLUTION

Theorem

Letn >0 and § > 0 fixed and ¢ € Fs, withs,r € N ands > r.

If r = 0,1 the unique solution of the linear problem associated to PBO in
Fs.r is given by u(t) = S(t)¢.

If r > 2, the linear problem associated to PBO has a solution in Fs , if,
and only ff,

PN

(82¢)(0):0, Jj=0,1,2--- r—2.

is satisfied. In this case the solution is unique and is again given by

u(t) = S(t)o.
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DECAY PROPERTIES OF THE SOLUTION

Now let us enunciate a global result for the initial value problem PBO in
F21(R).

Let ¢ € F»1(R). Then there exists an unique solution of the problem
PBO, u € C([0,00); F2,1(R)) such that 0,u € C(0, 00; Fo.1(R)).
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DECAY PROPERTIES OF THE SOLUTION

Let 8, n > 0 be fixed and let T > 0. Assume that u € C([0, T]; 722(R))
is the solution of PBO. Then, U(t,0) =0, for all t € [0, T].
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DECAY PROPERTIES OF THE SOLUTION

Let 8, n > 0 be fixed and let T > 0. Assume that u € C([0, T]; 722(R))
is the solution of PBO. Then, U(t,0) =0, for all t € [0, T].

| A

Theorem

Let 8, n > 0 be fixed and let T > 0. Assume that u € C([0, T]; F33(R))
is the solution of PBO. Then, u(t) =0, for all t € [0, T].

.
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DECAY PROPERTIES OF THE SOLUTION

Let 8, n > 0 be fixed and let T > 0. Assume that u € C([0, T]; 722(R))
is the solution of PBO. Then, U(t,0) =0, for all t € [0, T].

Theorem

Let 8, n > 0 be fixed and let T > 0. Assume that u € C([0, T]; F33(R))
is the solution of PBO. Then, u(t) =0, for all t € [0, T].

| \

v

We prove that if the solution u(t) is sufficiently smooth (u(t) € H3(R))
and falls off sufficiently fast as |x| — oo (u(t) € L3(R)) for all t € [0, T],
then u(t) =0, for all t € [0, T].
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