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Abstract. This paper provides an introductory study on Holling-type func-
tional responses, namely, Holling-types I and II, described in a fuzzy environ-
ment. The environment considered is the space of S (A)-linearly correlated
fuzzy numbers, established from the structure of vector spaces embedded in
the class of fuzzy numbers. The arithmetic structure is given by the induced,
and cross, arithmetic operations. The parameters involved are written as fuzzy
quantities, as well as the population. A brief analysis of the choice of the un-
derlying strongly linearly independent set is made considering the fuzziness

associated with the Holling term encloses the work.
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1. Introduction

Multi-species interactions are known for having very complex dynamics.
The classical prey-predator model, originally proposed by Lotka (1925) and
Volterra (1926), have been extensively studied in the last decades from sev-
eral points of view. The original model predicts that the predator population
increases proportionally to the encounter with the prey population which, in

turn, decreases proportionally to this encounter. As a result, the solution to
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the model depicts fluctuating populations in an ecosystem (May and McLean,
2007). Several rereadings on the prey-predator dynamics were done all over the
years. Okubo and Levin (2001), for instance, dealt with two and multispecies
population dynamics with spatial dispersion - including prey-predator model.
His focus were mainly for the ecological point of view of the phenomenon.
Holling (1959b,a, 1965, 1966) introduced the families called Holling-type
functional responses by considering the response of the consumption of prey by
individual predators to changes of prey density. His studies involved the sawfly

cocoons and small mammals dynamics, and the mathematical expressions:

flx)y=cx, >0 (1.1)
and .
f(x):h—i—a:’ x>0 (1.2)

were provided, being denoted by Holling-Type I response, and Holling-Type
IT response, respectively. In both equations (1.1) and (1.2), = denotes the
prey density. Holling’s contributions still represent a remarkable contribution
from the mathematical ecology until nowadays, once some dynamics, such as
parasitoids in an ecosystem, for instance, are only well-described with Holling
interactions (see (Ferndndez-Arhex and Corley, 2003) for details). Justified by
its scientific relevance, Pervez et al. (2018) presented a study which explains
how environmental factors produce different functional response of predators
in a multi-especies dynamics.

Peixoto et al. (2008), as one of the first studies on prey-predator dy-
namics using tools from fuzzy sets theory, used a fuzzy rule-based system to
study the Holling-Tanner model, assuming a Holling Type II functional re-
sponse. More recent contributions considered functional responses with uncer-
tainty. Using granular derivative for fuzzy-valued functions, Das et al. (2022)
considered prey-predator model under Ivlev’s functional response - also known
as Type V Holling response. Mondal et al. (2022) considered Holling- type
IT functional response and interval uncertainty to study prey-pradator model.
Sukarsih et al. (2023) used Zadeh’s extension principle applied to a Runge-
Kutta method to provide numerical solutions to the dynamics.

This manuscript aims to study Holling-type functional responses consid-
ering the population and parameters as fuzzy quantities. To this end, a linear
algebra approach is used, so that all fuzzy quantities are assumed to belong

to vector spaces generated by a Strongly linearly independent set (Esmi et al.,
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2021). The arithmetic operations employed are called ¥ — arithmetic operations,
given by induced and cross operations (Esmi et al., 2021; Laiate et al., 2021b).
The structure is organized as follows: The section 2 presents the basic con-
cepts on the algebra used all long the text. The section 3 derives the analytical
expressions to represent both population and parameters in the Holling-type I
and II functional responses. The section 4 provides a brief analysis on the basis
of the vector space considered. The section 5 encloses the paper by presenting

some final considerations.

2. Fuzzy sets theory
A fuzzy set A of a topological space U is characterized by a function
pra s U 2 [0,1],

where A(x) represents the membership degree of each x € U belongs to A.
The application 4 (-) is called the membership function of A, and the set of all
fuzzy sets of U is denoted by F(U). By notational convenience, p4(-) is usually
written as A(-).

For a given topological space U, each A € F(U) is completely described
by the so-called a—levels (or levelsets) of A, given by the relation:

Al = {reld:Alx) > a}, a€0,1)
|\ {zetd:A@>0) a=0

where X denotes the closure of X C R. Note that the levelsets of A € F(U)
consist on classical subsets of U, i.e, [A], € P(U), Va € [0,1].

A fuzzy number is a normal fuzzy subset of R whose a—levels are com-
pact intervals of R (Barros et al., 2017). More specifically, A is a fuzzy number
if the following conditions are fulfilled:

i) There exists x € R such that A(z) =1 (A is normal);
ii) [A], € K., where K, is the set of all compact subsets of R;
iii) The set supp(A4) = {x € R: A(z) > 0} is compact.

The set of all fuzzy numbers is denoted by Rx. It is immediate from
definition above that for each A € Rz, there exist a, < a} such that
[A4], = lag,aZ], Va € [0, 1].

[e3
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As we shall see in the following, the study of arithmetic operations on

fuzzy numbers with the arithmetic operations on intervals.

The usual arithmetic operations on fuzzy numbers are given in terms
of Zadeh’s Extension Principle. In brief words, the standard arithmetic in
R 4 inherits the usual interval arithmetic operations in the following sense: let
A, B € Ry be fuzzy numbers given levelwise by [A], = [ay,al] and [B], =
[b, 0], for all a € [0,1], and A € R. Then, the sum, subtraction and scalar

multiplication are given, respectively, by

[A+ B], = [A], +[B], = [ay +b,,a} +b}] 23)
[A- B, = [A], +[Bl, = [ag — b}.af — 0] '

and

[Aaz,Aat], A>0
A4, = , (2.4
Aatf,Aaj], A<0

Ve € [0,1]. From (2.3) and (2.4), we conclude that the space of fuzzy numbers
is quasilinear, so that (A + u)A < AA + pA for all scalar p, A € R, where the
equality holds whenever pX > 0 (Bede, 2013). In the meantime, the operations

of product and division are given respectively by

- [B],, = [min P,, max P,]

(o3

[A+B], =[A], +[B], = minQq, max Q,]

where P, = {a_ b, ,alb,,a b}, atbl} and Q, = {;LE, Z—;, Z—i, Z—%}, a € [0,1].

a)aar€aVar Yo
As pointed out by several papers, these arithmetic operations are com-
putationally expensivel because of the computation of the indexed sets P, and
Q. for all a. In addition, as well as the usual sum, the usual product do not
have an inverse in general, so that both relations A — A # 0 and A+ A # 1
hold in general for A € Rr. Other drawbacks are associated to the usual oper-
ation of product, including the impossibility of controlling the width, and the

changing shape of the resulting fuzzy number.

The next subsection provides an alternative arithmetic structure for spe-

cific subclasses of fuzzy numbers contained in Rz.
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2.1. Induced fuzzy arithmetic operations: a vector space
structure

As presented previously, the class of fuzzy numbers is not linear under
the usual arithmetic operations of sum and scalar multiplication. In order to
establish finite-dimensional vector spaces of fuzzy numbers, we recall the notion
of symmetry of a fuzzy number.

Let A € Rz be a fuzzy number given. If there exists © € R so that
Az —y) = A(z + y), we say that A is symmetric with respect to z € R (or
simply symmetric), and we denote it by (A|x).

Let A= {A;, As,..., A} C Rz beaset of m fuzzy numbers given. The
set of all linear combinations (or Minkowski combinations) of A; is denoted by
the equation (2.5)

SA) ={and1+...+q@mlm : q1,...,qm €R}. (2.5)
If B € §(A), then we can write by the equation (2.6)

[Bla =qi [A1], + .-+ ¢ [An],, «€][0,1]. (2.6)

Next, we recall the notion of Strong Linear Independence of a set of fuzzy

numbers.

Definition 2.1 ((Esmi et al., 2021)) Let A= {A;,...,An} CRx be a set
of fuzzy numbers given and B € S (A) be given by B = A1 + ... + gmAm.
The set A is Strongly Linearly Independent (SLI, for short) if, and only if, the
following implication holds:

(B|0)=q¢ =...=¢n=0.

The next theorem is particularly useful to identify if a finite A of Rx is
SLI.

Theorem 2.1 (Esmi et al. (2021)) The set A = {A1,...,An} C Rr is
SLI if and only if the function

P :R™ — S(A)

given by
V(X1 ) = 2141+ oo+ T Am (2.7)
is an isomorphism, where “ 47 and “q;A;” stand for the usual operations of

sum and scalar multiplication in Rz, respectively.
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From Theorem 2.1, we can say that if A C Rz is SLIand B € S (A), then
there exists a real-vector ¢ = (q1, ..., qm) € R™ such that B = ¢(q1,...,qm) =
@1 A1+ ...+ gmAn,. In this case, B is called an S (A)-linearly correlated fuzzy
number.

Theorem 2.1 allows us to define arithmetic operations induced from iso-
morphism ¢ on S (A)-linearly correlated fuzzy numbers. Let B,C € S (A) and
A € R. Define

B+y C=¢ (v~(B) +¢71(0))
Aoy B=1 (67 (\B)
For B=vY(q1,...,qm) and C =¥ (p1,...,pm), (2.8) yields the following

three well-defined operations of sum, subtraction and scalar multiplication:

(2.8)

B —y C= (QI - pl)Al + ... (Qm _pm)Am- (29)

We observe from equation (2.9) that computing the induced arithmetic
operations on S(A) is equivalent to computing the arithmetic operations on
the real-valued coordinates of the fuzzy numbers involved. Moreover, the space
(S(A),+y, ) turns to be a vector space, with dimension equals to m (more
details on this methodology can be seen in Esmi et al. (2022)).

We henceforth assume that R C S (A) C R%, where

R = {A € Rr : [A], has a unique element} C Rx.

Denote core(B) = [B]; = b and core(C) = [C]; = ¢ with ¢ # 0. Note that b
and ¢ exist and are unique since S (A) C R%. The operations of product and

division S (A)-linearly correlated fuzzy numbers are given by

BoyC=cyB+yb-yC—ybyc

) , (2.10)
B+ C=8B Oy CJ

where Cq;l = % -5 )A -5A —... -2 A, and a; = core(A;) (Laiate
et al., 2021b). The arithmetic operations defined by (2.10) can be seen as
linearized operations of product and division (Laiate et al., 2021a), an ideal
feature to make S (A) closed under the 1)—cross product @, and the ¢p—cross
division .

The so-called —arithmetic operations @y € {+y, —y, Oy, +y} are di-
rect extensions of the corresponding arithmetic operations in the classical case,
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i.e.; X{a} @y X{p»} = @ @ b whenever a,b € R, which are regarded as singletons.

The next lemma offers a different point of view to this argument:

Lemma 2.1 (Adapted from Laiate et al. (2021b)) Let A C R be SLI, B,C €
S(A) and A € R. Then the following equality holds:

[B ®y 0]1 =[B,®[C]; and [A-y B]l = A[B],

for all @y € {+y¢, —p, Oy, +u }-

7

For notational convenience, we henceforth omit the symbol ’-;;” when
the scalar multiplication is referred in S(A). The next section presents a
brief study on the Holling-type functional responses as functions of the form

F:S(A) = S(A.

3. Holling-type functional responses in S (A)

In this subsection, we assume the populations involved in the functional
response are given by S (A)-linearly correlated fuzzy functions. By hypothesis,
let A={1,A,,..., Ay} C R} be an SLI set, and denote core(4;) = a;, for each
i =1,...,m. In addition, let N : [0,7] — S (A) the population of predators
in a prey-predator dynamic. Thus, we are assuming there exists a real-vector
valued function n : [0, 7] — R™ given by

n(t) = (n1(0), .. (D)) €R™, ¢ €[0,7]
such that
N(t)= (Yon)(t) =ni(t) + na(t)As + ... + N (t) A vt € [0, T,

where ¢ : R™ — S (A) is given by (2.7).

Since the prey density of the ecosystem only assumes positive values
in classical population dynamics, we consider that the coordinates of N ()
in the vector space (S (A),+y, y) are positive in all instants ¢t € [0,T7, i.e.,
n;(t) > 0,4 =1,...,m. A similar argument can justify the non-negativity of
the coordinates corresponding to the fuzzy rate predation, given by (3.12), and

the fuzzy half saturation constant, given by (3.17).
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3.1. Fuzzy Holling-type I functional response

Let C, A € S(A) be fuzzy quantities given, or estimated according to
some data set. The fuzzy Holling-type I functional response, given as in (1.1)
for crisp populations, is described by the function f: S (A) — S (A) given by

f(N)=CoyN, (3.11)

where the consumption rate of predator to prey is given by the S (A)-linearly

correlated fuzzy number
C=ci+cAs+...+cndn € S(A) (3.12)

for some positive constants ci, . .., ¢, > 0 given. Let us denote ¢ = (¢1,...,¢m) €
R™. From (3.12), we have that C = ¢ oc = (c1,...,¢n). In addition, from

equation (2.6), we can write

[N@®)]y = m(@®)[A]y + n2(O)[Az], + ...+ (@A) = Y nilt)as,
i=1

that is,

[N@®), = (n(t),a), (3.13)
where @ = (a1, az,...,a,,) € R™ is the vector whose entries are given by a; =
core(A;), i =1,...,m. A similar reasoning leads us to

€], =) cia; = (c.a). (3.14)
i=1

Since A; =1 € R, from (3.13) and (3.14), we can write (3.11) as
FIN) =[N C +y [C], N =y [NLi[Ch
);@)C 4y (¢, @) N(t) —y (n(t),a)(c,q)
)7a>'¢)(017 cee ,Cm) to <C»5>¢(n1(t)» s anm(t)) Y <n(t)7a> <C7a>
Therefore, (3.11) is written, in coordinates in S (A), as

F(N) = ((n(t),@)er + (@) (t) — (n(t), a)(c,a))

((n(t), @)ca + (c,a)na(t)) Az (3.15)
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Equation (3.15) reveals the Holling-type I functional response as a func-
tion in S (A) can be decomposed into a Minkowski sum of a crisp contribution
with a fuzzy contribution. In fact, (3.15) can be written as

m

FIN) = (b1(1) = (n(t),@) (e, @) + Y bi(D) Ay,
€R =2 .
ERF\R

where b;(t) = ((n(t),a)c; + (¢, a)n;(t)), for each i = 1,...,m. It follows that,
for each ¢ € [0, 7], we have

m

diam (f(N)) = Y |bs(t)| diam (4;).

=2

that is, the real-valued function b; : [0, 7] — R are direct related to the diameter
of the holling-type I response. Since each b; is a function of ¢ and a, we
conclude that the choice of the coordinates of C' € S (A) and the SLI set A
corresponding to the core-vector @ = (ay, ..., a,,) determines intrinsically the

uncertainty represented by the Holling term.

3.2. Fuzzy Holling-type II functional response

Similarly to the previous case, the fuzzy Holling-type II functional re-
sponse, given as in (1.2) for crisp populations, is described by the function

f:S(A) = S(A) given by
f(N) =C ) (H + N), (3.16)

where C' € S (A) is given as in (3.12) and the half saturation constant is given
by the S (A)-linearly correlated fuzzy number

H=nhy+heAs+...+ hpAp € S(A), (3.17)

for some positive constants hy, ... h,, > 0 given. Let us denote h = (hq,..., hy,)
R™, so that, from (3.17), we have H = ¢po h = ¢ (hq,..., hy). From (2.10),
we have that (3.16) is equivalent to

F(N)=C oy (H+y N),'

= [(H +o M), O 4o [0 (H 44,00 = [(H +4 N1, (€,
(3.18)
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Using the fact that

1 1

[+ N0, = v~ m

a reasoning similar to that used in section 3.1 leads us to
[H], = (h,a),

and hence, from the linearity of the inner product (-, - ), we have

1 1

L:<ma+«wxm (h+n(t),a)

-1
(T +4 N (),
Equation (2.10) assures that

1 2 hi+4+c1 R, + Cm,
@1+ MO = (G~ G R aR)

Since Ay =1 € R and A; € R\R for ¢ = 2,...,m, equation (3.18) can
be written, in coordinates in S (A), as

1
f(N) = Ww(cl,...,cn,)
_ 2 hi+c hp + cm
e 08 (G TR T )

or, equivalently,

C1 <C, E> hl —+ C1
10 = (e )
(h+n(t),a) (h+n(t),a)?
hy + ¢ B+ (3.19)

- T L 5 2 T e .. T

(h+n(t),a)? (h+n(t),a)2” "

In resemblance to fuzzy Holling-type I functional response, equation (3.19) re-
veals the Holling-type II functional response as a function in S (A) can be
decomposed in a Minkowski sum of a crisp contribution with a fuzzy contribu-

tion. In fact, (3.19) can be written as

ﬂN»—Qfﬁﬁxgwng;wmm»

€R

~—_———
ERF\r
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where w;(t) = (hfra(ﬁ for each 4 = 1,...,m. It follows that, for each
t € [0,T], we have
diam (f(N)) = w;(t)| diam (4;) , (3.20)
i=2

that is, the real-valued function w; : [0,7] — R are direct related to the
diameter of the holling-type I response. Since each w; is a function of ¢, h, and
@, we conclude that the choice of the coordinates of C' and H € S (A), as well
as the SLI set A corresponding to the core-vector @ = (aq, ..., a,,) determines

intrinsically the uncertainty represented by the Holling term.

4. Analysis on the choice of SLI sets

SLI sets of fuzzy numbers can be built using the power hedges of a non-
symmetric trapezoidal fuzzy number via fuzzy modifiers or Zadeh’s Extension
Principle. In fact, for a given fuzzy number A € Rz trapezoidal and non-
symmetric, the sets given by

(A% or o and {fi)} (4.21)

i=0,1,...,m

are SLI for all m € N (Esmi et al., 2021).

We can say that (4.21) shows us that vector spaces generated by linear
combinations of SLI sets can be seen as a structure completely determined by
a single fuzzy number A € Rz, when it is choosen to be non-symmetric. In

this case, the following definition holds:

Definition 4.1 (Adapted from Laiate et al. (2023)) Let A C Ry be an SLI
set given as in equation (4.21), for some A € Rz, and consider the first-order
system of FIVPs

{ X{(t) = fi (£, X1,..., Xp) (4.22)

Xi(to) = Xo € S(A)

where X; : [a,b] = S(A) fori=1,...,p. Then the fuzzy number A € Rx is
called a fuzzy basal number of (4.22).

The Holling-type functional responses, presented as functions in S (.A)
in (3.11) and (3.16), aim to be a tool to be used in fuzzy differential equations
for S (A)-linearly correlated fuzzy functions. Thus, assuming the SLI sets are
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generated for some fuzzy basal number A € Rx, we observe from (3.1) and
(3.20) that the choice of A determines the fuzziness of Holling-term of both
types. Moreover, the fuzzy basal number determinates the core-vector @ € R™
which, intuitively, shall be considered in first place from possible data set given.
Note that the curve corresponding to the core of the fuzzy curve of a FDE
under the 1—arithmetic operations coincides with the classical solution to the
corresponding differential equation. It is noteworthy that, in this case, the fuzzy
basal number represents the source of uncertainty of an ecological phenomena

in which the Holling-type functional response acts.

5. Final considerations

This manuscript provided a brief study on Holling-type functional re-
sponses as functions of the form f: S (A) — S (A), where

A={A,...,An}

is a given finite SLI set. The expressions of the functional responses were
deduced using the —arithetic operations, well defined in the space of S (A)-
linearly correlated fuzzy numbers.

Both Type I and Type II Holling terms were expressed in an expression
decomposable into a Minkowski sum of a crisp term with a fuzzy term. Analyt-
ical relations between these expressions and the coordinates of the parameters
involved were made. Here, the parameters and the population were considered
as fuzzy quantities. In addition, an introductory analysis on the underlying SLI
set was made from the point of view of the fuzzy basal number (Laiate et al.,
2023). In this case, the fuzzy basal number appeared to be the source of un-
certainty of the ecological phenomenon known as Holling-functional responses,
widely studied in the literature in the last decades.

This work brings some theoretical novelties from the point of view of
fuzzy arithmetic. The —arithmetic operations maintain the relation called
S (A)-linearly correlation, well-defined between some families of fuzzy numbers.
Thus, fuzzy differential equations associated to these families of functions can
model ecological phenomena using the content of this paper, either from the
point of view of Fréchet derivative (Esmi et al., 2022; Laiate, 2023), Hilger
derivative in time scales (Shahidi et al., 2023), fuzzy fractional derivative (Son
et al., 2021), or from control theory (Son et al., 2023).
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Lastly, from the point of view of ecological modeling, a contribution
is provided since some uncertainties and imprecisions associated with natural
phenomena are partially described by parameters and/or populations given by
fuzzy quantities. Future papers should include different Holling-types func-
tional responses with numerical simulations to solutions of fuzzy differential

equations associated to S (A)-linearly correlated fuzzy functions.

Acknowledgments

The authors would like to thank the School of Applied Mathematics
from the Getlio Vargas Foundation (EMAp/FGV), and the Institute of Math-

ematics, Statistics and Scientific Computing from the University of Campinas
(IMECC/Unicamp).

References

Barros, L. C., Bassanezi, R. C., and Lodwick, W. (2017). First Course in Fuzzy
Logic, Fuzzy Dynamical Systems, and Biomathematics. Studies in Fuzziness
and Soft Computing. Springer, Berlin, Heidelberg.

Bede, B. (2013). Mathematics of Fuzzy Sets and Fuzzy Logic. 295. Springer,
Berlin, 1st. edition.

Das, S., Biswas, S., and Das, P. (2022). Study of fear effect on prey—predator
model with ivlev-type functional response in fuzzy environment. New Math-
ematics and Natural Computation, 18(03):715-745.

Esmi, E., Barros, L. C., Santo Pedro, F., and Laiate, B. (2021). Banach spaces
generated by strongly linearly independent fuzzy numbers. Fuzzy Sets and
Systems, 417:110-129.

Esmi, E., Laiate, B., Santo Pedro, F., and Barros, L. C. (2022). Calculus for
fuzzy functions with strongly linearly independent fuzzy coefficients. Fuzzy
Sets and Systems, 436:1-31.

Ferndndez-Arhex, V. and Corley, J. C. (2003). The functional response of
parasitoids and its implications for biological control. Biocontrol Science
and Technology, 13(4):403-413.



114 Laiate, Alves & Meyer

Holling, C. S. (1959a). The components of predation as revealed by a study
of small-mammal predation of the european pine sawflyl. The Canadian
entomologist, 91(5):293-320.

Holling, C. S. (1959b). Some characteristics of simple types of predation and
parasitisml. The canadian entomologist, 91(7):385-398.

Holling, C. S. (1965). The functional response of predators to prey density
and its role in mimicry and population regulation. The Memoirs of the
Entomological Society of Canada, 97(545):5-60.

Holling, C. S. (1966). The functional response of invertebrate predators to prey
density. The Memoirs of the Entomological Society of Canada, 98(S48):5-86.

Laiate, B. (2023). On the properties of fuzzy differential equations under cross
operations. Computational and Applied Mathematics, 42(6):293.

Laiate, B., Barros, L. C., Santo Pedro, F., and Esmi, E. (2021a). Bidimen-
sional fuzzy initial value problem of autocorrelated fuzzy processes via cross
product: the prey-predator model. In 19th World Congress of the Interna-
tional Fuzzy Systems Association (IFSA), 12th Conference of the European
Society for Fuzzy Logic and Technology (EUSFLAT), and 11th International
Summer School on Aggregation Operators (AGOP), pages 171-178. Atlantis

Press.

Laiate, B., Longo, F., Alves, J. R., and Meyer, J. F. C. A. (2023). Numeri-
cal solutions of fuzzy population models: A case study for chagas’ disease
dynamics. In North American Fuzzy Information Processing Society Annual

Conference, pages 172-183. Springer.

Laiate, B., Watanabe, R. A., Esmi, E., Santo Pedro, F., and Barros, L. C.
(2021b). A cross product of s-linearly correlated fuzzy numbers. In 2021
IEEF International Conference on Fuzzy Systems (FUZZ-IEEE), pages 1-6.
IEEE.

Lotka, A. J. (1925). Elements of physical biology. Williams & Wilkins.

May, R. and McLean, A. R. (2007). Theoretical ecology: principles and appli-
cations. Oxford University Press.



Holling-type functional responses of fuzzy population models 115

Mondal, B., Rahman, M. S.; Sarkar, S., and Ghosh, U. (2022). Studies of
dynamical behaviours of an imprecise predator-prey model with holling type
ii functional response under interval uncertainty. The Furopean Physical
Journal Plus, 137(1):1-20.

Okubo, A. and Levin, S. A. (2001). Diffusion and ecological problems: modern
perspectives, volume 14 of Interdiciplinary Applied Mathematics. Springer,
2nd. edition.

Peixoto, M. S., Barros, L. C., and Bassanezi, R. . C. (2008). Predator—prey
fuzzy model. Ecological Modelling, 214(1):39-44.

Pervez, A., Singh, P. P., and Bozdogan, H. (2018). Ecological perspective of
the diversity of functional responses. Furopean Journal of Environmental

Sciences, 8(2):97-101.

Shahidi, M., Esmi, E., and Barros, L. C. (2023). A study on fuzzy volterra
integral equations for s-correlated fuzzy processes on time scales. Fuzzy Sets
and Systems, 471:108695.

Son, N. T. K., Thao, H. T. P., Allahviranloo, T., and Long, H. V. (2023).
State feedback control for fractional differential equation system in the space
of linearly correlated fuzzy numbers. Fuzzy Sets and Systems, 453:164—191.

Son, N. T. K., Thao, H. T. P., Dong, N. P., and Long, H. V. (2021). Frac-
tional calculus of linear correlated fuzzy-valued functions related to fréchet
differentiability. Fuzzy Sets and Systems, 419:35-66.

Sukarsih, I., Supriatna, A., Carnia, E., and Anggriani, N. (2023). A runge-
kutta numerical scheme applied in solving predator-prey fuzzy model with
holling type ii functional response. Frontiers in Applied Mathematics and
Statistics, 9:1096167.

Volterra, V. (1926). Variazioni e fluttuazioni del numero d’individui in specie

animali conviventi. Societa anonima tipografica” Leonardo da Vinci”.



