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Abstract

The interest here is the comparison of sequences within or between groups.
Sequences are considered on an individual basis, i.e., all possible pairwise compar-
isons within and across groups are performed. We develop a categorical analysis-
of-variance framework based on Hamming distances, the proportion of positions
at which two aligned sequences differ, and estimate the variability between, within
and across groups. We assume that the sequences are independent, but the posi-
tions may not be. In this context U-statistics are utilized to represent the average
distance between and within groups as well as the overall distance. The total sum
of squares is decomposed into within-, between- and across-group sums of squares.
The latter term is new: it does not appear in the classical set-up. Generalized-U-
statistics theory (Puri & Sen, 1971; Lee, 1990; Sen & Singer, 1993) is used to find
the asymptotic distributions of each sum of squares. Test statistics are developed

to assess homogeneity among groups.

1. Introduction The focus here lies in the comparison of sequences. The se-
quences are considered on an individual basis in the sence that they are compared to

each other: all possible pairwise comparisons within and across groups are performed.
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We develop an analysis-of-variance framework based on Hamming distances and esti-
mate the variability between, within and across groups (Section 2). In the within sum
of squares, we are estimating the variability among individuals within a group around
the average distance within this group. In the across sum of squares, we are estimating
the variability of individuals across two groups with respect to the average distance
between those groups. In the between sum of squares, we estimate the variability in

the group average distances around the overall distance.

Weir (1990a) describes an analysis of variance for the genetic variation in the
population, in particular for the amount of observed heterozygosity. The variance of
the estimate of the average heterozygosity is broken down to show the contribution of
populations, loci and individuals by setting out the calculations in a framework similar
to that of an analysis of variance. Our situation is a little different because we would like
to construct a categorical analysis of variance based on Hamming distances (Seillier-
Moiseiwitsch et al., 1994 and references therein), assuming that the sequences are
independent, but the positions may not be. The Hamming distance is the proportion

of positions at which two aligned sequences differ.

In this context U-statistics are utilized to represent the average distance between
and within groups as well as the overall distance (Sections 3 and 4). The total sum of
squares is decomposed into within-, between- and across-group sums of squares. The
latter term is new: it does not appear in the classical set-up. Generalized-U-statistics
theory (Puri & Sen, 1971; Lee, 1990; Sen & Singer, 1993) is used to find the asymptotic
distributions of each sum of squares. In Section 5 test statistics are developed to assess
homogeneity among groups. The power of the tests are discussed in Section 6. Finally,

a data analysis is shown in Section 7.

2. The Total Sum of Squares and its decomposition Let X¢ =
(X2, X%,,...,X%) be arandom vector representing sequence ¢ of group g. Suppose
i=1,...,N,k=1,...,Kand g =1,...,G. So, X{, represents either the amino acid
or the nucleotide present at position k of sequence i in group ¢ (e.g., at the nucleotide
level, 27, € {A, C, T, G}).

Consider XY' and X?.

Definition 1

The Hamming Distance DEJQ 192) s o descriptive statistic for sequence comparison de-
fined by
K
Do D IXE #X5) (2.1)
k=1

== ==

x (number of positions where X{* and XJ* differ),



and when g1 = g3 = g,
K

Dl = o3 I(XG £ X5)

k=1

Let 0] = P{X}}, # X},} and 07 = L Zk 1 07 . Then,

- pm

Mx

Define the average distance within a group as
_ N\ N1 X
9 — g _ il g g
() 2 e (3) 7 X Lok
1<i<j<N 1<i<j<N k=1

which is a U-statistic of degree 2 (Lee, 1990). The average distance between two groups

is

N K
DI = 33D = i DS et £

i=1j=1 i=1 j=1k=1
which is a two-sample U-statistics of degree (1,1) (Hoeffding, 1948; Puri & Sen, 1971;
Lee, 1990). The overall distance is

o )@ (§ 5 e 5 S

g=11<i<j<N 1<g1<g2<G i=1 j=1
—1 G
_ <N2G> Z (];f) DI+ Z N2 ploroz)
g=1 1<g1<g2<G

which is a linear combination of U-statistics.

The Total Sum of Squares can be decomposed as

G
7SS = > Y (DL-D)yP+ > ZZ DY) — D.)? (2.2)

g—11<i<j<N 1<91<92<G i=1 j=1

g=11<i<j<N

+ Z ZZ ghgz) 91’92)) + Z iﬁ: plorg2) D.)2

1<g1<92<G i=1 j=1 1<g1<92<G i=1 j=1
= WSS+ BSS+AWSS + ABSS

where WSS stands for Within Sum of Squares, BSS for Between Sum of Squares,
AW SS for Across Within Sum of Squares and ABSS for Across Between Sum of
Squares



3.Connections Between Sums of Squares and U-statistics Since
we have G groups of N sequences, we can disregard the group clustering and think of

the sequences as a random sample of size NG. Then

7SS = Y (Dy-D)?
1<i<j<NG
NG(NG — 1 NG(NG=1)\ ~* Dii — Dy)?

i<j, i/ <j’
i<i’ or j<j’

WSS:ZG: >

g=11<i<j<N

i<j, i <j’
i<il or j<j’

and

AWSS — Z ZZ 91 92) _ 91 92))

1<g1<g2<G i=1 j=1

N2\ N N N N (D(glng)iD(/S]},vg2))2
_ 2 %] i'j
SIS D S ) 35S > :
1<g1<g2<G i=1 j=14i=1 , =1
i<i/ or

(3.5)

The above sums of squares can also be expressed as linear combinations of U-statistics
(Pinheiro, 1997). For instance, WSS is a linear combination of one-sample U-statistics
of degrees 3 and 4, and AW SS is a linear combination of two-sample U-statistics of
degrees (2,2) and (2,1).

4. Asymptotic Distributions and decompositions of U-statistics

Let U, be a U-statistic of degree m with kernel ¢(X1,..., X,,) and E(Uy,) = 6(F) = 6.

UnU(Xl,...,Xn)<n>1 Y é(Xi,. X)), n>mo o (46)

m . .
1<igp < <im<n

where
O0(F) = Er{o(Xy,.. m)} = / /qﬁ X1yeoo s Tn) dF(z1) ... dF ()
Let

Uo(x1,...,x0) = E{d(x1, .., 2oy Xet1, oo, Xom) } (4.7)



Ye(T1, . xe) EE{d(x1,. .. Tey Xeg1y oy Xom) — 0}, (4.8)

e =EB{*(X1,..., X)) =E{V*(X},....,X.)} — 6% and & =0. (4.9)

Theorem 1

The function ¥, defined in (4.7) has the properties

(i) Uelz1, ... ze) = E{Uq(z1, ..., 26, Xeg1,-.., Xg)} for 1 <c<d<m,

(ii) E{Uo(z1,...,2c)} = E{o(X1,..., Xm)} [

The proof appears in Lee (1990, p. 11).
By (4.6) and (4.8),

n
m

—2 m (o)
) >N Cov{o(Xiy,. o, Xi, V(X X5, )

Var(U,) = (
c=0
where Z(C) stands for summation over all subscripts such that

1§i1<7;2<"'<7;7n§na 1§j1<j2<"'<jm§n7

and exactly ¢ equations i = jj are satisfied. By (4.9), each term in Z(c) is equal to
&.. The number of terms in E(C) is

e (GG em

Since & = 0,

Var(U,) = (;) - i <’Z> (ZI_”Z) £ (4.11)

c=1

Hoeffding (1948) obtained the inequality: 0 < £, < gfd 1 < ¢ < d < m, which leads

to

2

"6y < Var(Un) < T

m
n
Now, from (4.11) and (4.10)

Var(U,) = W(nm).”<n2m+2>£1+'“

n n—1 n—m+1

m!
+ nn—1)...(n—m+1)

f m

Hence nVar(U,,) is a decreasing function of n which tends to its lower bound m?3¢; as

n increases, i.e.,

Var(U,) = %251—1—0(71_2) (4.12)



Therefore, if F(¢?) < oo and & > 0,
n'2(U, — 0) -5 N(0,m2¢,),  (Hoeffding, 1948) (4.13)
We may rewrite (4.6) as

o= [ e [T dee - X)),

1<ii# - #im<n Jj=1
where n="™ = (nIm)=1 = {n. . (n —m+1)}~L

Writing d(c(z; — Xy,)) = dF (z;) + dle(x; — X;,) — F(z5)], 1 < j < m, we obtain

m m
Up=0(F)+ <h> U n>m (4.14)
h=1
where
h
Ui =3 [ [ o) [T dleta; - X5) = Fay)
1<ir i <n /B j=1

for 1 < h < m. Further, if we write

h
\I/Z(xl,...,xh) = \I/h(zl,...,xh) — Z\Ilh_l(zl,...,Jr:j_l,xj+1,...,a:h)

++ (=D)O(F), ¥ (x1,...,23) € R, (4.15)

for 1 < h < m, we obtain

-1
n [e]
Unp = (h> > (Xipyo s X)), 1<h<m (4.16)

1< < <ip<n

and the U, j, are themselves U-statistics. From direct computation, E(U, ;) =0, ¥ 1 <
h <m and

Var(U,,) =E(UZ,) =0n™"), h=12...m; (4.17)

and we can write

n

> Wi (X)) = 0(F)] + Op(n™) (4.18)

=1

s|3

Let {ng); i>1}, 5 =1,...,¢(> 2) be independent sequences of independent
random vectors, where ng) has a distribution function FU)(x), x € RP, for j =
1,...,c. Let F = (FM .  F©) and (;5(X§j)7 1<i<m; 1<j<c¢)bea Borel-
measurable kernel of degree m = (mq,...,m.), where without loss of generality we
assume that ¢ is symmetric in the m;(> 1) arguments of the jth set, for j =1,...,c.
Let mg =mq + - +m, and

c mj

0(F) =/R ---/qﬁ(xﬁj), 1<i<my, 1<i<o[[[]dFOY)  (419)

j=1i=1



Definition 2
For a set of samples of sizes n = (ny,ng,...,n.) with n; > m;, 1 < j < ¢, the

generalized U-statistic for 0(F) is

c —1 =
Um) =] (::;) S 6(XY, =i, sijm,, 1< 5 <o), (4.20)

j=1 > (n)
where the summation Z?n) extends over all 1 < ij; < ... < ijm;, < nj, 1 <j<c
U(n) is an unbiased estimator of 6(F). [ ]

Now, for every d; : 0<d; <mj, 1 <j<e¢ letd=(di,...,d.) and

U, d. (ng)’” xg), 1<j<e)= E((b(xgj), xg),X(J)

d+1a"'aX%37 1§_]SC))

(4.21)
so that Uy = 0(F) and ¥, = ¢. Then
¢4(F) =E (\pg(xgj), XD 1< < c)) ~*(F), 0<d<m  (4.22)

so that o (F) = 0. Then, for every n > m (Sen, 1981),

Var [U Zn_l o3 [140(ng")] (4.23)
where ng = min(nq,...,n.) and
oF =m0 (F) j=1,...¢c (4.24)

with dog =1 or 0 according to whether a = 3 or not.

The decomposition for U(n) can be developed similarly to the one-sample U-

statistic. For a two-sample U-statistic of degree (my,ms), we have

Ulnima) = 6(F) + 20D [Wio(Xi) — 6(F)] + 22 3 [ Wor (V) — 6(F)
i=1 i=1
+ Op(ngh) (4.25)

where ng = min(ny, ne).

The above expression can be generalized for multiple-sample U-statistics. For

instance, the decomposition for a three-sample and four-sample U-statistics are as

follows
Ulna,na,ns) = 6(F) + 703 [Wio0(X:) = 6(F)] + 72 > [Woro(V:) — 6(F)]
i=1 i=1
) 3[%01( Z;) ~0()] + Oy(ng") (4.26)



where ng = min(ny,ne, ng) and

U, nams,ma) = OF) + 23 [Waooo(X) = 0(F)] + T3 _[Woroo(¥s) = O(F)
L=t n2
+ %)3 2 [Woo10(Z;) — O(F)] + % i[%om(Wi) — 0(F)]
+ Opln) (4.27)

where ng = min(ny, ne,n3, nyg).

4. Combining the U-statistics We can write

wss = U§31 + U+ U
, troai- ?;N —5) 3 U + U + U
g=1
where
U = (g)l S s o). Ul - (g)l S (D% - D) end
i<j<j’ i<i/ <j
o= (5) X oo

i<j<j’

are one-sample U-statistics of degree 3 and

o (N o (N7
wi-(1) X wpeonr ul=(Y) X o002

i<j<i! <j’ i< <j<j’
@ _ (N 2
uih=(}) X oo
1</ <j'<J
are one-sample U-statistics of degree 4. The expected value of WSS is

G

E(WSS) = S (N-2) {ugl + (]t?’)ugz}

g=1
Under Hy, there is homogeneity among groups, i.e., for any g, 67 = 6, and

Qilkz lekw thus

Bawss) = 6o -2 {u+ )

where

K
Zek-i- Z lekZ Zek(i7j§i,j/)_ Z ekle(i,j;i,j/)) (4'28)

k1#k2 k=1 k1#k2



and

K
2
Mo = ﬁ {ZHIC(l - ak) + Z (9k1k2 - 0k19k2>}
k=1 k1#k2
Note that
c-1
Or = P(Xix # Xjx) = > pi(c)[1 — pr(c)]

c=0

Ok, = P(Xin, # Xjnys Xiky # Xjks)

C—-1 c-1 C-1
= E Dhy ks (C1,C2) E E Dy ks (€3, Ca)
cy,c2=0 c3=0 c4=0

cgF#el eqF#cy

Decomposing WSS, under Hy,

WSS = G(N-2) <u1 + (N; 3) ug)
N
+ (V=226 D W) ] + Op(1)
N
b A ZD) 65 w0 (X — sl + O,(N)
i=1

and the associated mean square expression is

_ WSS 2WSS
WMS = a0 - aN =T

(N —2)(N -3) 4 -
T N -nz TN ;[‘I’@)l(xi) —pa] o+ Op(N7Y)
with
M2 1
Eo(WMS) = =2 +O0(N™")
and
sy - DO
arp - GN2(N _ 1)2 N
For AWSS,
(N —1)2 7 7
awss =5 (B (U u?)
1<g1<g2<G

(N—-1) 2,1 1,2
D e )

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)



where

v _ [(MY(N] (91.92) _ [y(g1.92)2
4,1 9 9 ZZ(DU _Di/j’ )® and

i#i! j#j’
j#i!
N\ (N
vz = [(3) ()] T S o
257

are two-sample U-statistcis of degree (2,2) and

1 N
U(172) _ N N ' Z Z D(g1792) D(thz) 2 d
51 — 1 9 i — Dy )* an

=1 1<j,j/<N

i#’ J#i’
-1
21 _ [ (N (N (919 (91,92)\2
v = [(3) (7)) ng ) _ plona))
j#i!

are two sample U-statistics of degree (1,2) and (2,1), respectively.

N -1
E(AWSS) = (N— 1) Z (( 9 )M(91,92)4 +M(91,g2)5>

1<g1<g2<G

and under Hy

Eo(AWSS) =

G(G—1)(N —1) <(N— 1)

9 9 M4+M5>

where pq = s is given by (4.29) and ps = p is given by (4.28).
AW SS can be decomposed as

(N —1)? S
AWSS = Yo | [ Heema t Z (4)10(XF") = H(gr,92)4)
1<g1<g92<G i=1
TN Z (001 (X$*) = (g1 g212) + Op(N7)
(N —1) 1 &
+ 9 2“(91-,92)5 + N Z(\II(E’)N(X?) - u(91792)5)
=1
2 Y 2 Y
N Z(‘I’(s)m(x ') = Ii(g1.g2)5) N Z(‘I’(5)10(X§“) — H(g1,92)5)
J=1 =1
1 N
+ ¥ Z(W(5)01(X§2) — (g .g0)5) T Op(N ™) (4.34)

1

The associated mean-square expression is

AWSS  24WSS
(S)N2  N2G(G-1)

AWMS =

10



(N —1)2 2
- NZGG-1) Do Mgt N Z Yiay10(X7") = Kgr,92)0)
1<g1<92<G i=1

N
Z W 401 ( — fi(gy.g)a) | +Op(N ) (4.35)

Eo(AWMS) = % +ONTY
Note that Eg(AWMS) = Eo(WMS) since under Hy, pg = pio,

4
Varg(AWMS) = zz\;fé:(al)_n< ;\l[ @+ 5(4))+O(N2)

Now

G
BSS = w S (D9~ D) = NN =Dpyp,

2
g=1
where D, is the G x 1 vector
D= (D' —D....D¢ DY
Note that
1 1 &
—— gy gz
E(D?) = w0 Y. EDH =D 00=0
2) 1<i<j<N k=1
E( (91, 92) Ze(gl 92) _ 91’92)
and
(N-1) G 2N ( )
B0) = W=D sy 2N s e
G(NG -1) = G(NG -1) <gia <
Therefore,
(N-1) & 2N (91.92)
m=EDI—D)=0"— > b e Y
G(NG -1) = G(NG -1) <t

Since DY is a U-statistic of degree 2,
Var(D9) = 5“2) O(N~2)

where ¢'?) = E[¢f19),(X{)], and since DY92) ig 4 two-sample U-statistic of degree

(1,1),

1
Var( (91792)) N (13 + 501 _|_O(N_2) (436)

11



where ¢{i%) = E[Y?,3),0(X{")] and ¢ = E[¢713)01(X{)]. Under Ho,

¢(212)1(xi) - K2 ZP2 (X # zir) +

]k 7é xzk

\TMN

1
+ K2 Z P(Xjk, # Tiky; Xjky 7 Tiksy)

k1#k2

We are assuming that under Hy there is homogeneity across or within groups, i.e.,

Ol =62 = ... = 09 = 6 and 6"%?) = ¢7 = 0. Therefore, under H,

VN (D9 - 6.) —5 N(0, 46 (4.37)
and

T (D) —9) <4 N(o, 1) (4.38)

where 725 = N§(13) + N€(13) = N§§12) by (4.36).

If D. is a linear combination of normal variables, then D. also follows a normal

distribution.
< 2N (g1.02)
D = D12
v 2P anG -y, o
Under Hy,
o=y (N=1)8.+NG-1)0.
7]1—E0(D~)— (NG—l) =0.
0? = Varg(D.)
4N?
+ -
G?(NG —1)?

_ (N=1) 4 a9  2N*(G-=1) [/ 1 a3 .03

~ G(NG—12N"! +G(NG1)2[(N(510 +&n ))

+ 2G-2)~— 513,1,132}4_ 2N(N —1)
10

2 (12,13)
GE(NG - 1)2 ¢

GG -1 &
where 5(13 182 - = E{¢u3,1)10(X 91)%(13,2>10(X?1)} and
Yas2i0(x]) = Elpia2(x]*, X7*) — 691:93)]. Under Hy,

711(12)1( i) = Yasyo(Xi) = Yas)01(X;) = Yasz1)10(Xs) = Yas2)10(Xi). Therefore,
(12) (13) 61) _ .(13,1,132) (12 13)
51 o1 = &0 = and

1"

o2 = WV—n2+NK%%NNG—1WN5@EiHF

(4.39)

Hence, under Hy,



Now

vy =Eo(DY—-D)=6.-0.=0 (4.40)
and
2 = Varg(D? — D)

(N -1)

, AN(G—-1) 2
G(NG —1) a

4 (12 (12,13)
— _— ’ 4.41

= |1-2

where 5512’13) = E{¢(12)1(X?1)1/J(13)10(X?1)} = £§12)7 since ¢(12)1(Xz‘) = 1P(13)10(Xi)
under Hy.

Then,

4€£12)

2 ={(N-1?+(NG-1)[N(G—-1)+ (NG - 1)(G — 2)]}m

(4.42)
So,
(DY — D.) -5 N(0,1)
Since BSS is a quadratic form of normal random variables,

N(N - 1)

G
N(N -1
BSS = DD, ~ % Z/\g (X%)g
g=1

which is a linear combination of x7 random variables, where \,’s are the characteristic
roots of Var(D;) = ¥;. Note that the diagonal elements of ¥ are 72 and the off-

diagonal elements, under Hy, are

Covo(D9 — D.,D% — D.)
(N=1)2— (NG -1)(NG+N —2) ¢

- (NG —1) Nowa -1 <
since (NG —1)(NG+ N —2) > (N — 1)2.
Now,
Eo(BSS) = 7N<N2_ D) trace(Xq) = N(N2 D G737
and
N%(N —1)?
Varg(BSS) = ¥trace(21)2
Let
BSS 1
BMS=--" = 2 D|D,
(%) G



Then
1
Eo(BMS) = e Eo(BSS) = 7
and

Varg(BMS) = LVauro(BSv'S) = étraee(ﬁ]l)2

G2
For ABSS we have,

ABSS =Y ZZ DY) — D)2 = N’D,D,

1<g1<g92<G i=1 j=1

where Dy = (D.(l’Q) — D.,D.(l’g) -D.,.. .,D.(G_l’G) — D) isa G(GQ_l) x 1 vector.

Let
(91.92) o _(N=1) 2N (91.92)
vy = E(DY"9?) — D)) = 1992 _72:@9_7 glorg2
GING-1) 7o GING-1) e
Under Hy,
vy =Bo(DY9) —D)=6.-0.=0 (4.43)
and
2 = Var(D.(gl’gZ) - D))
= Var(DY¥*?)) 4+ Var(D.) — 2Cov(D"%?) D))
LRGE: 13 4N —1) (12,13)
= N (fio '+ )) +of - W*&
4N 1 .
- T | R Y G -] wan

Note that under H there is homogeneity among groups,

K
‘11(13)10(Xi) = ‘1’(13)01(Xj) = ‘I’(13,1)10(Xz) ‘I’(13 2)10 Xz Z Xix # Uﬂgk
k:
since the sequences are i.i.d.
Therefore, V(13 1)10(x:) ¥ (13,2)10(X:) = ‘I’%13)10(Xi) and
(13,1513,2) _ ~(13) _ .(13) _ ~(12) _ .(12,13)
1o =610 TS0 TS TS
So, under Hy,
2 2 261"
= {2(N -1 NG—-1)2N(G -1 NG-1)(G-4)|} ———
7= (20N -1+ (NG = DENG 1) + (NG =)0 -9 yarva—
(4.45)

14



Asin BSS,

G(G-1)/2
ABSS~N* > Ai(xd),
i=1

where \;’s are the characteristic roots of 3o = Var(D2). The diagonal elements of 3o

are 74 and, if all groups are different, the off-diagonal elements are

Cov(D*”) — D.,D*) — D)

4£§12)

= [(N-1)?2?—(NG—-1)(NG+N — 2)}m

<0

and if g; = g2 or g1 = g3 or g2 = g,
COV(D.(gla.(JZ) _ D.’D.(glvg?») _ D.)

(12)
= {4(N —1)>+ (NG —1)AN(G — 1) + (G — 8)(NG — 1)}}]\,G(%G_1)2 :

Now

GG-1) ,

Eo(ABSS) = N*trace(Xs) = N? 5 TS

Varg(ABSS) = Ntrace(2)?

The corresponding mean-square term is defined as

ABSS 2
N2(§) GG -1)

ABMS = D,D,

Then

Eq(ABMS) = trace(Zq) = 735

2
G(G—1)

Varg(ABMS) = ﬁ trace(X;)?

5. Test Statistics One alternative is to compare WMS with AWMS. Let
Ty = WMS_ Under H,

AWMS
WMS % {'“2 + 4 2 (P (X)) - M2)} +O,(N~1)
A e {“2% S (e (X) - M2)} +0,(N-1)
But, AVIYV%FS £ 1 as N — oo, i.e, asymptotically the distribution of A%Mkfs is degener-

ate.

15



Let 3, = %EJ{ and Xy = %25 Under Hy,

G

BSS 1
BMS:7~—§ A, (G
() NGZ=Tv (),

ABSS 2 GG-b/2

— ~ * 2
ABMS =@y~ NaG - 1) ; X ();

where Aj,’s and A3;’s are the characteristic roots of 37 and X3, respectively. Also,

under Hy, by theoretical results pertaining to U-statistics

VN(WMS ~ i2/2) — N (0, 4 9)

G

and

VN(AWMS — pi5/2) — N <0, _4 §2>)

G(G-1)

Thus,

BMS =0,(N"') and ABMS=0,(N71)
while

WMS =0,(N"'2) and AWMS = 0,(N"1/?)

Define

BMS ABMS
Thno=N| —— Ths3=N|——
N2 (WMS) and T (AWMS)

Since, BM S and ABM S are the dominating terms in T 2 and Ty 3, respectively, we

can write
2N(BMS
T2 = IN(BMS) + 0,(N1/?)
H2
and
2N(ABMS _
TN,S — ( ) + Op(N 1/2)
M2
Therefore,
9 G
* 2
Tno ~ G ;/\m (Xl)g
and

G(G—-1)/2

4 )/
T3 AJi (X%)z

R E(CE P ;
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Because the elements of 37 and X3 are unknown, the characteristic roots of these
matrices are also unknown. Therefore, the above distributions do not have a closed
analytic form and we call upon resampling methods, such as the bootstrap, to generate

the reference distribution for the test statistic.

6. Power of the Tests

Lemma 1
Let T,, be a vector of random variables that can be expressed as
1

T, =
V—’_\/ﬁ

U,+R,

where R,, = O,(n71).

If Q(T) = T'AT is a quadratic form on T. Then,
1 1

— —U, +R,

7 77 Un + Rl

_ 2 1 / ~3/2
= Qv)+ \/ﬁu AU, + nQ(Un) +2'AR, + O,(n"7/7)

Q(T) = TAT={v+—=U,+R,VA{v+

If v = 0 then Q(T) = %Q(Un) + 0, (n=%?).

In our case, T = D; and the quadratic form is Q(D;) = D|D;. Note that we can

write,

G G G
D/lDl = Z(Dg — D)2 = Z(Dg — D — U1)2 + 2V1 Z(Dg — D - Vl) + GV12
g=1

g=1 g=1

Let Viy = Dy — vq, where vq is a vector G x 1 with elements v1. Then, E(Vy) =0

1
and Var(Vy) =%, = NZ’{ = O(N~1h). Therefore,
Q(Dl) :DllDl = GVVN+2I/11VN—|—I//1V1

Since VNV ~ N(0,%7}),
G
NV Vy ~ > A5 (),
g=1
where \¥ are the characteristic roots of X7. Also,

2VNV|Vy ~ N (0,40, Zv1)

Now,

IN 4NV IN
Tno = VIV 1 (\/NV ) 240, (N2
N,2 Cita NVN + Ciia N+ i vy + p( )
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G NI D — 1 2 G _ _
<TN,22NV%/u2>NZg_1<D- D =) +VNY (DI = D. —11) + Op(N )

4V Ny /(Gus) 2V Ny o
Note that
N Y (DY —D.—1)? G
g=1 _ -1/2 : g 2
=0,(N , since N D9 —D. — = 0,(1
2N p ). sin g;( vi) = Op(1)
and
G G
VN (D9 = D. — 1) = 0p(1), since » (DY —D.—w1)=0,(N"'/?
g=1 g=1

So, for a fixed 11 # 0, as N — o0,

2 G
<TN2—2N”1/M2) — VNS (DY = D. — 1) + 0,(N"/?)

4v/Nvy /(Gus) o
Thus,
— 2N
P(Tys > 1) =P (Z>GM) —1, as N — oo,
4/N
i.e., this test is consistent.
Now, consider a local alternative hypothesis. Let v = ﬁfﬁ , where ~7 is a

constant. Then,

2N 4
Tno = VNVN+ 71

Cina fz (Dg D W%ﬂ

+ = () Op(N )
H2

2 ¢ (~g L2
T2 —2(01)" /pe _ NY g (D- -D. - ﬁ%)
4yt /(Gpz)

Note that

¢ e
NY, (D?- D - e
ey

) =0,(1) and \/NXG: (D.g -D. - \/1N’ﬁ> = Op(1)

Therefore, Ty 2 no longer follows a Normal distribution as N — oco. It is a convolution

of a linear combination of chi-square random variables and a normal random variable:

2N 4

s GMZ 1 N P

G,Uz M2
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2 & 16 2 (74)?
Tno~—=—» A, (3 +N<O, D'y *)+1
N2 Gra g; 1g (X1)g qu% (v1) 7 12

Now, let us find out whether V'V and (v%)' Vy are independent. V'V, and
(v1)' Vv are independent if and only if (v%)' 21 = 0 (Searle, 1971).

Recall that

T1 T12 T12
T2 Ti 12
3= )
Ti2 Ti12 71
where
2 2 agf"”
and
) 4692)
Then,
(M) 1=+ (G—Drz ... 11 + (G = 1)713)]
and

2+ (G—1)12=0
& G(N —1)> 4+ (NG - 1)[N(G — 1)+ (NG — 1)(G - 2)
—(G-=1)(NG+N-2)]=0
S N=1

So, VvV and (v%)' Vv are independent if and only if N = 1, which is not the case
here.

Now, write

2 * 2 * * * *
G [NVGVVN + 2VN(’71)/VN} = G [(VNVN +71)' (VNVN +97) — (’71)/’71}
and

2N 2N
N,2 L2 ( ) GMQ 11
2
= @(\/NVN-F’YI)/(VNVN-FWD+Op(N71/2)
2
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Note that VNV +~% ~ N(v%, 2%) and
D, ~N(v1,%;) or VND; ~N(~%, =%).

The distribution of v/ND/|D; can also be derived the following way.
Let P be a G x G orthogonal matrix (i.e., P'P = I) such that PXiP’ = A, where A

is a diagonal matrix, and
Y = VNPD, = VND, =P'Y
Then,

Y ~N(P~},A) and ND)D, =YPPY=Y'Y,

Hence,
G
ND'D, =Y'Y ~ Y X (x7(6)) (6.46)
i=1
(Vfi)2 . . . .
where ; = SV A;’s are the diagonal elements of the diagonal matrix A and vj; is

the ith row of the vector vy = P~}. By (6.46),

G
_ 2N 5D o 2 N (206
Tng = GMDlDl Gis ;)\z (X1(5z))i

Since we have a linear combination of non-central chi-square random variables,
*
N

Nk

when v =

P(ITn2>11) —1 as N — o0

As the distribution of T 3 is similar to the distribution of T 2, the above results about
consistency and power of the test apply to T 3.

7. Data analysis The data set consists of three groups of HIV infected individu-
als. The interest is to compare the env gene V3 loops from B clade macrophage-tropic,
B clade t-cell adapted and clade C sequences. There is a hypothesis which says that
clade C is like B clade macrophage-tropic sequences. The sequences are all at the amino
acid level with 35 positions long and they can be downloaded from the Los Alamos
repository at the address http://hiv-web.lanl.gov

Since the elements of ¥] and X3 are unknown, the characteristic roots of these
matrices are also unknown and the distributions of the test statistics do not have a
closed analytic form. In view of this, we call upon resampling techniques, such as the

bootstrap. Here is a summary of the procedure:
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1. Compute the statistics T2 and T3 from the data set.

2. Sample 46 sequences to each group with replacement from the pooled sample,
i.e., the combined groups.

3. Recompute the test statistics T2 and T3 from this sample and store it.

4. Repeat steps 2 and 3 R times (R should be at least 1,000).

#T 598 > Tnoobs 4 #T 55 > Tnzobs
n .

The p-values for the test th
e p-values for the tests are then I a 7

The results are

Tno0bs = 20,07 Tnzobs = 4,17

For R = 10,000, the percentiles of the bootstrap distribution are given in Table 1
and the observed p-value for Tyo and T3 are less than 1/10001. Therefore, we can
say that relative to the within-clade variation, there is significant variability between
the two clades and similarly, relative to the across-within-clade, there is significant

variability acroos-between the two clades.

Table 1: Percentiles of the Bootstrap Distribution

Statistic 1% 5% 95% 99%
Tno 0.0002 0.0007 2.6799 4.1866
Tns 0.0000 0.0000 0.0132 0.0520
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