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Schrödinger-type Equations with a nonlocal term

Initial value problem (IVP) associated with
Schrödinger-type equations of the form{

i∂tu+ Lu = χ|u|ρu+ bE(|u|ρ)u,
u(x, 0) = u0(x).

(1)

• (x, t) ∈ Rn × R, n ≥ 1,

• u = u(x, t) is a complex-valued function,

• χ and b are real constants, ρ is a positive real number

• L and E are linear operators.



First Workshop on Nonlinear Dispersive Equations

Schrödinger-type Equations with a nonlocal term

Initial value problem (IVP) associated with
Schrödinger-type equations of the form{

i∂tu+ Lu = χ|u|ρu+ bE(|u|ρ)u,
u(x, 0) = u0(x).

(1)

• (x, t) ∈ Rn × R, n ≥ 1,

• u = u(x, t) is a complex-valued function,

• χ and b are real constants, ρ is a positive real number

• L and E are linear operators.



First Workshop on Nonlinear Dispersive Equations

Schrödinger-type Equations with a nonlocal term

Initial value problem (IVP) associated with
Schrödinger-type equations of the form{

i∂tu+ Lu = χ|u|ρu+ bE(|u|ρ)u,
u(x, 0) = u0(x).

(1)

• (x, t) ∈ Rn × R, n ≥ 1,

• u = u(x, t) is a complex-valued function,

• χ and b are real constants, ρ is a positive real number

• L and E are linear operators.



First Workshop on Nonlinear Dispersive Equations

Schrödinger-type Equations with a nonlocal term

Initial value problem (IVP) associated with
Schrödinger-type equations of the form{

i∂tu+ Lu = χ|u|ρu+ bE(|u|ρ)u,
u(x, 0) = u0(x).

(1)

• (x, t) ∈ Rn × R, n ≥ 1,

• u = u(x, t) is a complex-valued function,

• χ and b are real constants, ρ is a positive real number

• L and E are linear operators.



First Workshop on Nonlinear Dispersive Equations

Schrödinger-type Equations with a nonlocal term

Initial value problem (IVP) associated with
Schrödinger-type equations of the form{

i∂tu+ Lu = χ|u|ρu+ bE(|u|ρ)u,
u(x, 0) = u0(x).

(1)

• (x, t) ∈ Rn × R, n ≥ 1,

• u = u(x, t) is a complex-valued function,

• χ and b are real constants, ρ is a positive real number

• L and E are linear operators.



First Workshop on Nonlinear Dispersive Equations

Schrödinger-type Equations with a nonlocal term

Initial value problem (IVP) associated with
Schrödinger-type equations of the form{

i∂tu+ Lu = χ|u|ρu+ bE(|u|ρ)u,
u(x, 0) = u0(x).

(1)

• (x, t) ∈ Rn × R, n ≥ 1,

• u = u(x, t) is a complex-valued function,

• χ and b are real constants, ρ is a positive real number

• L and E are linear operators.



First Workshop on Nonlinear Dispersive Equations

Schrödinger-type Equations with a nonlocal term

Some examples

• Schrödinger equation

i∂tu+ ∆u = χ|u|ρu. (2)

• Davey-Stewartson system (n ≥ 2, m > 0)


i∂tu+ δ∂2x1u+

∑n
j=2 ∂

2
xju = χ|u|ρu+ bu∂x1ϕ,

∂2x1ϕ+m∂2x2ϕ+
∑n

j=3 ∂
2
xjϕ = ∂x1(|u|ρ),

u(x, 0) = u0(x).

(3)
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Schrödinger-type Equations with a nonlocal term

Some examples

• To m > 0, system (3) becomes i∂tu+ δ∂2x1u+
n∑
j=2

∂2xju = χ|u|ρu+ buE(|u|ρ),

u(x, 0) = u0(x),

where

Ê(f)(ξ) =
ξ21

ξ21 +mξ22 +
∑n

j=3 ξ
2
j

f̂(ξ) = p(ξ)f̂(ξ).

L = δ∂2x1 +
n∑
j=2

∂2xj
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Schrödinger-type Equations with a nonlocal term

Motivation

In [B]

i∂tu+ δ∂2x1u+

n∑
j=2

∂2xju = χ|u|ρu+ buE(|u|ρ)

• Lorentz spaces:
Lp∞(Rn) = {f ; ‖f‖Lp∞(Rn) := sup

λ>0
λα(λ, f)1/p <∞}

α(λ, f) = µ({x ∈ Rn; |f(x)| > λ}),
• Global in time solutions (⇒ self-similar solutions)
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Schrödinger-type Equations with a nonlocal term

Motivation

Pablo Silva, Lucas Ferreira, Elder Roa ([SFR]):

i∂tu+ ∆u = χ|u|ρu.

• Eα = {u; ‖u‖α = sup
−∞<t<+∞

|t|α/2‖u(t)‖L(ρ+2,∞) <∞},

where α = 2
ρ −

n
ρ+2 .

• Global in time solutions (⇒ self-similar solutions)

• Asymptotic stability

• Decay
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Schrödinger-type Equations with a nonlocal term

Motivation

Schrödinger

i∂tu+ ∆u = χ|u|ρu

Davey-Stewartson (m > 0)

i∂tu+ δ∂2x1u+

n∑
j=2

∂2xju = χ|u|ρu+ buE(|u|ρ)

Extends the results of [SFR] to the D-S system.

L = δ∂2x1 +
n∑
j=2

∂2xj → L

Ê(f)(ξ) =
ξ21

ξ21+mξ
2
2+

∑n
j=3 ξ

2
j
f̂(ξ) = p(ξ)f̂(ξ)→ E

To give sufficient conditions on the operators L and E that
allow to extend the results to the IVP (1) .
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Schrödinger-type Equations with a nonlocal term

Conditions on L and E

L is a pseudo-differential operator defined via its Fourier
transform by

L̂u(ξ) = q(ξ)û(ξ), (4)

(H1) the function q is real and homogeneous of degree d, that
is,

q(λξ) = λdq(ξ), λ > 0.

(H2) The function G(x) =
∫
Rn e

i(xξ+q(ξ))dξ belongs to L∞(Rn).

(H3) E is bounded from L(p,∞)(Rn) to itself, for all p satisfying
1 < p <∞.
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Plan of the seminar

• Self-similar solutions + conditions,

• Our main results,

• Applications.
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Schrödinger-type Equations with a nonlocal term

Self-similar solutions

If u(x, t) is a solution of (1) so is uλ(x, t) = λd/ρu(λx, λdt), for
any λ > 0.
important!(H1)-q(λξ) = λdq(ξ)

Definition

u(x, t) is said to be a self-similar solution to the Schrödinger
equation in (1) if

u(x, t) = uλ(x, t), ∀ λ > 0.
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Schrödinger-type Equations with a nonlocal term

Conditions to have Self-similar solutions

Supposing

• ∃! of solutions to the IVP problem (1)

• u a self-similar solution

We must have

u(x, 0) = uλ(x, 0),

i.e., u0(x) = λd/ρu0(λx) (u0 is homogeneous).
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ei(xξ+tq(ξ))û0(ξ)dξ. (7)



First Workshop on Nonlinear Dispersive Equations

Schrödinger-type Equations with a nonlocal term

Main Results

Integral equivalent formulation to the IVP (1)

u(t) = U(t)u0 + i

∫ t

0
U(t− s)(χ|u|ρu+ buE(|u|ρ))(s)ds, (5)

where U(t)u0 is the solution of the linear problem{
i∂tu+ Lu = 0,
u(x, 0) = u0(x)

(x, t) ∈ Rn × R, (6)

that is,

U(t)u0(x) =

∫
Rn
ei(xξ+tq(ξ))û0(ξ)dξ. (7)
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Main Results-Global Existence

Theorem (Global Existence)

• 1 < ρ <∞ and ρ+2
ρ+1 <

nρ
d < ρ+ 2,

• φ is a distribution satisfying ‖U(t)φ‖α ≤ ε, where
0 < ε << 1.

Then

• The integral equation (5) has a unique solution u ∈ Eα
satisfying ‖u‖α ≤ 2ε,
where Eα = {u; ‖u‖α = sup

−∞<t<+∞
|t|α/d‖u(t)‖L(ρ+2,∞) <∞},
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i∂tu+ Lu = χ|u|ρu+ bE(|u|ρ)u.
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Global Existence-Main ingredients of the proof

u(t) = U(t)φ+ i
∫ t
0 U(t− s)(χ|u|ρu+ buE(|u|ρ))(s)ds,

u(t) = U(t)φ+ (Bu)(t),

• Consider the integral operator (Φu)(t) = U(t)φ+ (Bu)(t),

• Picard fixed point theorem in B(0, 2ε) ⊂ Eα,
• We take u ∈ B(0, 2ε),

• ‖(Φu)(t)‖α ≤ ‖U(t)φ‖α + ‖(Bu)(t)‖α,
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Global Existence-Main ingredients of the proof

Lemma (A)

• 1 < p < 2,

• p′ such that 1
p + 1

p′ = 1.

Then there exists a constant C = C(n, p) > 0 such that

• ‖U(t)φ‖L(p′,∞) ≤ C|t|−
n
d
( 2
p
−1)‖φ‖L(p,∞) ,

• ∀ φ ∈ L(p,∞)(Rn),

• ∀t > 0.
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Global Existence-Main ingredients of the proof

Ideas of the proof - Lemma (A):

• U(t) : L2(Rn)→ L2(Rn) linear bounded operator,

• U(t) : L1(Rn)→ L∞(Rn) linear bounded operator,
important!(H2)- G(x) =

∫
Rn e

i(xξ+q(ξ))dξ belongs to
L∞(Rn)

U(t)φ(x) = t−n/dG(t−1/d(·)) ∗ φ(x),

• Riez-Thorin interpolation theorem

⇒ U(t) : Lp(Rn)→ Lp
′
(Rn), 1 < p < 2 linear bounded

operator

• Real interpolation method ([LiP] and [P]) gives us the
desired result.



First Workshop on Nonlinear Dispersive Equations

Schrödinger-type Equations with a nonlocal term

Global Existence-Main ingredients of the proof

Ideas of the proof - Lemma (A):

• U(t) : L2(Rn)→ L2(Rn) linear bounded operator,

• U(t) : L1(Rn)→ L∞(Rn) linear bounded operator,
important!(H2)- G(x) =

∫
Rn e

i(xξ+q(ξ))dξ belongs to
L∞(Rn)

U(t)φ(x) = t−n/dG(t−1/d(·)) ∗ φ(x),

• Riez-Thorin interpolation theorem

⇒ U(t) : Lp(Rn)→ Lp
′
(Rn), 1 < p < 2 linear bounded

operator

• Real interpolation method ([LiP] and [P]) gives us the
desired result.



First Workshop on Nonlinear Dispersive Equations

Schrödinger-type Equations with a nonlocal term

Global Existence-Main ingredients of the proof

Ideas of the proof - Lemma (A):

• U(t) : L2(Rn)→ L2(Rn) linear bounded operator,

• U(t) : L1(Rn)→ L∞(Rn) linear bounded operator,
important!(H2)- G(x) =

∫
Rn e

i(xξ+q(ξ))dξ belongs to
L∞(Rn)

U(t)φ(x) = t−n/dG(t−1/d(·)) ∗ φ(x),

• Riez-Thorin interpolation theorem

⇒ U(t) : Lp(Rn)→ Lp
′
(Rn), 1 < p < 2 linear bounded

operator

• Real interpolation method ([LiP] and [P]) gives us the
desired result.



First Workshop on Nonlinear Dispersive Equations

Schrödinger-type Equations with a nonlocal term

Global Existence-Main ingredients of the proof

Ideas of the proof - Lemma (A):

• U(t) : L2(Rn)→ L2(Rn) linear bounded operator,

• U(t) : L1(Rn)→ L∞(Rn) linear bounded operator,
important!(H2)- G(x) =

∫
Rn e

i(xξ+q(ξ))dξ belongs to
L∞(Rn)

U(t)φ(x) = t−n/dG(t−1/d(·)) ∗ φ(x),

• Riez-Thorin interpolation theorem

⇒ U(t) : Lp(Rn)→ Lp
′
(Rn), 1 < p < 2 linear bounded

operator

• Real interpolation method ([LiP] and [P]) gives us the
desired result.



First Workshop on Nonlinear Dispersive Equations

Schrödinger-type Equations with a nonlocal term

Global Existence-Main ingredients of the proof

Ideas of the proof - Lemma (A):

• U(t) : L2(Rn)→ L2(Rn) linear bounded operator,

• U(t) : L1(Rn)→ L∞(Rn) linear bounded operator,
important!(H2)- G(x) =

∫
Rn e

i(xξ+q(ξ))dξ belongs to
L∞(Rn)

U(t)φ(x) = t−n/dG(t−1/d(·)) ∗ φ(x),

• Riez-Thorin interpolation theorem

⇒ U(t) : Lp(Rn)→ Lp
′
(Rn), 1 < p < 2 linear bounded

operator

• Real interpolation method ([LiP] and [P]) gives us the
desired result.



First Workshop on Nonlinear Dispersive Equations

Schrödinger-type Equations with a nonlocal term

Global Existence-Main ingredients of the proof

Ideas of the proof - Lemma (A):

• U(t) : L2(Rn)→ L2(Rn) linear bounded operator,

• U(t) : L1(Rn)→ L∞(Rn) linear bounded operator,
important!(H2)- G(x) =

∫
Rn e

i(xξ+q(ξ))dξ belongs to
L∞(Rn)

U(t)φ(x) = t−n/dG(t−1/d(·)) ∗ φ(x),

• Riez-Thorin interpolation theorem

⇒ U(t) : Lp(Rn)→ Lp
′
(Rn), 1 < p < 2 linear bounded

operator

• Real interpolation method ([LiP] and [P]) gives us the
desired result.



First Workshop on Nonlinear Dispersive Equations

Schrödinger-type Equations with a nonlocal term

Global Existence-Main ingredients of the proof

Ideas of the proof - Lemma (A):

• U(t) : L2(Rn)→ L2(Rn) linear bounded operator,

• U(t) : L1(Rn)→ L∞(Rn) linear bounded operator,
important!(H2)- G(x) =

∫
Rn e

i(xξ+q(ξ))dξ belongs to
L∞(Rn)

U(t)φ(x) = t−n/dG(t−1/d(·)) ∗ φ(x),

• Riez-Thorin interpolation theorem

⇒ U(t) : Lp(Rn)→ Lp
′
(Rn), 1 < p < 2 linear bounded

operator

• Real interpolation method ([LiP] and [P]) gives us the
desired result.



First Workshop on Nonlinear Dispersive Equations

Schrödinger-type Equations with a nonlocal term

Global Existence-Main ingredients of the proof

Ideas of the proof - Lemma (A):

• U(t) : L2(Rn)→ L2(Rn) linear bounded operator,

• U(t) : L1(Rn)→ L∞(Rn) linear bounded operator,
important!(H2)- G(x) =

∫
Rn e

i(xξ+q(ξ))dξ belongs to
L∞(Rn)

U(t)φ(x) = t−n/dG(t−1/d(·)) ∗ φ(x),

• Riez-Thorin interpolation theorem

⇒ U(t) : Lp(Rn)→ Lp
′
(Rn), 1 < p < 2 linear bounded

operator

• Real interpolation method ([LiP] and [P]) gives us the
desired result.



First Workshop on Nonlinear Dispersive Equations

Schrödinger-type Equations with a nonlocal term

Global Existence-Main ingredients of the proof

B(u) = i

∫ t

0
U(t− s)(χ|u|ρu+ buE(|u|ρ))(s)ds.

Lemma (B)

• 1 < ρ <∞ and ρ+2
ρ+1 <

nρ
d < ρ+ 2

Then there exists a positive constant Kα such that

• ‖B(u)−B(v)‖α ≤ Kα (‖u‖ρα + ‖v‖ρα) ‖u− v‖α,
• for all u, v ∈ Eα

Ideas of the proof - Lemma (B):

• Lemma (A) + (H3) E is bounded from L(p,∞)(Rn) to
itself, for all p satisfying 1 < p <∞.
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• Φ : B(0, 2ε)→ B(0, 2ε) well defined.
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Schrödinger-type Equations with a nonlocal term

Self-similar solutions

We need to ask φ homogeneous

• φ(λx) = λ
− d
ρφ(x), ∀ λ > 0.

⇒ U(t)φ(x) = λ
d
ρU(λdt)φ(λx), ∀ λ > 0.

• taking λ = t−
1
d

U(t)φ(x) = t
− 1
ρU(1)φ(t−

1
dx)

‖U(t)φ‖L(ρ+2,∞) = t
− 1
ρ
+ n
d(ρ+2) ‖U(1)φ‖L(ρ+2,∞)

t
α
d ‖U(t)φ‖L(ρ+2,∞) = t

α
d
− 1
ρ
+ n
d(ρ+2) ‖U(1)φ‖L(ρ+2,∞)

• α := d
ρ −

n
ρ+2 ⇒

α
d −

1
ρ + n

d(ρ+2) = 0
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t
α
d ‖U(t)φ‖L(ρ+2,∞) = ‖U(1)φ‖L(ρ+2,∞) ,

Corollary (Self-similar solutions)

• 1 < ρ <∞ and ρ+2
ρ+1 <

nρ
d < ρ+ 2,

• φ is homogeneous of degree −d/ρ,
• ‖U(1)φ‖L(ρ+2,∞) ≤ ε, where 0 < ε << 1

Then

• the solution u obtained in Theorem Global Existence is
self-similar.
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Other Results-Scattering

Theorem (Scattering)

‖u(t)− U(t)u±‖L(ρ+2,∞) ≤ C|t|−
α
d ‖u‖ρ+1

α , t 6= 0.

u −→ v(t) = U(t)φ+B(v)

U(t)u± −→
{
i∂tv + Lv = 0,
v(0) = u±,
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Other Results-Asymptotic Stability

Theorem (Asymptotic Stability)

lim|t|→∞ |t|
α
d
+δ‖φ− φ̃‖L(ρ+2,∞) = 0

⇓
lim|t|→∞ |t|

α
d
+δ‖u(t)− v(t)‖L(ρ+2,∞) = 0.



First Workshop on Nonlinear Dispersive Equations

Schrödinger-type Equations with a nonlocal term

Other Results-Asymptotic Stability

Theorem (Asymptotic Stability)

lim|t|→∞ |t|
α
d
+δ‖φ− φ̃‖L(ρ+2,∞) = 0

⇓
lim|t|→∞ |t|

α
d
+δ‖u(t)− v(t)‖L(ρ+2,∞) = 0.



First Workshop on Nonlinear Dispersive Equations

Schrödinger-type Equations with a nonlocal term

Other Results-Asymptotic Stability

Theorem (Asymptotic Stability)

lim|t|→∞ |t|
α
d
+δ‖φ− φ̃‖L(ρ+2,∞) = 0

⇓
lim|t|→∞ |t|

α
d
+δ‖u(t)− v(t)‖L(ρ+2,∞) = 0.



First Workshop on Nonlinear Dispersive Equations

Schrödinger-type Equations with a nonlocal term

Applications

Standard NLS Equation (n ≥ 1)

i∂tu+ ∆u = χu|u|ρ, (x, t) ∈ Rn × R, n ≥ 1,

[SFR]



First Workshop on Nonlinear Dispersive Equations

Schrödinger-type Equations with a nonlocal term

Applications

Standard NLS Equation (n ≥ 1)

i∂tu+ ∆u = χu|u|ρ, (x, t) ∈ Rn × R, n ≥ 1,

[SFR]



First Workshop on Nonlinear Dispersive Equations

Schrödinger-type Equations with a nonlocal term

Applications

Standard NLS Equation (n ≥ 1)

i∂tu+ ∆u = χu|u|ρ, (x, t) ∈ Rn × R, n ≥ 1,

[SFR]



First Workshop on Nonlinear Dispersive Equations

Schrödinger-type Equations with a nonlocal term

Applications

Nonelliptic NLS Equation(n ≥ 1)

i∂tu+ (∂2x1 − ∂
2
x2)u = χu|u|ρ, (x, t) ∈ R2 × R, n = 2,

(H1) the function q(x) = x1
2 − x22 homogeneous of degree 2,

(H2) G(x) =
∫
Rn e

i(xξ+q(ξ))dξ ∈ L∞(Rn) see [GS1].

b=0 ((H3) E is bounded from L(p,∞)(Rn) to itself, for all p
satisfying 1 < p <∞.)
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Ê(f)(ξ) =
ξ21

ξ21 +mξ22
f̂(ξ)

E is bounded from L(p,∞)(Rn) to itself, for all p satisfying
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Applications

The Shrira system (n = 3)
i∂tu+

ωkk
2
∂2xu+

ω``
2
∂2yu+

ωnn
2
∂2zu+ ωnk∂

2
xzu = −uQ,

∂2xQ+ ∂2yQ = ν∂2y |u|ρ,

Ê(f)(ξ) = ν
ξ22

ξ21 + ξ22
f̂(ξ), ξ = (ξ1, ξ2, ξ3) ∈ R3.

(H1) holds- d = 2,
(H2) holds- [GS1],
(H3) holds-[GS1]+real interpolation
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