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1. Introduction

The space of square real n x n matrices can be equipped with the Frobenius inner product defined
by

<A B> = tr(ATB),

for which we have the associated norm that satisfies ||A||12E =< A,A >p.In here, tr(A) = > ;a; is
the trace of the matrix A. In this inner product space, the cone of symmetric and positive definite
(SPD) matrices has a rich geometrical structure. In that context the angle that any matrix forms with
the identity ray, ol for « > 0, plays a very important role. Our work has been motivated by the rich
geometrical structure of the positive semidefinite cone of n x n matrices and specially by the discussion
presented by Tarazaga [3,4], and more recently by Chehab and Raydan [1].
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In this work, we extend this geometrical point of view, and analyze the geometrical structure of
symmetric matrices, including the location of all orthogonal matrices, not only the identity ray.

The rest of this paper is divided into sections as follows. In Section 2 we introduce the required
notation, review the previously obtained results for SPD matrices, and we present new results that add
understanding to the structure of the subspace of symmetric matrices. In particular we describe the
multiple rays in the subspace of symmetric matrices that generalize the role of the identity matrix in
the SPD case. In Section 3, we will show properties about the location of orthogonal matrices. As a by
product, we present a new lower bound for the Frobenius condition number of symmetric matrices.
In Section 4 we present an extension of the obtained results for general matrices.

2. Basic results and structure of symmetric matrices
The Frobenius inner product allow us to define the cosine of the angle between two given realn x n

matrices as

< A,B >

IANFIBIF

In particular, for a given symmetric matrix A,

tr(A)
IAlF/n

Note that, for any nonsingular symmetric matrix A, using the Cauchy-Schwarz inequality we have

cos(A, B) = (1)

cos(A,I) = (2)

n=tr(l) =< A,A"" > < |AlllA"IF = ke (A),

and so, n is a lower bound for k¢ (A). Moreover, it also follows that

. <AA>p n n
cos(A,A7!) = —— = = . (3)
IANEIA= I NAIENIAT F kE(A)

In particular, for a given SPD matrix A, it was established in [1] that

0 < cos(A,A™1) < cos(A, ) cos(A™1, 1) < 1. (4)

Let us now analyze the geometrical structure of the subspace S, of symmetric matrices of order n.
Given A € S, we can always diagonalize A as follows

Q'AQ =D,

where the columns of the orthogonal matrix Q are a set of orthonormal eigenvectors of A. In here, we
only consider nonsingular matrices. It is important to recall that the map

o (X) = Q'XQ

isanisometry and so it preserves the norm of a matrix and the angle between matrices. It also preserves
eigenvalues and the trace of a matrix. In particular note that ¢ (I) = I, i. e., the identity matrix is a
fixed point of ¢q for every orthogonal matrix Q.

We are interested in the angles that A, A~! and any other matrix that shares the same eigenvectors,
form between them. Using ¢¢ we can shift all these matrices to the set of diagonal matrices, since
all of them are simultaneously diagonalizable. Let us now consider the matrix Q4 that belongs to the
class mentioned above. This is a very interesting matrix that will play a key role throughout this work.
Given a matrix A € S, with spectral decompositionA = X', ijix{ we define Q4 as follows
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n
Q= Z sign(ki)xixf.

i=1

It is worth noticing that Q4 = sign(A), where sign(4) = A(A2)~1/2, and A"/ is the principal square
root of A; see Higham for details [2]. Clearly, Q4 shares the eigenvectors of A and the sign of the
corresponding eigenvalues which implies that they share the inertia. It is also straightforward that Q4
is an orthogonal matrix. Also we have that Q4 = Q4-1. It is clear now that given A = > ; A;x;x! and
Q, the matrix whose columns are the eigenvectors of A, it follows that ¢q (A) = diag(A1, ..., Ap) and
¢q(Qu) = diag(sign(r1), ..., sign(in)).

For example, the diagonal matrices of order two form a two dimensional subspace of S, and any
matrix in that subspace can be written as

t t
D= )\.1@161 + )\.2626‘2,

where e and e, are the canonical vectors in R?, and A; and A, are the eigenvalues of D. Note that
the identity matrix is written as [ = e1eﬁ + ezeg. This subspace of diagonal matrices contains four
orthogonal matrices: the identity matrix I, —I, and the other two diagonal matrices witha 1 and a —1
in the diagonal. As we said, the subspace of diagonal matrices has dimension two and the bisectors
of the quadrants are the orthogonal matrices just mentioned. We consider the system of coordinates
generated by e1e§, ezeg. Notice that, given a matrix A, its inverse A~! and Q4 have the same inertia
(and also its transpose in the nonsymmetric case).

We can observe that inversion happens in the same quadrant (orthant in the general case S, for
n > 2).Itis worth noticing that, in reference to this 2-dimensional example, the paper by Chehab and
Raydan [1] deals with the positive quadrant.

Lemma 2.1. Given a nonsingular matrix A € S,, we have that
cos(A, Qa) = cos(A™", Qu). (5)

Proof. First of all notice that since A and Q4 are simultaneously diagonalizable, it suffices to show that

cos(D, Qp) = cos(D™ !, Qp),

where D satisfies A = QDQ". In other words the diagonal elements of D are the eigenvalues of A. Recall
that D, D~ ! and Qp have the same inertia. Let us now compute the cosines

tr(DQp) [+ [A2]

cos(D, Qp) = = :
IDIFV2 /32 42242

_ 1 1
cos0, @) = T _ Bl Tl
ID~"llFv/2 &+ Ev2

Then it suffices to prove that

1 1
Ml+ 2l mgt g

- )

A+ A3 L+5
P g

which follows by simple algebraic manipulations. [
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This implies that if the angle between D and Qp is @ then the angle between D and D™ ! is 26. Recall
that the three matrices are in a two dimensional linear space. Using a well-known trigonometric
identity we have that

cos(D, D) = 2 cos®(D, Qp) — 1. (6)

On the other hand, using (3) it follows that

ke (D) = cos(D,D~ 1)’

Hence, we have established the following result.

Theorem 2.2. GivenA € S,, we have that

2

ke (A) = 2¢052(A, Qq) — 1

(7)

Determining Qa requires the spectral decomposition of A, but the angle between A and Q4 is easy
to determine in this two dimensional subspace. In the case of positive trace, if cos(A, I) is larger than

%ﬁ then Q4 = I.If cos(A, I) is smaller than \/LE then the angle between A and Qg is the complement

of the angle between A and I (note that if cos(A, I) = % then A is singular). If the trace is zero then

Ay = —Aq.Inthis case A = |A1]|Qx and the angle between the two matrices is zero. The negative trace
case follows considering —A.

Now we want to point out a particular case where similar results hold. It is clear that if the minimal
polynomial of A has degree two (in other words A has only two distinct eigenvalues), then A~ is
in the subspace generated by A and the identity matrix. This was the case of the two dimensional
case analyzed above. Unfortunately this is not enough to guarantee that (5) holds. However, given a
nonsingular matrix A € Sy, if n is even and A has only two distinct eigenvalues both with multiplicity
n/2 then(5)holds. As in the comments following Lemma 2.1 we also have that (6) holds, or equivalently

cos(A, A1) = 2cos® (A, Q) — 1,

that, using (3), establishes that if A € Sy, n is even, and A has only two distinct eigenvalues both with
multiplicity n/2 then (7) holds. A couple of comments are in order. First, the identity matrix plays
a relevant geometrical role for positive definite matrices as shown in [1], and for general symmetric
matrices the orthogonal matrices seem to play that role. Second, it is clear in this two dimensional
example that the closer (angle-wise) to an orthogonal matrix the lower the Frobenius condition num-
ber, and a relationship has been established. Hence, the angle to the closest orthogonal matrix is a key
measure for estimating the Frobenius condition number.

For n > 2 our next result relates the angle between a given symmetric matrix A and Q4 and the
angle between A~! and Q4-1 = Q4; and extends in a natural way Theorem 3.1 in [1]. First, we need to
recall that

n

<A Qi >p=tr(AQa) = D |Ail,
i=1
and

<A Q=A@ Q) =D 1/l
i=1

where A; # 0for 1 < i < n are the eigenvalues of A.
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Theorem 2.3. If A is a symmetric and nonsingular matrix, then

Proof. Using (1) for cos(A, Q1) and cos(A™!, Q) and recalling that [|A[|? = >, A2, we have

L LD, 1/4D)
iy /MDA A

cosz(A, Qa)/ cosz(A_l, Q) =

Consider now the vector A € R" with entries |);|, and consider also the vector y € R" with entries
1/|xil, fori =1, ..., n. Using these two vectors, we can write

cos?(A, Qu)/ cos* (A1, Qu) = (WTe)? (vTy)/(ATh) (vTe)?, (9)

where e is the vector of all ones. Using the Cauchy-Schwarz inequality and the fact that ||x||, < ||x]|1
for any vector x € R", it follows that

1< IME/I3 = WTe)?/IAlE < (TR (eTe))/lIal3 = efe =n,

and also that

1= I3/l = OTy)/6Te)? = Ty /dlyl3 llel) = 1/(e) = 1/n.

Therefore, substituting the last two inequalities in (9) we obtain that

1/n < cosz(A, Qa)/ cosz(A_], Q4) < n,

and the result is established. O

Moreover, using the well-known harmonic-arithmetic inequality for the collection {|A;|} of positive
real numbers, fori = 1, ..., n, which can be written as follows,

—1
1 1 A A
n(+...+ ) < Pl Bl
[21] [An] n

we obtain an extension of Lemma 2.2 in [1], for symmetric and nonsingular matrices:

<A, Q>F <AV, Q4 >p=tr(AQy) tr(A”1 Qu) = n?. (10)

Notice now that multiplying by 1/kr(A) in both sides of (10) it can also be written in the equivalent
form

n - tr(AQq) tr(A~' Qq)
ke(A)  JnllAllE alATE

that combined with (1) gives the following upper bound for cos(A, A~ ")
0 < cos(A, A™") < cos(A, Qa) cos(A™", Qu) <1, (1)

which means, as predicted by the geometrical intuition, that the angle between A and A~ is larger
than the angle between A and Q4 or between A~ and Q4.
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Now, since cos(A~1, Q4) < 1, from (11) it follows that cos(A, A~1) < cos(A, Q4), which together
with the equality given by (3), yields the following new lower bound for the Frobenius condition
number «f(A) in the symmetric case

n

kp(A) = cos(A. O Zn. (12)
It is worth stressing out that, except from the SPD case in which Q4 = I, cos(A, Q4) cannot be computed
without knowing the spectral decomposition of A, and so it is not a practical lower bound. In Section 3
we will make it practical by exploiting some geometrical properties related to the location of orthogonal
matrices in the subspace of symmetric matrices.

Before we close this section, we will look into another direction to add some geometrical under-
standing that explains the difference between the Frobenius condition number and the Euclidean
condition number. First we need to point out that singular matrices in S, except for the zero matrix,
are rank one matrices and they make an angle with the identity whose cosine is f (see [3]). Only for

n = 2, any matrix that makes this angle with the identity is a rank one matrix.
Now given a matrix A € S, with eigenvalues A; > A, and nonnegative trace (for the negative trace
works with —A), we have that

A=A— Al

is a rank one matrix and the closest rank one matrix to A. Note that the eigenvalues of A are A — Ay
and 0. We now compute the angle between A and A, which is the angular distance to the set of singular
matrices:

r(Ad) M —A) A

AllF lAllF /k% + k%()q —A2) /()\% + )Lg)

If we denote cos(A, Z) by y and square the last equation we have

)

cos(A, K) =

)/: =

S B ¢
A+ 23 (1

)+

Solving for % yields

Ml M y?
Aol A2 1—y2
Note that under our hypothesns Tl A | = k2 (A). Therefore, the following result has been established.

Theorem 2.4. GivenA € Sy, we have

e cos?(A, A)
2(A) = 1 —cos2(A, A)’

Our first observation is that even when cos(A, ﬁ) seems difficult to compute, it is not, since the
angle between the two matrices is given by the difference between and the angle that A makes
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with the identity. In Section 4, Theorem 2.4 will be extended to general nonsingular matrices of any
dimension (see Theorem 4.1).

Closing up, concerning the difference between the condition numbers kr(A) and k3 (A), the Frobe-
nius condition number is a function that measures how close A is to an orthogonal matrix, while the
condition number associated with the 2-norm is related to how close A is to the set of singular matrices.

3. Orthogonal matrices: location properties

As we saw in the previous section, any matrix that is close to an orthogonal matrix is well-
conditioned. In this section we will show properties about the location of orthogonal matrices. We
start by observing that the eigenvalues of symmetric orthogonal matrices can only take the values 1.
Indeed, all the eigenvalues of a symmetric matrix are real and because of the orthogonality they must
have absolute values equal to one.

Theorem 3.1. If Q is a symmetric orthogonal matrix with k negative eigenvalues then

n— 2k
cos(Q, ) = .
n

Proof. Based on the definition of the cosine between two matrices we have that

tr(Q) n—k)y—k n—2k
’I = = = . D
Os@Q D=yl = Java :

Clearly k can be any integer between zero and n. The extreme cases correspond to the identity
matrix I, and —I. Given k, we can define now the following surface

n — 2k
S,

):{Xesn:cos(x,l): n—Zk}.

All these surfaces, for 0 < k < n, are conical shells around I when n > 2k, and around —I otherwise.
Every orthogonal matrix is in one of these shells, and the only case when every matrix, in the shells,
is orthogonal is again n = 2. A consequence of this observations is that the set of orthogonal matrices
is in general disconnected, except for orthogonal matrices with the same inertia. It is worth pointing
out that several properties of matrices around the identity matrix are a consequence only of the fact
that the identity is an orthogonal matrix. Some of these properties can be generalized for arbitrary
symmetric orthogonal matrices (see Theorem 4.2 for an extension to general matrices).

Theorem 3.2. IfA € S, and the rank of A is k then for any symmetric orthogonal matrix Q we have that

Vk Vk
——= < A S —=.
- cos(Q, A) NG

Jn
Proof. Since A = > | Ax;x!, then

(QA)fF Sk Ai(Q, xixh)r _ >k At

cos(Q,A) = = =
@A QlFlIAlF VnlAlle VnlAlle

Now we have that

i A Qa X llkQal A _ vk

cos(Q,A)| = < < < ,
|cos(@ A= VnlAllF | VnlAlF Vil /n
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where A denotes the vector with the k nonzero eigenvalues of A. In the last inequalities we have used
first the fact that the Rayleigh quotient for an orthogonal matrix in absolute value is bounded by
one; and second the standard inequality between the 1-norm and the 2-norm, which completes the
proof. OJ

An interesting consequence is the following result.

Corollary 3.3. Given Q a symmetric orthogonal matrix and x a vector in R", then

1
——= < cos(Q, xx') <

1
Vn NG
If Q = I, the equality holds in the right inequality, and if Q = —I, the equality holds in the left inequality.

It is interesting to note how well located are rank one matrices with respect to orthogonal matrices.
The angle corresponding to the cosine in isverylarge as nincreases. Similar results were introduced by

Tarazagain [3,4] for the case of the identity matrix, which is obviously orthogonal. An easy consequence
of Theorem 3.2 is the following.

Corollary 3.4. IfAis singular and Q is any symmetric orthogonal matrix then

ST
e

The contrapositive is a more interesting result.

[cos(A, Q)| <

Vi1 then A is

Corollary 3.5. Given A € S, and any symmetric orthogonal matrix Q, if | cos(A, Q)| > o

nonsingular, and A has the same inertia of Q.
This result guarantees a circular cone around Q of nonsingular matrices similar to the cone intro-
duces by Tarazaga in [4], around the identity.

Now we introduce a characterization of symmetric orthogonal matrices. First of all, for a given unit
vector u, we will denote by H,, the Householder matrix

Hy =1 —2uu.

Recall that any symmetric orthogonal matrix Q has eigenvalues %1. If Q has k negative eigenvalues
then it can be written as

k n
Q= Z —xixf + Z x,-xf,
i=1

i=k+1

or modified as follows

n k k

t t t

Q= E XiX; — 2 E xix; =1—2 E XiX; .
i=1 i=1 i=1

Let us now multiply a couple of Householder matrices H, and H, under the condition that u‘v = 0

HyHy, = (I — 2uu®) (I — 2w") =1 — 2w — 2uu® — 4(uu")(wh) =1 — 2w’ — 2uul’.
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It is straightforward to generalize this property to the product of k Householder matrices to obtain

k k
t
[THy =1-22 s,
i=1 i=1

which yields the following result.

Theorem 3.6. If Q is a symmetric orthogonal matrix different from the identity matrix, then

k
Q = H Hu,- ’
i=1

where u; are the eigenvectors corresponding to the negative eigenvalues.

To close this section, as a by product of the previous results, we now develop a new practical bound
for the Frobenius condition number, Kr(A), of symmetric matrices, which is based on the location of
orthogonal matrices described above and also on the theoretical bound given by (12). Since cos(A, Q)
cannot be computed without knowing the spectral decomposition of A, we will estimate it by exploiting
the location of the orthogonal matrices, in particular by using Theorem 3.1, and the fact that Q4 belongs

to one of the conical shells S(I, ”_nz") for some k. Notice that there exists avalueofk =0,...,n—1
such that
n—2k-+1) n— 2k

< cos(A, 1) < .
n n

Once this value of k has been identified, we choose the shell associated with the end point, of the
interval above, closest to cos(A, I). If there is a tie any one of them can be chosen.

As a second step we need to find the matrix in that shell closest to A. For that we move from A along
=41, as a direction, if the selected shell corresponds to the right or the left end point of the interval,
respectively. Clearly, the angle between A and Q4 will be greater than or equal to the angle between A
and the closest matrix on the identified shell.

In what follows we will assume, without any loss of generality, that tr(A) > 0. The explicit calcu-
lations are obtained by forcing only one of the following equalities:

n— 2k
cos(A+al, I) = )
n

or

—2(k+1
cos(A—al,I) = w

In order to compute «, we first expand cos?(A + «l, I) as follows

5 <A+4all >§ (tr(A + al))? (tr(A))? + 2an tr(A) + o’n?
cos“(A+ual,I) = 5 = = .
A+ allzn tr((A+ al)®)n (tr(A%) + 2 tr(A) + o?n)n

Now, since cos?(A + al, I) = (”_n—Zk)z, using the expansion above we obtain

n((tr(A)? + 2an tr(A) + a?n?) = (n — 2k)%(tr(A%) + 2a tr(A) + o?n).
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This equation generates the following quadratic equation in «

n(n® — (n—2k)*)a’® + 2tr(A) (n* — (n — 2k)*)a + n (tr(A)* — (n — 2k)*tr(A%) =0,
and after simple manipulations we obtain

5, 2tr(A) n (tr(A))? — (n — 2k)tr(A?)
a” + o
n n(n? — (n — 2k)?)

)

whose solutions are

KON J (tr(A) )2 n (@) — (n— 202r@)

n n n(n? — (n — 2k)?)

; (13)

which is valid for k > 1. The extreme case k = 0 (SPD) will be discussed at the end of this section.

Since A forms an angle with the identity larger than the shell whose cosine with the identity is n—2k

—
we have that Hfm(l-‘A\)/H < "_,12", and as we will now argue, this condition guarantees that o can be

obtained as a positive value with the plus (+) sign in (13), recalling that tr(A) > 0. Indeed, from (13),
to be able to obtain a positive o, we need

n (tr(A))% — (n — 2k)*tr(A%)
n(n? — (n — 2k)?)

or equivalently

(n — 2k)%tr(A%) — n (tr(A))* > 0.
After some algebraic manipulations we have that

n(tr(A))? < (n — 2k)*tr(A%)

n(tr(A))?
tr(A?)
(tr(A)?  (n —2k)?
tr(A%)n = n?

< (n— 2k)?

’

which is precisely our angle condition, H;IEA«)/H < ”_72" squared. Summing up, for the case where

cos(A, I) is closer to ”_nz" than to w k > 1,and tr(A) > 0, it follows that

cos(A, Qa) < cos(A, A+ al),

and « is given by (13) with the plus (+) sign.

For the case where cos(A, I) is closer to % than to "_—nz" we have that

cos(A, Qq) < cos(A, A — «al)

and, after similar algebraic manipulations, we obtain the value of « as

L_r® J (tr(A) )2 ) — (= 20k 4+ 1)) ”

n n nn? — (n—2(k+ 1))32)
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which is valid for k < n — 2. The extreme case k = n — 1 will be discussed at the end of this section.
To guarantee that o can be obtained as a positive value with the minus (—) sign, in (14), we need to
prove that the radicand of the second term is nonnegative, and also that

n (tr(A)? — (n — 2(k + 1))%*tr(A%)
- nn? —(n—2(k+1))2)

or equivalently
n (tr(A)? — (n — 2(k + 1))%tr(A%) > 0. (15)

Since A forms an angle with the identity smaller than the shell whose cosine with the identity is

w, we have that IIngIiA«)/ﬁ > "_2(;‘“), which implies (15) by squaring in both sides. To prove

that the radicand in (14) is nonnegative we need

tr(A) \ _n (tr(A))? — (n — 2(k + 1))%tr(A2)
n nn2 — (n—2(k + 1))2?) ’

that, after algebraic manipulations, is equivalent to

(tr(A))? < ntr(A?). (16)

To establish (16) we recall that tr(A) = > ; X;, and so by Cauchy-Schwarz inequality

tr(A) = e"A < llellz 1Al = /nllAll2

where ) € R" is the vector with entries Ai, and e is the vector of all ones. By squaring both terms
in the last inequality we obtain (16). Summing up, for the case where cos(A, I) is closer to %’(H)
than to ”_TZI‘ k < n— 2, and tr(A) > 0, it follows that « is given by (14) with the minus (—)
sign.

Taking all cases into account we obtain the following conclusive theorem.

Theorem 3.7. Given A € S, satisfying w < cos(A, 1) < "712", where 1 < k < n— 2, and
tr(A) > 0, it follows that

n

Az ————F—,
e (A) cos(A, A+ «al)

(17)

where « is given by (13) with the plus (+) sign, and using the plus (+) sign in (17) if cos(A, I) is closer to
(n—2k) /n; or « is given by (14) with the minus (—) sign, and using the minus (—) signin (17), if cos(A, I)
is closer to (n — 2(k + 1)) /n.

Notice that the new bound (17) only requires the value of k, n, tr(A), and ||A||r. Note also that since
kp(A) = kp(—A), then when tr(A) < 0 we can apply Theorem 3.7 on the matrix —A and obtain the
same bound for xf(A).

Two practical comments are in order. The first one is related to matrices that are close to the
extreme conical shell that corresponds to I (k = 0) or —I (k = n — 1). In these cases we simply
compute (trivially) the angle between the matrix A and I or —I. Second if the inertia of the matrix A
is known then we know exactly the conical shell where Q4 is located, and then we compute the angle
between A and the corresponding shell. This bound will be sharper than the one given by the nearest
shell, unless they coincide.
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Practical estimator, Eq. (19), in the symmetric case

T T T T T T T
nfcos(A A+-alpha®eye(n))
2l ——-Cond-F 1
= -
L e .
£ N
= I
e N
i ~
I .
1 \
= ;
k3 .
3 B
ﬁ \'\
£ 10 =
=
+
<«
d
il il i aiaul i asuul o al sl | ETETEETIT
10* 10° 107 10" 10° 10' 10° 10° 10°
lambda

Fig. 1. Behavior of the condition number bound given by (17) for symmetric matrices of the form B = A + AI, where Ais a 10 x 10
random symmetric matrix and 1074 < A < 10%.

We now present a numerical experiment to evaluate the accuracy of the new bound (17) for in-
definite symmetric matrices. In Fig. 1 we compare, in a 1oglog plot, the value of kr(A) with (17) for
a family of matrices B: B = A 4+ Al where A is a random symmetric matrix (built with the rand (n)
function in MATLAB) of dimension 10 x 10, and 10~% < A < 10% This test matrices are chosen to
monitor the quality of the bound while moving from a matrix (A = 10~#) with approximately half
the eigenvalues on the positive side of the real axis, and half on the negative side, towards the identity
matrix (A = 10%). We observe, in Fig. 1, that the quality of the bound improves when the condition
number is reduced, and tends to the exact condition number when close to the identity matrix. We
also note that since (17) uses different shells to approximate k¢ (A), as a function of A, the estimating
curve is not smooth. A quite similar behavior, to the one reported in Fig. 1, is observed for different
choices of A and different values of n.

4. The general case

Let us now consider the general (not necessarily symmetric) nonsingular case. Some of the basic
results described in Sections 2 and 3 for symmetric matrices can be extended. It is straightforward
from the definition of k¢ (A) that

<Al A ' sp=tr(AA™Y) = tr(1) = n,

and using the Cauchy-Schwarz inequality we obtain
n=< AL AT S AT IFIAT I = HAIFIAT P = ke (A). (18)
Using now the usual definition of cosine of the angle between two matrices, it follows that

< AT, A7V >¢ n n

cos(AT,A™1) = - _ _
IATIFIA= F AIFIAT IF  kp(A)
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We observe that k¢(A) is inversely proportional to the cosine of the angle between A" and A™!, that

can be viewed as a measure of orthogonality, since A is orthogonal if and only if AT = A=, in which
case the cosine equals 1. From (19) we also observe that cos(A", A=1) > 0, and so

0 <cos(AT, A1) < 1.

Moreover, we can also consider the Singular Value Decomposition (SVD) for a general nonsingular
matrix A:

A=UzVv
Usmg the SVD we have that A1 = vE~10U7, and then if we set 0 = (0q,...,0p) and 6 =
(E .. )t we have that

n=<A, A" si=tr(AA"H) = rUuzVivE~ WU = tr(zx H =0'G
Using, once again, the Cauchy-Schwarz inequality but now with the SVD of A, it follows that

T~ ~
n=o020 < |ol2lo2-

Equality holds if and only if o and & share the same direction. Since o and & have both positive entries,
this happens if and only if o is a constant vector, and that constant must be 1 to be aligned with &.
This can be summarized in the following well-known result.

Lemma 4.1. Given a nonsingular matrix A, kg(A) = n if and only if A is orthogonal or a multiple of an
orthogonal matrix.

This last result justifies the previous claim that ¢ (A) can be viewed as a measure of orthogonality.
Moreover, similar to the conclusion drawn at the end of Section 3, in the general case the condition
number associated with the 2-norm is also related to how close A is to the set of singular matrices.

Theorem 4.1. Given a nonsingular matrix A, we have

1
K2 (A) < m

Proof. Since o1 > 0y > - -+ > 0, > 0, then the closest singular matrix to A is given by
n—1
A= Z oiuivf,
i=1

where u; and v; are the columns of U and V respectively. Clearly, A — A is a rank one matrix, and so

IA—Allr  on 1
IAlE - lIAlE — 1A=z IAllF

sin(A, A) =

Now, using that ||A]|> < ||A||r, we obtain

1
< )
(1A= 2 1Al (A2 [1Al12)?

1-— cosz(A,ﬁ) = sinz(A,Z) =
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which implies

1
2

K A gi,\
() 1 — cos2(A, A)

Finally, Theorem 3.2 can also be extended to general rank deficient matrices.
Theorem 4.2. If the rank of A is k then for any orthogonal matrix Q we have that
—ﬁ < cos(Q,A) < ﬁ
N RNV
Proof. Since A = >°¥ | oju;vY, then

(QA)F >k 0i(Q, uvt)e

A) = =
Q@A = ol JalAlr

Now we have that

Sioiluul _ Xisioi _ llolh vk
X X X " -
VnlAlle VhllAle ~ Vallollz © V/n
In the first inequalities we have used that Q is orthogonal and u; and v; are unitary vectors, and hence

for all i, [ufQvi| < |luill2|Qvillz = 1. For the last inequality we have used the standard inequality
between the 1-norm and the 2-norm, which completes the proof. [J

| cos(Q, A)| =
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