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The Model

We study the interactions between long and short waves that arise in dif-
ferent physics contexts. Specifically, we study interactions modeled by the
Initial Value Problem (IVP) for the Schrodinger-Korteweg de Vries system,
that is,
ibe 4+ beg = adn + BlOPP, T, EER,
Ne +Nege +mMe = V(0P )e, (1)
$¢(&,0) = do(&), mn(E,0) =mo(&),
where the short wave ¢ = &(&, 1) is a complex valued function, the long

wave 11 = 11(&, T) is a real valued function and «, 3 and 7y are real constants
with oy # 0.

The resonant interactions (3 = 0) appear, for instance, in plasma physics, in
a diatomic lattice system and in the study of interactions for capillary-gravity
waves on water of uniform finite depth.
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Focusing and Defocusing Regime

Under the transformations:

(b(E,,T) =/ ‘(xy (25)41') \/ %U(X) t)

and

n(&,1) = Zv(2&,41) = Sv(xt)
the system (1) becomes into the coupled equations:

ity + U = uv + plulu, t, x € R,
Ve + 2V +3q(v?)x = e(|ul)x, (2)
u(x,0) = uo(x), v(x,0) = vo(x),
with p = cxy, qg= @ and € = sgn(ay).
We will refer to the cases € = —1 and € =1 as focusing and defocusing
case, respectively.
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Conservation Laws

Mass: oo
Ei0)= | luPdx=Ei(0).
Moment: oo
Ez(t):J {v2+2e Im(uﬂx)}dx:Eg(O).
Energy:

+o00
Es(t) = J {qul2 + €2 + v|uP + eplul* — eqv3}dx = E3(0).

—00
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Overview about well-posedness

e M. Tsutsumi (1993) showed LWP in H*"'/? x H* for s € Z" and
GWP in the same spaces if € = 1.

o D. Bekiranov -T. Ogawa - G. Ponce (1997) showed LWP in
H*Y2 5 H® for s> —1/2.

@ B. Guo - Ch. Miao (1999) showed GWP in the energy space H' x H*
if p=0and e =1

H. Pecher (2005) showed LWP in for s > 0 and GWP for € =1 in
H* x H* for

e s>3/5in the case p =0,

e s>2/3in the case p # 0.

e A. J. Corcho - F. Linares (2007) showed LWP in H*t x H® for
S2>—3/4, 51—1§52§251—1/2 IfOSSl §1/2 and
51—1§52<51+1/2 if51 >1/2.

e Z. Guo - Y. Wang (2010) showed LWP in L? x H3/%,
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Overview about well-posedness

Theorem (Y. Wu, 2010)

Let (ug, vo) € H*(R) x H*(R) provided:

@ Kk>—3/4ands—2<k<min{ds, s+ 1} if p=0;

@ kK>—3/4,s—2<k<min{4s, s+ 1} and s >0 if p £ 0.
Then, there exist a positive time To(||uo||ns, || vo||#+) and a unique solution
for the Cauchy problem (2) in the space C([0, Tol; H*(R) x H*(R)).
Moreover, the map (up, vo) — (u(-, t), v(-, t)) is locally Lipchitz.
Also, if (e = 1) the solutions can be extended to any time interval [0, T]
for data (ug, vo) € H® x H® when s > 1/2 for all p € R.
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Global existence for e = —1 7

Here we focus our attention on the focusing case (¢ = —1), where it is
not clear the existence of an a-priori estimate in the energy space H! x H!

since the terms Jluxl2dx and lexlzdx appear with oppositive signals in the

energy conservation law Ej:

+o0

Ealt) = | {luP ol viu — pll* + qv? o = Ex(0).

—0o0
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Global Existence under symmetry assumptions

Theorem (Global Extension for Local Symmetric Solutions)

Assume that a local solution (u,v) of the IVP (2) in the energy space
H' x H' is symmetric (even or odd function in the spatial variable), then
this local solution can be extended to all time interval [0, T].
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Auxiliary Lemma

Lemma

Let (u(~, t), v(-, t)) a solution in C ([0, Tmax); HY % Hl) of the IVP (2)
provided by Theorem (Y. Wu, 2010 ). Then, for any A1, A2, A3 > 0 there
exist positive constants A, x, (||uol| 12, E2(0)) and Bx, , (||uol 12, E2(0))
(only depend on ||upl|;2 and E>(0)) and Cy,(||uo||i2) only depending on
||uol| 2 such that

|uPvax| < Akl 22 + Axlluxl|Z2 + Angn, (luoll 2, E2(0)), (3)
J

vidx|< AdllvallZz + AalluxllZz + Bagna (lluoll 2, E2(0)), (4)
J

Juf* x| < Agllue + G, (Iuol2)- (5)
J

v
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Auxiliary Lemma

Proof: By the conserved quantities E;(t) and E(t), we have

1/2 1/2
IVlliz < 1E2(0)12 + V2] uol [y u 2. (6)

Then, using the conserved quantity E;(t), Sobolev's immersion and Young's
inequality we get

| J lulPvax| < V2| vil 121V | uo 22

= (4AD)Y 41122 V2(4M) Y4 V1142 o 12

_ 2/3 8/3
< M2 + CAT YRV o 133
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Auxiliary Lemma

Combining the last inequality with (6) and using Young's inequality we
obtain

| vee] < N+ Ol 22 B0+ e )

< AflwllZ + CAYRIE (0)12 o154 + O3 w3 123
< 7\1HVX||%2 +}\2||UX||%2 + A7\1,7\2 ”UOHLz) EQ(O))»

where
Anina (o]l 2, E2(0))= CA 250025 uo |13+ CA 31 E2(0)[3]|wo |32,

which yields (3).H
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Global existence under symmetry assumptions

Proof of global existence: In this situation, Jlm(uﬂx)dx =0 ifte

[0, Tinax). Then, from the conservation law E(t) we have

J v2(x, t)dx = J v2(x,0)dx. (7)
Let T € (0, Tiwax) and consider the integral equation associated to the first

equation in the IVP (2), then using the admissible pairs (00,2) and (4, 00)
for the Strichartz's estimates we obtain

J Ut — t") (uxv + uv)(t')dt’
0

lox(]lz < (O]l +‘

L
< ux (0|2 + C||U)<VHL4T/3I_i + C||UVXHL4T/3Li (8)
< Nux(@llz + T4 luxlligerz VIl ez +

+ CT3/4HV><HL¢L§HUHL¢L5
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Global existence under symmetry assumptions

On the other hand by the conservation law Ez(t) and Lemma 0.1 it is easy
see that

I (B)[17: < —2E3(0) + 3| ()72 + F (|luol| 2, 1E2(0)]).
Hence

v ()]l 2 < 2]|ux ()| 2 + Fo(lluoll .2, 1E2(0)], [E3(0)]). 9)
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Global existence under symmetry assumptions

Finally using the conservation laws E;(t) and (7), from (8) and (9) we
obtain

lux(B)lliz <llux(O)lz + CT**Fo + CT**|uxlluziz (luolliz + Ivollez) »

thus if

CT** (llwollez + lIvollz) < 3, (10)

N~

then
Jux () ]|z <2[|ux(0) |2 + CT**Fo(||uo|l .2, |E2(0)], |E5(0)]), (11)

for all t € [0, T]. Notice that the norms |[u(t)||;z and |lv(t)|[;2 are con-
served; hence, iterating this process and using (10) we obtain the a-priori
estimate (11) for all t € [0, Tyax). W
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Global existence under symmetry assumptions

Remark

If the solution (u,v) € H! x H! of the IVP (2) has the form

u(x,t) = U(x—vy(t),t) and v(x,t) = V(x —y(t), t), where U is a
symmetric function in the spatial variable, then making a change of
variables, we have

Jlm(uﬂx)(x, t) dx = JIm(UL_/X)(x, t)dx =0

and also, in this case, the solution can be extended to all time.
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The Viriel Identity

Theorem (Viriel Identity)

Let (u(-,t),v(+ t)) a solution in C ([0, Tol; H** x H?*) of the IVP (2)
provided by the local theory given in the Theorem (Y. Wu, 2010 ) and
assume in addition that the initial data (ug, vo) € L?(x%dx) x L?(x?dx).
Then, for all t € [0, To], we have that

(a) & [x?|uldx = 4Zm [ xiuydx.

(b) f"(t)=8 | lug[2dx — 12 i [vil?dx + 4 v]ul?dx + 8q [ vidx + 2p | lul*dx.

where

t
f(t) := szlulzdx + ZJ Jxvzdxdt’.
0

Adén J. Corcho(adan@im.ufrj.br) I-WoRrksHOP ON NLDE, 2013



The Viriel Identity

If v is symmetric solution of the system (2). From inequality

va2(x, t)dx

< J|xv(x, Bllv(x, B)ldx
< vz Ivllizy

it's follows that [ xv?(x,t)dx =0, for all t € [0, To).
Thus, in this context, the viriel identity takes the form

2
% JXQMQdX - SJ‘UXFdX - 12J|Vx\2dx 4 4J'|u\2vdx 4 SQJ vidx + 2pJ\u|4dX.
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Persistence property

Proposition (Persistence property)

Let (u(-,t),v(+ t)) a local solution in the space C ([0, Tol; H** x H?*) of
the IVP (2) provided by Theorem (Y. Wu, 2010 ) and assume in addition
that (ug, vp) € L?(x%dx) x L?(x?dx). We then have

(u(-yt),v(+ 1) € C ([0, Toly H** N L2(xdx) x H** N [*(x*dx)),

for all t € [0, Tol.
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Viriel estimate

Theorem (Viriel estimate)

Let (u(-,t),v(+t)) a solution in C ([0, Tpmax); H*™ x H**) of the IVP (2)

provided by Theorem (Y. Wu, 2010 ) with (ug, vo) € L?(x?dx) x L%(x?dx)
and assume that that v is symmetric. Then for any 8 < § < 12 there exists
a positive function F, only depending on &, ||uo||2 and |E>(0)| such that

d2
dr?

JX2IU(X, t)[dx < 5E3(0) + F (3, [|uoll .z, |E2(0)]). (12)

v
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Proof of the Viriel estimate

Proof: Initially, we let 5 € R. From (0.2) we get

2

e szlu(x, t)]2dx = 6E5(0) + (8 — 6) J luy?dx + (5 — 12) J(vx)zdx

+(4-09) J viuPdx + q(8 — ) J vidx 4 p(5+2) J lu|*dx.
(13)

Now we note that if 8 < & < 12 then using the auxiliary Lemma with
positive numbers Ay, A2, A{, A5 and A} verifying

(6 —4)A1 +1ql(6 —8)A2 =12 -5 (14)
(6 —4)A{ +1ql(d —8)A; + [pl(8 +2)A; = 6 —8 (15)

we get from (13) the following estimate:
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Proof of the Viriel estimate

2
% J'X2|u(x, t)[2dx < 8E5(0)+
+ (5 —4)Ao(A1, A]) + 1q1(8 — 8) Bo(A2, A3) + [pl(8 +2) Go(A3).

Now we define F (8, ||uo| 12, |E2(0)]) as the minimum in the variables A; and
Aj of the continuous function

(8 —4)Ao(A1, Af) +1g1(8 — 8) Bo(A2,A3) + |pl(8 +2) Co(A3)
in the bounded region defined by (14) and (15) to get

d2

prs JX2\U(X> t)[Pdx < 8E5(0) + F (3, ||uol|2, IE2(0)]),

as claimed. W
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Blow-up assumptions

Corollary (Blow-up assumptions)

Assume the same hypotheses of the Theorem 0.2 and set
Ks := 8E3(0) + Fs (|| uoll 2, |E2(0)]) such that verifies at least one of the
following assumptions:

(a) Ks <0,

(b) Ks =0 and Imeﬁouoxdx <0,
(c) Ks >0 and Imeﬂouoxdx < —v/ K5||xuo||L2.

Then, there is T* such that IirrT1 llux (-, t)|| 2 = oo.
t—T*
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Examples

Remark

The set of the initial data that satisfy the blow-up assumptions in the
Corollary 3 is not empty. For example, taking up(x) € H* and

vo(x) = v/Ne~ (™) with N € N, the condition (a) in Corollary 3 is
satisfied for enough large N. Indeed, we have

Ivoll3 = j 20N gy — j e~ dy,

so F5(||u0||Lz, |E2(O)|) not depends on N. On the other hand, computing
E3(0) we obtain

o2 1 o2
Es(0) = |lug|l%2 —4N2Jy2e 2 dy + —Je 2 uo(§)Pdy — plluolls

VN
T q\FNJ e dy,

which verifies 8E3(0) < —Fs (||uo| 12, |E2(0)[) for N > 1.
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