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Abstract We present the results of the planar diffusion
of a Dirac particle by step and barrier potentials, when
the incoming wave impinges at an arbitrary angle with
the potential. Except for right-angle incidence this process
is characterized by the appearance of spin flip terms. For
the step potential, spin flip occurs for both transmitted
and reflected waves. However, we find no spin flip in the
transmitted barrier result. This is surprising because the
barrier result may be derived directly from a two-step cal-
culation. We demonstrate that the spin flip cancellation in-
deed occurs for each “particle” (wave packet) contribu-
tion.

PACS 03.65.Pm

1 Introduction

In a previous paper [1], we investigated the one-dimensional
phenomena of diffusion of a Dirac particle from step and
barrier potentials. One of the first observations made in that
work was the simplifying fact that spin flip did not oc-
cur for either potential. This result was not limited to the
non-relativistic limit where it might have been expected.
It is however, as we shall show below, an exceptional re-
sult.

We consider in this paper potentials and particle rays sit-
uated in a plane, the y—z-plane. The potentials are functions
of only one variable, i.e. V = V (z), while the incoming par-
ticle direction lies in the y—z-plane with 6 the impact angle
with the potential. The outgoing wave momenta, be they re-
flected, transmitted or those in the barrier region, must of
course also lie in the y—z-plane.
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In general, for arbitrary 6, spin flip contributions occur
for any given incoming polarization. Only when 8 =0, i.e.
for right-angle impingement, does spin flip completely dis-
appear, and this applies both to the step and barrier poten-
tials. This limit case reproduces exactly our previous one-
dimensional results [1].

Our primary objective in this paper is to present the more
general planar results, i.e. those for arbitrary 6. In doing so,
we observe that spin flip is rigourously absent for the trans-
mitted wave in the case of the barrier potential. This is not a
resonance phenomenon, for even in the so-called “particle”
limit, in which infinite transmitted (and reflected) waves oc-
cur, no spin flip is found. This limit is that pertaining to an
incoming wave packet which is small in z compared to the
barrier width (L). We shall calculate this particle limit by
means of the two step method [2, 3] and explicitly verify the
absence of spin flip in transmission. The sum of the infinite
individual waves reproduces the plane wave results (maxi-
mum interference) including resonance phenomena.

Before passing in the next section to a detailed discussion
of our planar diffusion, we wish to recall here that for the
one-dimensional Dirac equation three forms of interaction
occur with a potential, be it a step or barrier of height V,
depending upon the energy of the incoming particle E. For
E >V, + m diffusion (D), for V) —m < E < V, +m tun-
neling barrier (7), and for E < V, — m Klein energy zone
(/). In the diffusion [1] and Klein [4, 5] cases oscillatory
solutions exist everywhere. The tunneling case [6, 7, 13] is
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characterized by real exponential solutions in the potential
region. The interpretation of the Klein case conventionally
involves pair production as an interpretation of the Klein
paradox [8]. Only the diffusion case interests us in this pa-
per although most (but not all) formulas can be analytically
continued into the other energy zones.

2 General considerations

The time independent Dirac planar (y—z) equation for po-
tential “scattering” is easily reduced to a one-dimensional
problem when the potential is only a function of one (say
z) of the planar variables. Separation of variables results
in

W(r,1) =y ) expli(py — ED)],

where p, is the momentum component along the y-direction
and remains so in all regions of the plane. In free space,
V =0, ¥ (z) satisfies

—ias ' (2) + opr¥r (2) + Bmy (2) = EY(2). (1)

With p; the z-component of momentum, we have as one of
the explicit solutions (polarized in the z-direction)

¥ (2) =[1,0, ps/(E +m),ip,/(E +m)] explipsz],

up to an overall normalization factor. We note that p,/p; =

tand and E = ,/ pi + p; + m?2. Throughout this paper

we consider the incoming particle (travelling from nega-
tive z) polarized as above, but our results will be indif-
ferent to the specific choice of polarization and indeed
will be expressed in terms of spin conserving and spin
flip.

For the region in which V(z) = V,, we must make the
following modifications (translation):
E— E—YV,,

P2 — D2, Pz — 43,

with (E — V0)2 = p3 +q; +m?. The existence of a non-zero
value for p, modifies our spinors when compared to our pre-
vious one-dimensional calculations, and hence our diffusion
results [1]. It also complicates the kinematic conditions for
being in one of the zones D, 7 and K. The simplest way to
see this is to define a new mass mi,,

m*=,/p§+m2=\/Ezsin29+mzcoszé?. (2)

Then, the one-dimensional energy zones are simply gener-
alized to

(D): E > Vy+ my,
(T): Vo—my <E <Vy+my,
K): Vo—my>E.

@ Springer

In Figs. 1 and 2, we plot the separation of the various zones
by fixing respectively the incident angle 6 and the poten-
tial V,. The Klein zone is absent for V,, < 2m; see Fig. 2. The
plots in Fig. 2 also show that for a given energy E, we may
transit for high E from D to 7 or for low E from K to 7 by
varying the incidence angle 6. For V) —m < E < V, + m,
only the 7 zone exists independent of 6. We note that by
varying 6, we can never pass through all three zones. We
also note that the one-dimensional kinematics are simply
given by the energy points on the axis sin’6 = 0 in Fig. 2.

The Dirac equation, being of first order in the spatial
derivatives, implies that continuity equations are applied
only to the field. However, this provides four equations, one
for each component of the spinors involved. The “small”
components correspond in the non-relativistic (NR) limit to
the continuity of the spatial derivative of the NR field. The
remaining doubling of the continuity equations (compared
to the Schrodinger equation) is exactly what is needed to
determine both the spin conserving and spin flip contribu-
tions.

In the next section, we apply the continuity condition to
the step at z = 0 for waves coming from either direction
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Fig. 1 The separate kinematic zones for three choices of incoming
angle as a function of potential height. Case (c) corresponds to the
one-dimensional plot
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E/m L L L N ' ' z-direction). The spinor continuity equations are
|D1ﬁuszon, Tunnelling and Klein regions
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Fig. 2 The angular dependence separated into kinematic zones for (E — Vo +m)T4(0)
three choices of potential. Case (c) is the limit case (highest potential) E 0 T
for which there is no Klein zone — +m (E—=Vo+ m)T+ ©
E—Vy+m | q:T4(0) —ig.T{(0)
. i, T4 (0) — g;T (O
(needed in the two-step procedure) and at z = L. Below, iq:T+(0) = ¢: T, (0)
we sketch the side view for the step calculations of planar (.o o s yields
diffusion:
V() V() V) R,(0) = (p; +m* +mE)V,
— — - - 2 —_— ’
R+(0§<— — 7.0 R,(L1)<— — @) f,(())<—_.}§,(()) (E +m)(p; + p3gs — VoE)
R (0)~—— TI0)  RL(L)y~——o |—T'(L) T (0)~——|— R (0) P3(E — Vo +m) + psqs(E +m)
REGION I| REGION II ° REGION 1T I{‘F}GIUN II1 REGION I| REGION II Vo T+ (0) = P - 3
0 : L 0 (E+m)(ps + psgs — VE) “4)
R.(0)=i 12YA%
In these figures, we list the contributing reflection (R) and +) =1

transmission (7") amplitudes. The & subscript distinguish an
up step from a down step, while the tilde represents reflec-
tion and transmission for an incoming wave from the right.
The prime terms correspond to spin flip amplitudes. In the
next section, we also give the results of the continuity equa-
tions for the barrier.

3 Plane wave results
Consider the step potential defined by
V(z) ={0 for z <0, V, for z > 0},

with V,, > 0 and with an incoming plane wave from the left
(see the step A) with a definite polarization (spin along the

(E +m)(p3 + psgs — VoE)’
T/ (0) = R/, (0).

Here, we observe that because the step is situated at z =0,
the Ry (0) and 75 (0) amplitudes are real while the R; )
and T (0) are imaginary. All four amplitudes exist. If we
change the incoming polarization (from spin up to spin
down), we find exactly the same solutions, although from a
different form of matrix equation. This is a general property
and we shall henceforth not repeat this observation.

As a simple check of our results, we note that when
Vo — 0 only T4 (0) = 1 survives as must be. We also ob-
serve that as p, — 0 (8 — 0) the spin flip terms vanish
and this confirms our one-dimensional results. The other two
step cases (B and C) can be calculated in the same way and
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yield the results
[p; +m* +m(E = V)]V,

) = = Ve m i+ pos — oB) SPED
T (L) = Q%(E +m) + p3qs(E — Vo +m)

(E — Vo +m)(p3 + psgs — VOE)

x exp[i(gs — ps)L], 5)
R (L)=— Pads Vo exp[2igs L],

"E—Vo+ m) Pl + pats — WE)
T’ (L) = R_(L)exp[—i(gs + ps)L]

= R_(0)exp[i(gs — ps)L].
For right impingement at z = 0 we obtain
R.(0)=R_(0), T_(0)=T_(0),

D/ I "l D/ (6)
R (0) =—R_(0), T"(0) = R_(0).

Passing now to the barrier, we define the reflection and
transmission amplitudes respectively in regions I and III by
R, R, T and T’, while for region II, that of the potential
Vo, weuse A, A’, B and B’. These are not related in a sim-
ple manner to our previous step results. The connection will
however be derived in the next section.

The expressions for ¥ (z) within each region are given
below.

REGION I (z < 0):

REGIONII (0 < z < L):

E — V() +m 0
E —
A 0 + A’ ‘./O tm expligsz]
q3 —lq>
iq —q3
E — V() +m 0
+1B 0 | B Votm
—q3 —lq>
17 q3
x exp[—igsz]. (8)
REGION III (z > L):
E+m 0
0 N E+m .
T +T . explipsz]. 9
P —ip, plipsz] )]
ips — D3

In the above expressions factors such as 1/(E + m) and
1/(E — V, 4+ m) have been absorbed into the amplitudes for
simplification. After elimination of the intermediate A, A,
B and B’ the coupled continuity equations yield the matrix
equation

(E+m)(1+R) (E+m)T
explipiel + 4 R| ° ps(1 = R) = ip,R’ pT —ip, T | SPHPL
k e ipy(1+ R) + psR’ ip,T — psT'
P2 Lp2
0 where
E .
+ & | 5 Eexpl—ipazl. ™
—ip2
Ps
qscos(g;L) q»sin(q;L) —i(E — Vy+m)sin(g;L) 0
M= 1 ¢»8in(gsL) g3 cos(qsL) 0 i(E — Vo +m)sin(g;L)
qs | —i(E —Vy,—m)sin(g;L) 0 qscos(gsL) g, sin(gsL)
0 i(E—Vy,—m)sin(g;L) q»sin(gq;L) qscos(gqsL)
The solutions of these equations are with
T —EV,
2 sin(gsL) F=cos(gsL) — i 2" " ging, L).
R:—i<m+ z )VO , D3q3
E+m psg:F
. L These are the generalized barrier results for a plane wave.
R = P2ps 0s1n(q3 ) , They contain the momentum p, indicating a dependence
E +m' psgsF (10) " upon incident angle. For p, = 0, we reproduce the one-
T — exp(=ipsL) dimensional Dirac barrier results published in our previous
F paper [1]. Spin flip is indeed absent in this limit. However,
T' =0, the surprising feature of the general barrier results is that
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T’ =0 for all incident angles. This was not expected and
seems to contrast with the fact that the equivalent terms 77|
are not identically null for the steps.

In the next section, we perform the two step calculation to
redetermine the above expressions, in particular that for 7.
This will confirm the above results and demonstrate that
T’ =0 is not a resonance phenomenon. On the other hand
typical resonance behavior is present in the above expres-
sions. Whenever sin(g;L) = 0, i.e. for g;L = nx (with n a
positive integer) both reflected amplitudes, R and R’, vanish
and the transmitted probability |T|2 = 1. Plane waves are
theoretical abstractions, the above results are in truth good
approximations only for barrier widths much smaller than
the incoming wave packets widths. In other words high val-
ues of n corresponding to large L will not exhibit resonance
behavior [1].

4 Two step calculation

In this section, we recalculate the barrier results using the
step results. Specifically, this approach for the barrier is
called the two step method and does not directly involve
the continuity equations of the previous section. The method
uses three step results. In addition to that for the step at
z = L impinged upon from the left, it also uses the step re-
sults at z = 0 twice. Once for the initial incoming wave (im-
pingement from the left) and then those for a wave reflected
from the end of the barrier with consequent impingement at
z =0 from the right.

This method of calculation can be used to reproduce the
standard barrier results by simply adding the infinite contri-
butions to transmission and reflection yielding the so called
(plane) wave limit. By treating each contribution as inco-
herent with the others we obtain the particle limit. Proba-
bilities are conserved in both limits although the total trans-
mission/reflection probabilities are quite different. The wave
limit for example is characterized by resonance phenomena,
the particle limit is not. In addition to calculating the individ-
ual particle limit probabilities for transmission, it is one of
our objectives to control if vanishing spin flip is a resonance
phenomenon or not.

The incoming wave is polarized. At z = 0 it encounters
the first of the two steps and two contributions proceed (are
transmitted) to the right. These are indicated by the spin con-
serving T4 (0) and the spin flip term 7' (0). At the second
(downward) step at z = L each of these contributions pro-
duces two transmitted amplitudes. These four transmitted
terms combine into two sums: the spin conserving ampli-
tude,

Ay =T (0)T-(L) + T (O)T_(L), (1)

and a spin flip amplitude,
AL =T ()T (L) + T, (0)T_(L). (12)

Now, we can use the step results previously given to observe
that

2P3Q3 . ,
= EXP|! — L and A, =0.
T p§+p3613 — EVO P[ (43 Pa) ] T
(13)

So the first particle spin flip contribution is null. This fact
alone does not guarantee that subsequent spin flip contribu-
tions are null. For example, the second transmitted contribu-
tions contain in addition to the T factors also two R factors
corresponding to an additional back and forth passage over
the barrier,

Ay =R_(L)R_(0)+ R"_(L)R"(0)
_E-pY

(P% + p3qz — EVp)

Al =R_(L)R_(0) 4+ R"_(L)R_(0) =0. (15)

7 exp[2igsL], (14)

The overall second contribution to the spin flip is thus
ALA + AL A, =0.

All higher spin flip contributions take the form of the above
second contribution multiplied by powers of the spin con-
serving double reflection factor A,. Thus, the vanishing of
the second spin flip term does indeed imply the vanishing of
all the spin flip contributions.

We now calculate the individual spin conserving contri-
butions. The first contribution A; has already been given
(11). The second contribution is

ArAg+ ALAL = AL A,

All higher (later emerging) contributions are now obvious.
The n-th term reads

AA

In the wave limit these contributions must be added coher-
ently to give a single outgoing transmission amplitude. This
may conveniently be written as

Ay
1— A

(16)

After inserting the specific step expressions of the previous
section, we reproduce after a little algebra the plane wave
result for the barrier transmission,

Ar  exp(—ipsL)

= 1
1 - A F a7
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5 Conclusions

In the literature one normally encounters one-dimensional
potential analysis. However, when spin and relativity are
relevant one-dimensional analysis may be too limited. For
example the absence of spin flip terms for one-dimensional
step and barrier diffusion is no longer valid for planar dif-
fusion where an angle of incidence exists. The potentials
are still considered functions of a single spatial variable (z
in this paper) but the incoming particle have two momen-
tum components. This small modification produces signifi-
cant differences, specifically the appearance, in general, of
spin flip terms and consequent modifications in the non-flip
amplitudes. We have demonstrated these facts in this paper.
These effects are a direct consequence of the angular depen-
dence of the Dirac spinors.

We have found one notable exception to the above, for
which we have no simple explanation, although we believe
one must surely exist. This exception is that in the case of
the barrier potential there is no spin flip transmission ampli-
tude. There are always spin flip terms for the step, be the step
rising or dropping, except of course for the one-dimensional
limit when the potential is met head on. This makes the bar-
rier result all the more unexpected, since we know that the
barrier result may be derived from a double-step analysis
which uses only the step results.

We have listed in the previous sections all relevant planar
diffusion results for the step and barrier. We have also de-
rived the transmission amplitude for the barrier in the “par-
ticle” limit via the two-step method. This demonstrates that
the absence of spin flip for each individual outgoing wave
packet, is independent of the degree of coherence involved,
i.e. it is not a resonance type phenomenon.

As a side product, we have described the kinematics of
Dirac planar scattering and observed that by varying the in-
cidence angle, for a given incoming energy we may transit
through two kinematic zones, e.g. from diffusion to or from
tunnelling, but never through all three kinematic zones D,
T, K. We have in the past referred to these zones as energy
zones, but this is correct only for one-dimensional studies.

@ Springer

They should instead be referred to as kinematic zones which
depend upon both energy and angle of incidence. Energy
alone, normally, does not determine these zones. These kine-
matic zones are distinguished by quite distinct physics. In
this paper, we have limited our attention to diffusion. How-
ever, our results can be extended to tunneling phenomena.
In particular, it could be interesting to study, in view of this
new results, 2D and 3D tunneling of photons through posi-
tive [9—11] and negative [12] refractive index materials and
of electrons through single [7, 13] or double [14] potential
barriers. Finally, it is important to observe that in this pa-
per the potential is a one-dimensional potential. The study
of tunneling and diffusion by a three-dimensional potential
has recently appeared in the literature [15, 16]. An interest-
ing forthcoming analysis should investigate planar tunneling
and diffusion through a spherical three-dimensional poten-
tial, in view of possible applications in nuclear physics.
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