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Wave equation

We consider the cubic wave equation on R® :
{ Pf—nf+ =0
fiz=o = fo , Otfit=0 = f1

The critical exponent of this equation is s = 3.

Our aim is to use probabilities to prove that this equation is almost
surely (with regard to a certain measure) globally well-posed in
subcritical spaces H” x H”~! with o € [0, 1/2).



Result

Theorem There exist probability measures u on spaces of low
regularity such that u(H'2 x H=/2) = 0 and for u-almost every
(fo, f1), the cubic wave equation with initial datum (fy, fi) has a
unique global solution in L(t)(f, f;) + C(R, H'(R®)) where L(t) is
the flow of the linear wave equation (’)? -A=0.
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Compactification

The first step is to use the Penrose transform (conformal) to turn
the problem on R into a problem on the sphere S3 :

Bu+(1-ag)u+ =0
UT=0 = U , OTUT=0 = Ut

Remark : This step is probably unnecessary. Though, skipping it
implies using objects that seem less natural or at least not
canonical.

The transform that maps (uo, u1) to (fo, f1) is an isometry between
HS x H5~" of the sphere and H x HE~' of R® where H? is very
similar to HS. In particular, if (uo, us) is notin H'/2 x H=1/2 then
(fo, f1) can not be in critical or super critical spaces.

Remark 2 : The existence of a solution of this compact equation
gives the existence of a solution on R3. Uniqueness has to be
treated separately.



Reduction

The second step is to reduce the equation on u on an equation on
v =u— U(T)(uo, ur) where U(T) is the flow of the linear equation
024+ 1—-ngs =0. We get

02v + (1 = ags)v + (U(T)(uo, u1) +v)* =0

with initial datum vjr—o = vop = 0 and dtVjr— = vy = 0.



Local well-posedness

The Duhamel form of this equation is given by :

W(T) = U(T)(vo. 1) _fOT sin((T\;% \21 —A)

The local theory yields that the Cauchy problem associated with
this equation is well-posed in H' as soon as vy € H', v4 € L2 and
U(T)(uo, uq) € L%,LG(SG’).

(U(T)(Uo, up) + v(T))SdT .

1
(1+T2)1/3



Global theory on v

We use energy estimates with
2 1 4
E(M)y= | (@rv)°+ | v(1-2a)v+ - | V'
S8 2
Gronwall lemma yields

T T
&) < ( f 1U(E) (U, e o b (Vs U o)
0

We have global well posedness in U(T)(uo, u1) + C(R, H') as
soon as U(T)(up, u1) belongs to LILC’T, L>(S3).



Conditions on the measure

We want to find a non trivial measure p on the topological
o-algebra of H” x H"~! such that :

> p(H'2 x H1/2) = 0,
U(T)(uo, ur) € L3,L8(S®),
> U(T)(uo,ur) € L} 7, L=(S®).
For this, we will randomize the initial data.

1
> (1+72)3
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Notations

> (enk)nk is a L2 orthogonal basis composed of spherical
harmonics : — Ags enx = N?enk, 1 < k < (n+1)2,

> (ank)nk, (bnk)nk are two sequences of independent real
Gaussian variables of law N(0, 1) in a probability space
Q? ﬂ’ ]P!

> Up = Y, Ankenk belongs to H” for some o € (0, 1/2) but does
not belong to H'/?,

> U1 = ), Unk€nk belongs to Ho=1 (for the same o) but not to
H-1/2.

Remark : The Gaussian condition can be released. We can take
(ank)nks (bnk)nk two sequences of i.i.d random variables that
satisfy : “there exists ¢ such that for all y and all (n, k)

E(e'}’an,k), E(eVbn,k) < 6072 "

We can also take oo = 0.



Randomization
We then build two random variables :

Up(w) = Z/lnkank w)enk

U1(w) = Z,Unkbnk enk

We then have a measure p on H” x H°~', the image measure of P
by (uo, ur), that is

p(Aox A1) = P(Uy' (Ao))P(u7 " (Ar)) -

Using the continuity of the space-time compactification on the
initial datum, we can define the image measure u of p by this
transform and get back on the Euclidean space this way.

For almost all w € Q, ug(w) does not belong to H'/2 and u;(w)
does not belong to H="/2. For u almost all (fy, f;), fo does not
belong to H'/? and f; does not belong to H~"/2,



Properties of the randomization

With a good choice of e, x and o > 0, we have for all (p, q) € [1, )

1

~ o -1 ~ _
P({(Uo, i) e H” x H ' ||WU(T)(UO’ Un)lle woagsoy < 00}) =1.

In other words, for p almost every (o, U1 ) taken in H” x H"~1, the
function UJF;WU(T)(FJO, 0y) belongs to L7, W9(S3) and since
o>0to L7, L2(83).

Hence, p almost every (i, U1 ) is @ good candidate to be an initial
datum of the equation on the sphere.



We prove that

]
=] 775 D7 U(T) (o, ui)lly 12 1aso)

(1+T23)

is finite with r = max(p, q) and D = (1 — Ags)'/2.

The Minkowski inequality yields

1

I<f|l——
> ||(1 —|—T2)1/p

D7U(T)(uo, U1)||L$,La(s3),Lg .



Then, at x € S® and T fixed, with (ny = (1 + n?)/2

a7 D7U(T) (Uo, ut) = ok ey (M7

(COS(<n>T)an,kAn,k enk(X) + wbn,k#n,ken,k(x))

is a Gaussian variable as a linear combination of independent
Gaussian variables. Hence, its L/ norm is bounded by C v/ times
its L2 norm.



It gives

1 1
| DT U(T) (o, )lle; < W—( (M2 | dnsl? +
(1 T12)P ESDIG Z;‘

20-2 2 21/2
(M7 P il®)len (X)) .

It remains to take the L?, L9(S3) of the right hand side of the
inequality.

2 2 20-2 2 2 12
< GV D (P ansl? + (2 2laniPllenslfa)
n,k

We need a L2 basis (€ )nk uniformly bounded in LY.
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A measure on basis

(Technique and result by Burg and Lebeau)

The idea is to build a measure on the basis of L2 composed of
spherical harmonics such that the probability that the basis is
uniformly bounded in LP is non 0.

We consider the L2 orthonormal basis of spherical harmonics of
degree n as the orthogonal group Oy, (R) where Nj, is the
dimension of spherical harmonics of degree n: N, = (n + 1)2.

Take v, the Haar measure on Oy, (R) and

VvV = ®ne]NVn .



To evaluate probabilities on one element b,k of the basis, we have
to take the k-th column of the matrix associated to (by);.

The image measure of v, by the map that takes the k-th column is
(thanks to invariances) the uniform probability measure on the
sphere SN : py,..



Measure concentration phenomenon

The Lipschitz-continuous functions F from SN to R concentrate on
their median Mr in the sense that

pn(ix |IF(x) = Me| > R)) < 2~ (N-DRY/CIFIE)

with
[F(x) = F(Y)I < IIFllipllx = yll2 -

The LP norm is Lipschitz continuous on spherical harmonics of
degree n:
lIx = ylie < Cn'""P||x — yl| 2

and its median M, is bounded by C +/p (independent from n).
Both are consequences of the fact that S® has a finite volume and
that for all x, y in S3, there exists a transformation R on S2 that
preserves the metrics such that x = Ry.



We get then

va(llbnkllLe = Mp > R)

IA

p(l lIXllLe = Mp| > R)

_cR2nAlp
ecRn )

A

By summing over k
2 _—cR2n*/P
vn(3K | Ibpklle = Mp > R) < n°e
and over n

v(An,k | 1bnklle — Mp > R) < CoR72 .



Conclusion

We have used probabilities in two ways :

» randomizing the initial datum makes it almost surely in LP
spaces,

» randomizing the basis enables us to take one uniformly
bounded in LP.

If o (the regularity of the ID) is 0, then we do not have U(T)(uo, uy)
almost surely in L™ but being careful with the choice of the basis
and using a bootstrap argument in the energy estimates, we still
have the same result as before.
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