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KdV equation

U+ Uy + f(), =0

BBM equation

U+ Uy — Uy + f(u), =0
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KdV equation

U+ Uy + f(), =0
@ (U + Uy + f(U))x £ Uy, =0 KP equation
@ up + (Uyy + ttyy) + f(w)y =0 ZK equation

BBM equation

U+ Uy — Uy + f(u), =0
@ (U + 8y — Uy + f(U)x)x £ty =0 BBM-KP equation
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@ (U + &y — Uy + f(U)x)x £y =0 BBM-KP equation
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@ (U + &y — Uy + f(U))x Uy =0 BBM-KP equation
o Global well-posedness [Saut, Tzvetkov, 2004; Bona, Liu, Tom, 2002]
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@ (U + &y — Uy + f(U))x Uy =0 BBM-KP equation
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e Transverse instability [Rousset, Tzvetkov, 2008]
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@ Uy + &y — (Uxy + Uyy) + f(U)xy =0 2D-BBM equation
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QO U + Uy — (Upx + Uyy) + f(u)y =0 2D-BBM equation
e Decay and Scattering [Biler, Dziubanski, Hebisch, 1992]
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gy — (Uxx + Uyy); + f(u), =0 2D-BBM equation

Decay and Scattering [Biler, Dziubanski, Hebisch, 1992]
o Stability of solitary waves [de Bouard, 1996]

@ u; + suy — (U + Puyy)  + fu)y =0 BBM-ZK equation
o Transverse stability [Johnson, 2010]
o Global well-posedness, UQ property [A.E., 2012]
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9 Scattering
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Assumptions: f € C2(R) such that £(0) = 0 and f(s) = O(|s|”*!) as

|s| = +oo.

Theorem

Vg e H\R?), s> 1,3T = T(|luolls) >0 & I u € C([o, T); HS(RZ)) of the
BBM-ZK Eq. with u(0) = uo.
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Assumptions: f € C2(R) such that £(0) = 0 and f(s) = O(|s|”*!) as

|s| = +oo.
Theorem

Y ug € H*R?), s> 1,3 T = T(lluolly) > 0 & 3t u € C ([0, T); H*(R?)) of the
BBM-ZK Eq. with u(0) = ug. In addition, u(r), ¥V t € [0, T) satisfies

I(u(r)) = f u dxdy = I(ugp),
RZ
E(u(r)) = —% f su® + Bu? + 2F () dxdy = E(uy),
R2 :
1
Q(u() = 3 fR [ + 1) dxdy = Q(uo),

where F" = f. Furthermore, u € C ([O, T); HSI’SZ(RZ)) , where s1 > 0 and
Sy =85—91.

Amin Esfahani (Damghan University)  Scattering of solutions and stability of solitar



Assumptions: f € C2(R) such that £(0) = 0 and f(s) = O(|s|”*!) as

|s| = +oo.
Theorem

Y ug € H*R?), s> 1,3 T = T(lluolly) > 0 & 3t u € C ([0, T); H*(R?)) of the
BBM-ZK Eq. with u(0) = ug. In addition, u(t), ¥ t € [0, T) satisfies

1u(t)) = f u dxdy = I(up),
R2
E(u(r)) = —% f &u’ + Buy + 2F (u) dxdy = E(up),
RZ
1
0ty = 5 [ (412 dxdy = Ot

where F’ = f. Furthermore, u € C([O, T);HS"SZ(RQ)), where s; > 0 and
$)=85—85].
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Y ug € H52(R?), 51,50 > 1/2, 3T = T(lluollis, 5) > 0 &
At u € C([0,T); H2(R?)) of the BBM-ZK Eq. with u(0) = uo.
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Y up € H2(R?), 51,52 > 1/2, 3T = T(lluolls, 50) > 0 &
At u € C ([0, T); H2(R?)) of the BBM-ZK Eq. with u(0) = uo. In addition,
u(r) satisfies E(u(t)) = E(ug), O(u(t)) = O(ug) and I(u(t)) = I(ugp), for all
t€[0,7).
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Y ug € H2(R?), 51,5, > 1/2,3AT = T (|luollcsy,s9)) > 0 &
At u € C ([0, T); H2(R?)) of the BBM-ZK Eq. with u(0) = uo. In addition,
u(r) satisfies E(u(t)) = E(up), O(u(t)) = O(ug) and I(u(t)) = I(ug), for all

t € [0,T). Furthermore, u € C([O, T); Hmi“‘s"”}(Rz)).
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Q Ifug € H'(R?), Ju € L ([0, +00); H'(R?)) of the BBM-ZK Eq. with
u(0) = ug. Moreover, there exists T > 0 and a uniquely weak solution
u € C([0,T); H'(R?)) of the BBM-ZK Eq. with u(0) = uo. In addition,
u(r) satisfies E(u(t)) = E(ug), OQ(u(t)) = Q(ug) and I(u(t)) = I(ugp), for all
te[0,T).

Q Ifupe H''R?),JueL® ([0, +00); Hl’O(Rz)) of the BBM-ZK Eq. with
u(0) = ug. Moreover, there exists T > 0 and a uniquely weak solution
u € C([0,T); H'*(R?)) of the BBM-ZK Eq. with u(0) = uo.In addition,
u(t) satisfies E(u(t)) = E(ugy), Q(u(t)) = O(up) and I(u(t)) = I(uo), for all
1 €[0,7).

v
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@ Thereis s > 0, such that if ||lugll; < 8, the BBM-ZK Eq. has a unique
solution u € C(R; H'(R?)) with u(0) = ug.Moreover, |lu(@®)|l; < Clluoll;,
for all time t € R, where C = C(||ug||;) > 0 and the functionals E, O
and I are independent of t.

Q Thereis § > 0, such that if |luoll1,0) < 5, the BBM-ZK Eq. has a unique
solution u € C(R; H'9(R?)) with u(0) = u. Moreover,
||u(t)||(1,0) < C||u0||(1,0), for all time t € R, where C = C(||uo||(1,0)) > 0 and
the functionals E, Q and I are independent of t.

4
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Lemma

LetN > 1,t+ 0 and J = [-N, N]. Then there exists a constant C > 0,
independent of t and N, such that

tf Elﬁ xg—yn)

dn d¢| < cr'/AN32,

Amin Esfahani (Damghan University)  Scattering of solutions and stability of solitar



Let S (¢) be the Cy-group of unitary operators for
Uy + guy — (Uy + Puyy), = 0. J

Lemma

Q Letsi,so>1/2,6=2(s; +1))"! €[0,1/3) and
uy € HY-2(R?) n L'(R?). Then there exists a constant C > 0,
depending only on sy, such that for all t € R , we have

1S Dtoloo < C(L+ 1) (luoly + lloll(s,,52)) -

Q Lets>1/2,0=Q2(s+ 1) €]0,1/3) and uy € H*[R*) N L'(R?).
Then there exists a constant C > 0, depending only on s, such that for
allt € R, we have

1S (Dtoleo < CCL+ 1) (ol + lluollzs)
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Let S (¢) be the Cy-group of unitary operators for
Uy + guy — (Uy + Puyy), = 0. J

Lemma

Q Lets,sn>1/2,0=2(s; + 1))"! €[0,1/3) and
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Let S (¢) be the Cy-group of unitary operators for
Uy + guy — (Uy + Puyy), = 0. J

Lemma

Q Letsy,so>1/2,60=2(s; + 1)~ €[0,1/3) and
uy € H*2(R?) N L' (R?). Then there exists a constant C > 0,
depending only on sy, such that for all t € R , we have

1S Dtoloo < C(L+ 1) (luoly + lloll(s,,52)) -

Q Lets>1/2,0=2(s+1))"! €[0,1/3) and up € H**(R?) N L'(R?).
Then there exists a constant C > 0, depending only on s, such that for
allt € R, we have

1S (Dtoleo < CCL+ 1) (ol + lluollzs)
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Let S (¢) be the Cy-group of unitary operators for
Uy + guy — (Uy + Puyy), = 0. J

Lemma

Q Lets;,sn>1/2,0=Q2(s; + 1)~ €[0,1/3) and
uy € H2(R%) n LY (R2). Then there exists a constant C > 0,
depending only on sy, such that for all t € R , we have

1S Dtoloo < C(L+ 1) (luoly + lloll(s,,52)) -

Q Lets>1/2,0=2(s+ 1)) €[0,1/3) and ug € H*(R*) N L'(R?).
Then there exists a constant C > 0, depending only on s, such that for
all't € R, we have

1S Doloo < C(L+ 11T (ol + ltollzs) -
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Lemma

Letl<g<ocoandl/q+1/q =1.

Q Ifsi,s0>1/2,0=2(s1 + 1)~ €[0,1/3) and up € H**>(R?) N LI(R?),
then there exists a constant C > 0, depending only on sy, such that for
allt e R, we have

36-1 1_%
1S (Duoly < C(1+ 1) (=3 )(|U0|q+”u0||(s1,sZ))-

Q Ifs>1/2,0=Q2(s+ 1) €[0,1/3) and ug € H*(R?) N LY(R?), then
there exists a constant C > 0, depending only on s, such that for all
t € R, we have

_2
7

IS (Duoly < C(1 + Itl)(%)(l ’ )(luOIq + lluollzs) -
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Lemma

Letl<g<ocoandl/q+1/q =1.

Q Ifsi,s0>1/2,0=Q2(s; +1))"! €[0,1/3) and up € H*-**(R?) N LI(R?),
then there exists a constant C > 0, depending only on s, such that for
allt e R, we have

36-1 1_%
1S (Duoly < C(1+ 1) (=3 )(|U0|q+”u0||(s1,sZ))-

Q Ifs>1/2,0=Q2(s+ 1) €[0,1/3) and ug € H*(R?) N LY(R?), then
there exists a constant C > 0, depending only on s, such that for all
t € R, we have

_2
7

IS (Duoly < C(1 + Itl)(%)(1 4 )(Iuolq + IIMollzs)-
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Lemma

Letl<g<ocoandl/q+1/q =1.

Q Ifs1,s0>1/2,0=2(s1 + 1)) €[0,1/3) and uy € H**2(R*) N LI(R?),
then there exists a constant C > 0, depending only on sy, such that for
allt € R , we have

36-1 1_%
1S (Duoly < C(1+ 1) (=3 )(|U0|q+”u0||(s1,sZ))-

Q Ifs>1/2,0=Q2(s+ 1) €[0,1/3) and ug € H*(R?) N LY(R?), then
there exists a constant C > 0, depending only on s, such that for all
t € R, we have

_2
7

IS (Duoly < C(1 + Itl)(%)(l ’ )(luOIq + lluollzs) -
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Lemma

Letl<g<ocoandl/q+1/q =1.

Q Ifs1,s0>1/2,0=2(s1 + 1)) €[0,1/3) and uy € H**2(R*) N LI(R?),
then there exists a constant C > 0, depending only on sy, such that for
allt € R , we have

36-1 1_%
1S (Duoly < C(1+ 1) (=3 )(|U0|q+”u0||(s1,sZ))-

Q Ifs>1/2,0=Q2(s+ 1) €[0,1/3) and uy € H*(R?) N L4(R?), then
there exists a constant C > 0, depending only on s, such that for all
t € R, we have

_2
7

IS (Duoly < C(1 + Itl)(%)(1 4 )(Iuolq + IIMollzs)-
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Theorem

Suppose that s > 1, u = (1 —36)/2,6 = (2(s + 1)~'e[0,1/3) and

3(1-0)
> .
1-36

Then there exists § > 0 and C > 0 such that for any ug € H>**(R*) n L'(R?)
satisfying luol; + lluoll2s < 6, there is a unique solution u € C(R; H*(R?)) of
the BBM-ZK Eq. with u(0) = uy such that

[u(Hlo < C(1 + [t)7H.
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Theorem

Suppose that s > 1, u = (1 -36)/2,6 = 2(s + 1))~' €[0,1/3) and

3(1-6)

P> T30

Then there exists § > 0 and C > 0 such that for any uy € H**(R?) N L'(R?)
satisfying |uol; + lluolls < 6, there is a unique solution u € C(R; H**(R?)) of
the BBM-ZK Eq. with u(0) = uy such that

[u()|e < C(1 + |t]) 7.
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Theorem

Letr,s>1,q9" >2,5 >2/r,u=(0-30)/2<q /(g —2),

0=_2(s+ 1) e[0,1/3) and

- 4or—q') +2rg’
(1-30)(q —2)(rs=2)

p

Then there exists 6 > 0 and C > 0 such that for any

uo € H*(R?) N LY (R?) N L, (R?) satistying luoly + lluolls + lluolly - < &, there
is a unique solution u € C(R; H**(R?) N L",(R?)) of the BBM-ZK Eq. with
u(0) = ug such that

ol < ca+ 7).
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Theorem

Letr,s>1,q" >2,5 >2/r,u=(1-30)/2<q" /(¢ —2),
6=Q(s+ 1) e[0,1/3) and

40r—q') +2rg’
(1-30)(q —2)(rs=2)

p >

Then there exists 6 > 0 and C > 0 such that for any
ug € H¥(R?) N LY (R?) N L', (R?) satisfying luoly + lluoll2s + lluolly » < &, there
is a unique solution u € C(R; H**(R?) N L’,(R?)) of the BBM-ZK Eq. with
u(0) = ugy such that

lu()ly < C(1 + |z|)‘“(1‘f'),
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Let u(r) be the solution of the BBM-ZK Eq., then there exists a unique

solution u*(¢) € H**(R?), s > 1/2, of the linearized equation of the BBM-ZK
Eq. such that

llu(t) = u*(®ll2s — 0,

ast — £oo.
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© stability
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Solitary wave solution of the BBM-ZK Egq. of the form
u(x,y,t) = p.(x — ct,y), vanishing at infinity, where ¢ > 0 is the wave
velocity:

—c02pc + (c — &)pe + fRpe — Flpe) = 0. (%) ]
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Theorem

Letc > 0 and B < 0, then equation (x) possesses a cylindrically symmetric
positive solution . € H'(R?), which is called a ground state of (x).
Moreover, ¢, € H*®(R?), d,0.(r) <0, for all r # 0 where r = |(\/cx, V=pY)|,
and there is a o > 0 such that for all @ € N? with |a| < 2,

[0%pc(x, Y)| < Coe™".
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Theorem

Letc > 0 and B8 < 0, then equation (x) possesses a cylindrically symmetric
positive solution ¢. € H'(R?), which is called a ground state of ().
Moreover, ¢. € H®(R?), d,¢.(r) <0, for all r # 0 where r = |(Vex, V=By)|,
and there is a o > 0 such that for all « € N? with |a| < 2,

[0%@c(x, y)] < Coe™".
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Define the the functional S . and the linearized operator L. around ¢, by

Se(¢e) = Epe) + cO(¢e) ]

and

L.=S!=E"+cQ" = —ca)zc - 65 +c—¢e— f(ge). J
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Define the the functional S . and the linearized operator L. around ¢, by

Se(¢e) = Epe) + cO(¢e) )

and

Lo=S!=E'+cQ" =-coi-B+c—e— f ()

| \

Hypothesis |
The ground state solution of equation (x) is unique and the curve ¢ - ¢,
defined for ¢ > £ is C! with values in H?(R?). Moreover there are positive
constants C and g, such that

for all (x,y) e R? and ¢ > «.
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Hypothesis II

The operator L., for ¢ > &, has a unique simple negative eigenvalue A, with
a corresponding cylindrically symmetric positive eigenfunction y. such that
for all (x,y) € R?,

le(x, )| < Coe™,

for some positive constants C. and p. In addition, the mapping ¢ — x. is
continuous with values in H*(R?). Furthermore the essential spectrum of
L. is positive and bounded away from zero and the null space of L. is
spanned by d.¢. and d,¢..
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Hypothesis Il

£(%) € L'(R?), where £ =1 - 3.
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Suppose that the Hypotheses I-lll hold. Then ¢. is stable if and only if
d"(c) > 0, where

d(c) = E(@c) + cQ(@c).
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AWM = [0 07 ulx,y, 0 LI(x = (1), y) dx dy, ]

dsoc

where ¢ = + s"(c)xe-

Theorem

Letug € H*2(R?) N L¥(Ry; L'(R,)) N LY(R?), 51, 52 > 1/2,
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AWM = [0 07 ulx,y, 0 LI(x = (1), y) dx dy, J

dsoc

where ¢ = + s"(c)xe-

Theorem

Letug € H*2(R*) N L¥(Ry; L' (Ry)) N LY(R?), 51, 52 > 1/2, then if u(?) is the
solution of the BBM-ZK Eq. with u(0) = ug, we have

—1 30+1
|07 uz,y, 0|, < CA+1t) 72,
where 6 = (2(s; + 1))"! € (0, 1/3) and C is a constant depending only on

sup [u(®)ll1 + lluollpz 1 + luols-
>0
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e Power-law nonlinearity f(u) = u””/p +1
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Q p=4,e>1andc > max {& _2(;11)}’
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Q p:4,s>1andc>max{e,ﬁ},

Q »<4 p8:4andc>max{8, ,/Ff—_]}
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Q p:4,s>1andc>max{e,ﬁ},

Q p<4,pg:4andc>max{s,,/ﬁ}a
Q p<4, pe+4and

{ 4 — pe + \/(p8—4)2+8(16—p2) }
c > maxs &, P

16 — p?
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Q p:4,s>1andc>max{e,ﬁ},

Q p <4, pg:4andc>max{s, ‘,823__1},

Q p<4, pe+4and

4 — 4)2 16 — p?
C>max{8 pe+ \(ps — )2 + & p)},

16 — p?

Q p>4, ps<4and

{c>s}m{c<P8 4 + \/P gle—1)—8pe+16(e+ 1) }

pr—16
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Q p:4,s>1andc>max{e,ﬁ},

Q p <4, pg:4andc>max{s, ,/;__l}s

Q p<4, pe+4and

4 - pe+ \/(ps 4)2 + (16 — pz)
¢ > max{e, ,
16 — p?

Q p>4, ps<4and

{c>s}m{c<P8 4+ \/Ps(s—l)—8p8+l6(g+1)}
p>-16 ’

Q p>4, pe+4andic> e} N{ai(p) <c<ayp)}, where

pe—4— \/[98(8—1)—8[?8+16(8+1)
pr—16

ai(p) =

and

pe—4+ +/p? 8(8—1)—8p8+16(8+1)
p?-16

ax(p) =
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When ¢ = 1, we observe that ¢, with ¢ > 1, is stable for p <2 or p € [3,4)

and
4—p+ /8-2
o> (225,

16 — p?

and unstable otherwise.
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The gBBM-ZK (left) and 2D-gBBM (right) equations with
p=1-2ande=0.2
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The gBBM-ZK (left) and 2D-gBBM (right) equations with
p=2-3ande=0.2
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The gBBM-ZK (left) and 2D-gBBM (right) equations with

p=3-5ande=0.2

32
pi—y PE—
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The gBBM-ZK (left) and 2D-gBBM (right) equations with
p=1
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The gBBM-ZK (left) and 2D-gBBM (right) equations with
p=12
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The gBBM-ZK (left) and 2D-gBBM (right) equations with

p=19

02
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The gBBM-ZK (left) and 2D-gBBM (right) equations with

p=26

‘/H].Z
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The gBBM-ZK (left) and 2D-gBBM (right) equations with
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