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Abstract

Jordan Algebras are an important tool for dealing with semidefinite programming
and optimization over symmetric cones in general. In this paper, a judicious use of
Jordan Algebras in the context of sequential optimality conditions is done in order to
generalize the global convergence theory of an Augmented Lagrangian method for
nonlinear semidefinite programming. An approximate complementarity measure in
this context is typically defined in terms of the eigenvalues of the constraint matrix
and the eigenvalues of an approximate Lagrange multiplier. By exploiting the Jordan
Algebra structure of the problem, we show that a simpler complementarity measure,
defined in terms of the Jordan product, is stronger than the one defined in terms of
eigenvalues. Thus, besides avoiding a tricky analysis of eigenvalues, a stronger nec-
essary optimality condition is presented. We then prove the global convergence of
an Augmented Lagrangian algorithm to this improved necessary optimality condi-
tion. The results are also extended to an interior point method. The optimality condi-
tions we present are sequential ones, and no constraint qualification is employed; in
particular, a global convergence result is available even when Lagrange multipliers
are unbounded.
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1 Introduction

Optimization problems on a symmetric cone have attracted a lot of attention in
recent years. The reason for this is the fact that the non-negative orthant of R™,
the second-order cone (Lorentz cone), and the positive semidefinite cone of sym-
metric matrices are examples of symmetric cones. The approach via symmetric
cones allows unifying many results for all these relevant problems (see, e.g.,
[1]), but when particularizing for each specific cone, one may exploit the specific
structure of the cone to obtain new results. In this paper we are particularly inter-
ested in the nonlinear semidefinite programming (NSDP) problem due to its large
number of applications such as material optimization [2, 3], control theory [4, 5]
and others [6-8].

Our goal in this paper is to consider the algebraic structure of NSDPs, via
the Jordan product, to improve the global convergence result of an Augmented
Lagrangian method for NSDPs. Typically, the global convergence is done proving
that a feasible limit point of a sequence generated by the Augmented Lagrangian
satisfies the KKT conditions under Robinson’s constraint qualification (RCQ) (or
Mangasarian-Fromovitz constraint qualification, in the context of nonlinear pro-
gramming). However, in [9], it was shown that such feasible limit points satisfy
the so-called Approximate-KKT (AKKT) necessary optimality condition, which
is a strictly stronger result. In particular, the dual sequence generated by the algo-
rithm may be unbounded, which is ruled out when RCQ is assumed.

In the context of nonlinear programming, several constraint qualifications weaker
than RCQ were defined such that a point satisfying AKKT is in addition a KKT
point. These have been called strict constraint qualifications, which gives new global
convergence results to KKT points under weaker constraint qualifications. This has
been a fruitful area of research in the past 10 years, where several constraint qualifi-
cations have been defined for this purpose. See, for instance, [10, 11].

One may say that weaker constraint qualifications, such as Abadie’s [12] or Guig-
nard’s [13] conditions, also imply the validity of the KKT conditions at solutions,
even though they are not strict. This is true; however, the importance of sequential
optimality conditions such as AKKT is not simply theoretical, as they are linked
to the fact that the sequences in its definition can be typically generated by several
primal-dual algorithms. In the context of nonlinear optimization, for instance, linear
constraints satisfy a strict constraint qualification, hence there is no need for a sepa-
rate analysis of degenerate linear constraints. Even when the KKT conditions do not
hold, one may say that sequential optimality conditions give an important notion of
stationarity; this is true in particular for a class of problems where derivatives are
absent at the solution [14] and approximate KKT conditions are the only notion of
stationarity available. Extensions of these ideas to several classes of problems have
been conducted (such as Nash equilibria [15], variational inequalities [16], quasi-
equilibrium problems [17], complementarity constraints [18], Banach spaces [19],
among others), together with extensions to second-order KKT conditions [20, 21].

In [9], an Augmented Lagrangian method inspired by [22] was analyzed
in the context of NSDPs; however, we expect that several other algorithms
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generate sequences that satisfy sequential optimality conditions such as AKKT.
For instance, for nonlinear optimization, Interior Point methods [23], Inexact
Restoration methods [24], Sequential Quadratic Programming methods [25], and
others. See [23]. For NSDPs, a Sequential Quadratic Programming method in
[26] was also shown to satisfy the AKKT optimality condition.

In this paper, we present an improvement of the global convergence of the Aug-
mented Lagrangian method for NSDP from [9]. We prove that by using the structure
of the Jordan product, inherent to the semidefinite cone, one may measure comple-
mentarity in a simpler and stronger way. This follows a previous work done in [27]
where, similarly, the structure of the Jordan product was exploited in an Augmented
Lagrangian algorithm for nonlinear second-order cone programming. We also show
that the Interior Point method from [28] satisfies this stronger optimality condition.

This paper is organized as follows. In Sect. 2 we present some basic ideas about
symmetric cones that can be seen in details in [29], and we prove that the new opti-
mality condition is stronger than AKKT in the context of NSDP. A discussion for
general symmetric cones is also presented. In Sect. 3 we show the improved global
convergence result of an Augmented Lagrangian method and an Interior Point
method for NSDPs. We conclude with our final remarks.

2 Complementarity measures on symmetric cones

Let us consider the nonlinear optimization problem over a symmetric cone below

Minimize f(x),
xeR”
subjectto g(x) € 7, (NSCP)

where f : R" - R and g : R" —» & are continuously differentiable functions, & is
a finite dimensional real inner product space and J#'C & is a symmetric cone, that
is, a self-dual, homogeneous cone with non-empty interior. It is well known that
2 induces an Euclidean Jordan Algebra (&, o) such that JZ'= {uou : u € &}, where
o : &X & — & is a bilinear operator such that:

1. wuov = vou,
2. uo(u*ov) = u*o(uov),
3. (uov,w) = (u,vow)forallu,v,w € &,

where u? = uou and (-, -) is the inner product of &’

It is well known that the most relevant symmetric cones are the Car-
tesian product of semidefinite cones S7 CS™, or second-order cones
K, :={z=(202) € RXxR"™ ! : 7, > |1z||} ¢ R™. Here, S™ denotes the set of
m X m real symmetric matrices and S’ denotes the semidefinite ones, while || - ||
is the Euclidean norm. When m = 1, both cones reduce to the set of non-negative
real numbers R,. In the case of the semidefinite cone S, the Jordan product is
given by XoY = (XY + YX)/2,X,Y € S™ whereas in the case of the second-order
cone K,,, the Jordan product is given by zow = ({2, w),zyw + wyz),z, w € R™.
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When m = 1, both products reduce to the usual multiplication of real numbers.
Note that the Jordan product over a Cartesian product of Jordan algebras can be
defined componentwise. Similarly for the inner product. In particular, a Jordan
product associated with the symmetric cone R is the Hadamard product. We
refer the reader to [29] and [30] for more details on Euclidean Jordan Algebras
and symmetric cones. In particular, an important tool is the spectral decomposi-
tion theorem below. To state it, let r be the rank of (&, o) and e its unity. A Jordan
frame is a set of idempotents {c,...,c,} C &, that is, cf = ¢, for all i, such that
cioc;=0foralli#jand Y_ ¢, =e.

Theorem 1 (Theorem II1.1.2 in [29]) For every u € &, there exists a Jordan frame
{ci(w),...,c.(w)} and so-called eigenvalues A\(u),...,A,(u) € R such that
u= Y, A, (). The decomposition is unique in the sense that if u =7y, _ nc
with a Jordan frame {c,,...,c,.}, and {n;}, {A,(w)} are chosen in increasing order,
then n; = A(u) for all i and Z{j:n,=§} ¢ = Z{j:n,:f} c;(u), for all & € R. Also, fixing
the ordering, the eigenvalues are continuous functions of u.

In [27], the following necessary optimality conditions for (NSCP) was
proved. Let us denote the Lagrangian function of (NSCP) by ‘Ax, u), where

(o, u) ER" X A= Ax, p) 1= f(x) — (g(x), ).

Theorem 2 ( [27]) Let x* € R" be a local minimizer of (NSCP). Then, there exists a
primal sequence {x*} C R",x* — x*, and a dual sequence { u*} C ¥ such that

VLA 1) = 0, (1)

Ag(x*) > 0= A(ud) >0, for alli=1,....r, )
c;(u*) = c;(g(x™), for alli=1,....r, 3)
g(out =0, 4

where pf =Y A(uO)e,(ub) and g(x*) = XI_, A(g(x*))c,(g(x")) are spectral
decompositions.

When the cone . in (NSCP) is the product of second-order cones (what we
refer as nonlinear second-order cone programming (NSOCP)), an Augmented
Lagrangian method was proposed in [27] such that its feasible limit points satisfy
the optimality condition given in Theorem 2. In particular, when a feasible point
x* admits the existence of a sequence {(x, )} C R” x % with x* — x* such that
(1), (2), and (3) hold, we say that x* satisfies the Approximate-KKT (AKKT) nec-
essary optimality condition, whereas when the sequence is such that only (1) and
(4) hold, x* is said to satisfy the Complementarity-AKKT (CAKKT) necessary
optimality condition.
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These are extensions of necessary optimality conditions well known in nonlinear
programming. Condition AKKT was introduced in [10] while CAKKT was intro-
duced in [31]. We note that these are genuine necessary optimality conditions with-
out the need of assuming a constraint qualification. In fact, they are strictly stronger
than Fritz-John’s necessary optimality condition.

In the context of nonlinear programming, the fact that CAKKT implies AKKT
follows trivially from the spectral decomposition of x € R™ as x = )" | x;e;, where
x; € R is the i-th component of x and e, is the i-th vector of the canonical basis, and
from the fact that the Jordan product resumes to the Hadamard product.

In the context of NSOCPs it was proved in [27] that CAKKT also implies AKKT.
In this case, a spectral decomposition of ze&R™ 1is given by
2= A_(2)c_(2) + 1,(2)c,(z), where A+(z) =zyx |1zl and ¢, (z) := 1/2(1,_|| )

when z # 0, and when 7 = 0, the term ﬂ can be replaced by any unit norm vector.

In particular, it was shown in [27] that the convergence of the Jordan product (4)
implies the convergence of the Jordan frames (3) in reverse order, namely,
e (W) = e (g(x™)).

Let us now show that CAKKT also implies AKKT in the context of nonlinear
semidefinite programming (NSDP). A discussion of CAKKT in this context was
considered in [9] but no adequate definition was available. Here, the spectral decom-
position coincides with the usual spectral decomposition of symmetric matrices,
where the Jordan frame {c;(X)} of X € §" is given by ¢;(X) := q,-(X)ql-(X)T, where
{g;(X)} forms a basis of R™ of orthonormal eigenvectors of X. We consider a single
semidefinite cone for simplicity of notation.

Theorem 3 [f J#'= S' then CAKKT implies AKKT.

Proof Let x* be a CAKKT point, that is, there exist {x*} c R" and {u*} C S” such
that x* — x*, V_AxK, u¥) — 0, and

28()opt = g )" + ue(x) — 0.
Consider the following decomposition

k

W =Y 4uF)e,(ub), ®)

M-

1

l

where A% := 4,(u*) and v} such that ¢,(u%) = V¥(v)) denote the eigenvalues and the
unitary eigenvectors of u, respectively, for alli = 1, ..., m. Given K’ C N an infinite
set, let us define

AKX = {i| 1im A* = 0}.
o =il lim 47 =0}
Let us fix K maximal in the sense that |A0K | is maximum. Thus,

. K o s k
JE A, > hrkré}(nf /lj > 0, (6)
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otherwise we could take a subsequence with indexes in K in order to increase the
cardinality of AJ. In this sense, A§ “captures” all eigenvalues of u* that converge to
zero. This allows us to define a new sequence of multipliers { ¥}, as follows: for
each k € K, we take the decomposition (5) of u* given by

p = SDSL.

Defining ji* = §,D, ST, k € K, where

. . K
Dy, = 0, l—]EAO.
y (Dy);,  otherwise

is the eigenvalue matrix obtained from D, making equal to zero the diagonal ele-
ments that converge to zero. Note that, fi* € ST, limy e (Dy — Dy) = 0 and hence,

280t = 2 op* + g(h)S (D — DS + Sy (D — DST (") =k 0.
@)

Also note that the same v, ..., V¥ are the eigenvectors of i (k € K), associated with
eigenvalues A" jé& AK and Zero for JjE A

It AK # ﬂ take Jj ¢ AK Let us show that the accumulation points of eigenvector
sequences v of ji ass0c1ated with /1" are eigenvectors of g(x*) associated with zero.
In this sense it is possible to decompose g(x*)so that A, (g(x )>0=> /1 (/4") —1ex 0
worth for these indexes j, and also for the pairing of these eigenvectors.

For each k € K, consider (/IJ’.‘, vJ’?) of ji*. Equation (7) gives us

(8GN + B eIV = (A + i) (W) = ek O.

Since ﬂj’?l + % — 1/2(liminf,c Aj’.)l € S7 and 1/2(lim inf;x A;)I is positive definite
for all k € K large enough, we have lim; g g(xk)v;‘ = 0. Thus, (0, v}*) is a pair of
eigenvalue and eigenvector of g(x*) where v]’.k is any point of accumulation of the unit
sequence {V{ };ex-
The above argument holds true for all j & AK Let us consider for simplicity that
={d+1,...,m}. Let us take K; C K so that hmkeK W=y K, C K so that
hmkeK v" =V and so on until K,. Note that v =0 for all ke Kd, i # j, and then

k *

vivi =0. Thus we build an orthonormal set 0f elgenvectors

V=071, ...v)

obtained as limits of eigenvectors of ji*associated with eigenvalues with indexes out
of AOK which is also an orthonormal set of eigenvectors of g(x*) associated to zero.
This provides the pairing of the eigenvectors of ji* e g(x*) required in AKKT for
indices j & AX.

We will now build a complete and paired basis of eigenvectors for g(x*). The fol-
lowing argument serves the case A('f =0.

V, can be completed to an orthonormal basis of R™ by taking eigenvector limits
not only on their first d (those with indexes outside Ag ), but on
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k ko k k
{vl,...,vd,vdH,...,vm}, 8)

in a construction similar to the previous one. This does not affect the previous dis-
cussion as it does not depend on the accumulation points we take. Let us say that
a subsequence K,, C K is obtained in this way. Each set {v’i‘, ,v;’;,vzﬂ, ,v*m}
obtained in this way will be orthonormal. Note that it is trivial that

2/(8(x*) > 0 = A(H") =4k O

for j € AK, since /lj’.‘ =0forallk € K, andall j € Af
It remains to be shown that the pairing of eigenvectors is possible. We will show
that, completing a basis of eigenvectors of g(x*) from eigenvectors in V., associated

with null eigenvalues, we managed to change the eigenvector basis (8) of the fi*’s
correspondingly.

If for some Ag 3 j 2 d+ 1'we have liminf; ¢, g(x]‘)vjlf = 0, then we extract a sub-
sequence if necessary to conclude that (0, vj’,k) is an eigenvalue and eigenvector pair
of g(x*). The remaining case is when IIg(xk)vj’.‘II >c¢>0,Vk> 1, k € K,. Suppose

without loss of generality that this occurs with eigenvectors v?, ..., v* r > d + 1. Let

. - . ; . . . L ]
Vi be unitary eigenvectors of g(x*) associated with positive eigenvalues,

taken in a way that

* * * ~% ~k
{vl,...,vd,...,vr_l,vr,...,vm}

is an orthonormal basis of R™ (which is possible since we can take vectors succes-
sively in each orthogonal autospace, and orthonormalize them). In particular, each
\7;‘, j = r, is combination of v, ..., v, that is,

m
= E avr.
J i
i=r

For each k € K,, we define

(af{ ’s are constants here). Note that, for j € AX, in particular j > r, (0, vJ’.‘) is a pair of
eigenvalue and eigenvector ji* and then

m

A = Y (i) =0,

That is, for j > r, we have (0, fzj’.‘) a pair of eigenvalue and eigenvector of ji*.
Moreover,

m

WP = Yl =0
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foralll < rand k € K,,, and
. ) m m _ m ) s 1’ l= .
= (Zaf(vf)TXZ“éV;) = ey = @)Y = { Sy
i=r p=r i=r

for all [ > r and k € K,,. We can then replace the basis (8) of eigenvectors of ji* by
its other orthonormal basis of eigenvectors

k k koo~k ~k
{Vl, T VAT VAR vm}.
Pairing eigenvectors with indexes j = r, ..., m follows from the convergence
lim 7 = v*.
kek,, J J

It is somewhat surprising that (4) is enough to ensure (2) and (3) in the context
of semidefinite programming. Note that (3) is needed in order for (2) to make
sense, since (3) provides a correspondence of the eigenvalues of the Lagrange
multipliers with the eigenvalues of the constraint function.

Let us show that when (3) holds with an additional continuity property of the
Jordan frame, we may provide a simple proof of this implication for general sym-
metric cones.

Theorem 4 Let 2 C & be a symmetric cone and x* € & satisfying CAKKT with a
primal-dual sequence {(x*, u*)}. Let us assume that there is a way of ordering the
idempotents of { g(x*)} and { u*} such that

c;(U*) = c,(g(x™), for alli=1,...,r, )
c;(g() = c;(g(x™), for alli=1,....7r. (10)
Then AKKT also holds.

Proof We have

ghopt =" N 4N A (U )ci(g())oc;(ub) — 0.

i=1 j=1
Given p =1, ..., r, we take the inner product with cp(yk). Since
(ci(80Noc;(u), ¢, (")) = (ci(g()), ¢;(u*)oc, (1))

and using the properties of the Jordan frame, we arrive at
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D 3, (1) AN e (). ¢, (1)) — 0.
i=1
That is, Ap(y")(g(xk), cp(,uk)) — 0. Let us take p such that 4,(g(x*)) > 0. Since
(3G, ¢, (1)) = D A Ne (8, ¢, (1)),
i=1

A(g(h) = A,(g(x*)), and (¢;(g(x*)), ¢, (u¥)) — 0if i # p and converges to
llc, (8 NII* > 0

otherwise, we arrive at (g(x*),c,(ub)) = 4,(g(x)llc,(g(x))|* > 0. This implies
that Ap(y") — 0 and AKKT follows. O

The following example shows that this extra assumption may not hold in general.

1/k l/k> and

Example 1 Let us consider the sequence of matrices g(x*) := <1 Tk 1/k

10
ko
us o= <00>.Then,

26(Fyopt = (f;’,ﬁ 16") =0

Computing the spectral decompositions we have:

ky _ 1/v2 1/V/2 3
g(x)—(2/k><1/\6><1/\f2,1/\6>+o<_1/\6><1/\6, 1/v2)

uk =1<(1)>(1,0)+0<(1)>(0,1).

Thus, since ¢, (g(x})), c,(g(x*)), ¢, (u*), c,(u*)) are different constant vectors, it is not
the case that (9) and (10) hold together, although the decomposition of g(x*) may be
chosen such that one of these limits holds.

Finally, we end this section with a discussion of the relation of CAKKT with the
optimality condition Trace-AKKT (TAKKT) introduced in [9] as a tentative to avoid
the eigenvalue computation in AKKT. A feasible point x* € R" of (NSCP) with
=S satisfies TAKKT when there are sequences {(x*, u*)} C R X ST, x* — x*,
such that (1) holds and the complementarity condition (4) of CAKKT is replaced by
(g(x*), u*) = 0. In [27], the relation of AKKT and TAKKT was clarified as being
independent conditions. However, CAKKT is strictly stronger than both conditions
in this context. To see this, it is sufficient to see that {g(x*), u*) = Tr(g(x*)ou"),
where Tr(-) denotes the trace operator. Since CAKKT implies both TAKKT and
AKKT, being the latter conditions independent [27, Example 3.1], it must be the
case that CAKKT is strictly stronger than both conditions.
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Note that the Sequential Quadratic Programming algorithm [26] and the Augmented
Lagrangian method [9] generate sequences whose feasible limit points satisfy both
AKKT and TAKKT, where in [9] an additional smoothness assumption is needed for
the TAKKT result, which we will describe in the next section.

3 Extended global convergence of an Augmented Lagrangian
algorithm and a primal-dual interior point method

An important use of sequential optimality conditions are their ability to improve global
convergence of algorithms. In NLP, it is well-known that relevant algorithms such as
Augmented Lagrangian, Sequential Quadratic Programming, Interior Point methods
and others have their global convergence results improved by sequential optimality
conditions [23]. In [26], the authors prove that a stabilized Sequential Quadratic Pro-
gramming method for NSDPs generates AKKT and TAKKT sequences. The result was
extended to CAKKT in [32]. In this section, we will improve the global convergence
of the Augmented Lagrangian method proposed in [9] for NSDPs and of a primal-dual
interior point method proposed in [28] for NSDPs showing that both generate CAKKT
sequences. This extends to NSDPs these known results in nonlinear programming [21,
31] and, in the case of the Augmented Lagrangian method, nonlinear second-order
cone programming [27].

3.1 Augmented Lagrangian

In order to improve global convergence results for the Augmented Lagrangian algo-
rithm, let us recall the definition of the algorithm. We use [A], to denote the projection
of A € S" onto S7. Given a penalty parameter p > 0, the Powell-Hestenes-Rockafel-
lar Augmented Lagrangian function L, : R" X S — R" for problem (NSCP) when
A = S'!is given by

L,(x, u) =fx) + %p{ll[# = pg@1 117 = Il (11)

where x € R", y € S, and [-], is the orthogonal projection onto S". The partial
derivative with respect to x is given by

VL,(x, u) = Vf(x) = Dg(x)*[u — pg(x)],. (12)

where Dg(x)* is the adjoint of the derivative operator Dg(x) : R* — S§™. The formal
definition of the algorithm is given in Algorithm 1.
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Algorithm 3.1 Augmented Lagrangian Algorithm

Letp; >0, 7€ (0,1), y>1and M > 0 be given. Define fi! € S”. Choose a positive
sequence {&} such that & — 0. Initialize k := 1.

(i) Determine x* by the approximate minimization of Ly, (x, @k), that is, a point x*
such that ||VL,, (x%, u*)|| < &.

ik ik
(ii) Define V¥ := [l;— — g(xk)] — 'L;—, which is used for updating the penalty pa-
k + k

rameter as follows: if k > 1 and ||V*|| < 7||V¥~1||, define py | := py, otherwise,

define pr.1 := YpPx-

(iii) Update Lagrange multipliers by computing u* := [[Lk — pkg(xk)] . » and defining
g1 = projs(u*), the orthogonal projection of u* onto S, where S C ST is the
set of matrices with spectral radius bounded by M. Set k := k+ 1, and go to (i).

Similarly to the previously known cases [9, 27, 31], the proof is based on the
assumption below. This is a weak assumption on the smoothness of the function
g. See [31].

Assumption 1 All feasible points x* € R” that are limit points of {x*} generated by
Algorithm 1 satisfy the generalized Lojasiewicz inequality below, that is, there exist
6 > 0 and a continuous function ¢ : B(x*;6) —» R,

with ¢(x) — 0 when x - x* and

|P(x) = P(x")] < ¢)IIVPMIl,  Vx € B(x";0)

where P(x) is the square of the Frobenius norm of [-g(x)], and B(x*;6) is the Euclid-
ean ball of radius 6 around x*.

In [9], the authors proved that the Augmented Lagrangian algorithm tends
to find feasible points in the sense that all limit points are stationary points of
the problem of minimizing P(x). Now let us show that Algorithm 1 generates
CAKKT sequences.

Theorem 5 Let Assumption 1 hold. If x* € R" is a feasible limit point of a sequence
(x*} generated by Algorithm 1, then x* satisfies CAKKT.

Proof By item (i) of Algorithm 1 and €, — O we have that
VF() = Dg) (7" = pg (O], = 0, (13)

where uk = [g* — pg(x)] + It remains to prove that
28 )ouk = g0k + uFg(x¥) - 0. We will consider two cases: when p, — +oo0
and when the sequence { p, } is bounded.
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(i) Assuming that p, — +oo, let us first prove that g(x*)u* — 0. Consider the fol-
lowing spectral decomposition
i k T
— —8(x") =S5 D;S,.,
Pk

where S, (Sj)(n orthogjnal matrix and D, is a diagonal matrix with all eigen-

values of L g(x*) ). Thus, we have that
Pr

ut = = pg()], = pSiID,1, ST

k
Since g(x*) = Ll + SkaSZ we have
Pk

—k
gGhyut = </;_k + SkaS£> kak[Dk]+SIZ (1

=S [D],.S; + piSiDil Dyl S 15)

—k
Note that g*S;[D,]1, ST = ji* ['M— —g(xk)] — 0. Then, it is necessary to
pk +

show only that

m

PSDADLS, = p Y LA 1s51T = 0,

i=1

where A¥,i=1,...,m are the diagonal elements of D, with correspondent
column s; of S;. Since S are orthogonal matrices for all k, there exists a sub-
sequence of {S,} that converges to some orthogonal matrix S. Hence, it is
enough to show that p, A¥[4*], — 0. This follows from the proof of [9, Theo-
rem 4.2], where Assumption 1 is used to ensure that pk[ﬂf]i — 0, which is

essential to complete the proof.
(i) Supposing now that { p; } is bounded, that is, there exists & such that for k > k,
the enalty arameter p, remains unchanged. Since

ok ok

vk = L g(xk) _r 0 and {z*} is bounded, one can take a subse-

P, + Pr
quence such that ji* converges to some u € ST with
(1 = P, 8], = p.

Considering the spectral decomposition fi* — p; g(x*) = §;D;S] with §; — S
and D, — D, we have that

u = S[D],S" and g(x*) = LS([D]+ -D)s".
ko

Hence,
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gwmﬂeamu=%&wh—mwhﬂ,
ko

with ([D], —D)[D], =0. With a similar argument used to prove that
g(xX* k= 0, one can show that ;*g(x*) — 0. Thus CAKKT follows.
O

3.2 A primal-dual interior point method for NSDP

It is well-known that interior point methods are widely used for solving NSDPs.
In this paper we consider the primal-dual interior point method from [28], but the
results can be extended to other interior point methods. In order to define the algo-
rithm, let us consider the positive barrier parameter ¢ and let us consider the per-
turbed complementarity measure g(x)u = oI, where I is the m X m identity matrix.
The idea of the method is to approximately solve the system of equations below for a
sequence of parameters o converging to zero, without losing interiority, that is:

V&) \ _ (0O
rx 1, 0) 1= (g(x)y —al> - <O>

gx)>0, u>0,

and

where we use A > 0 to denote that A is a symmetric positive definite matrix. In [28],
the authors propose a method for solving the subproblems while proving that under
Robinson’s CQ, assuming the subproblem can be solved, a KKT point is found at
the limit [28, Theorem 1]. However, we can easily show that in these conditions the
algorithm clearly generates CAKKT sequences, which is a strictly stronger result.
The algorithm is formally introduced as Algorithm 2 below.

Algorithm 3.2 Primal-dual interior point method for NSDP [32]
Let M > 0 be given and k = 0. Let {Gk} be a positive sequence such that 6% — 0.

(i) Determine (x*, u*) with g(x*) = 0 and u* = 0 such that
Ir(+*, 1, %) || < Mo (16)

(i) Setk:=k+1,and go to (i).

Theorem 6 If x* € R" is a feasible limit point of a sequence {x*} generated by Algo-
rithm 2, then x* satisfies CAKKT.

Proof Since r(x*, i, 6¥) — 0, we have that V.AX, y*¥) — 0 and ¢ — 0 with
u* € ST Since g(x*) € S™ we have u*g(x*) = (g(x*)u*)" — 0, hence
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g(@)ou* — 0 and CAKKT follows. O

4 Final remarks

In [9], an Augmented Lagrangian method for NSDPs was introduced with global
convergence theory based on a constraint qualification strictly weaker than Robin-
son’s constraint qualification. Thus, as far as we know, the case of an unbounded
Lagrange multiplier could be treated for the first time. There, two necessary opti-
mality conditions were introduced which are satisfied by feasible limit points of the
algorithm. In one of them, complementarity is measured in terms of the eigenval-
ues of the constraints and an approximate Lagrange multiplier matrix; and in the
other, one relies on the inner product structure of S™. It was shown in [27] that these
are independent global convergence results, in the sense that no optimality condi-
tion is implied by the other. In this paper we show that the optimality condition
CAKKT presented in [27] is strictly stronger than both optimality conditions pre-
viously defined in [9], and we show that the Augmented Lagrangian method still
enjoys global convergence to points satisfying this renewed condition. We extend
our results by proving similar properties for an Interior Point method, which are also
satisfied by Sequential Quadratic Programming methods [26, 32]. The results were
obtained by exploiting the Jordan algebraic structure of NSDPs, which points to a
more general global convergence result in the context of optimization over a general
symmetric cone, which will be the subject of further studies.
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