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Abstract

The delayed weighted gradient method, recently introduced in Oviedo-Leon (Com-
put Optim Appl 74:729-746, 2019), is a low-cost gradient-type method that exhib-
its a surprisingly and perhaps unexpected fast convergence behavior that competes
favorably with the well-known conjugate gradient method for the minimization of
convex quadratic functions. In this work, we establish several orthogonality proper-
ties that add understanding to the practical behavior of the method, including its
finite termination. We show that if the n X n real Hessian matrix of the quadratic
function has only p < n distinct eigenvalues, then the method terminates in p itera-
tions. We also establish an optimality condition, concerning the gradient norm, that
motivates the future use of this novel scheme when low precision is required for the
minimization of non-quadratic functions.

Keywords Gradient methods - Conjugate gradient methods - Smoothing techniques -
Finite termination - Krylov subspace methods

1 Introduction

Recently [13], Oviedo proposed a low-cost method for the minimization of large-
scale convex quadratic functions, which is based on a smoothing technique com-
bined with a one-step delayed gradient method. For gradient-type methods, smooth-
ing techniques were previously developed [1, 11], as well as delayed schemes [7,
12]. A skillful combination of these independent ideas produces the so-called
delayed weighted gradient method (DWGM), which exhibits an impressive fast
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Table 1 Gradient norm at each iteration (Iter /) of DWGM, CG, and CR, from the same initial point, for
the minimization of a strictly convex quadratic function when n = 5, and the eigenvalues of A are given
by A, =i,forl <i<5

Method Iter 1 Iter 2 Iter 3 Iter 4 Iter 5
CG 1.3347 0.6458 0.2418 0.0368 0.0
CR 1.2934 0.5778 0.2231 0.0363 0.0
DWGM 0.6679 0.2259 0.0442 0.0064 0.0

Gradient norm
Gradient norm

1 2 3 4 5 6 7 8 9 10 11 o 10 20 30 40 50 60
Iterations Iterations

Fig. 1 Convergence history of DWGM, CG, and CR, from the same initial point, for the minimization of
a strictly convex quadratic function. On the left, n = 11 and we use the following distribution of eigenval-
ues of A: A, =0.1, 4, =i for2 <i <10, and 4;; = 1000. On the right, n = 60 and we use the following
distribution of eigenvalues of A: A; = 0.1, 4; = ifor 2 <i <59, and 44, = 6000

convergence behavior that compares favorable with the conjugate gradient (CG)
method [13]. Moreover, we have observed that in exact arithmetic DWGM also
exhibits finite termination, which is a well-known property of the CG method, as
well as the Conjugate Residual (CR) method, in the convex quadratic case [14].
Nevertheless, from the same initial guess, DWGM produces a different sequence of
iterates to converge (or to terminate) at the same solution obtained by the CG or the
CR method (see Table 1, Fig. 1 below). In this work we will establish several prop-
erties of the DWGM method, including its surprising finite termination for convex
quadratics.

The rest of this document is organized as follows. In Sect. 2, we briefly describe
the DWGM algorithm and list the convergence properties established in [13]. In
Sect. 3, we describe and establish the additional properties concerning the orthog-
onality relationships that exist among the involved sequence of vectors produced
by the DWGM algorithm, and we also establish the key results concerning finite
termination and optimality of the gradient norm. In Sect. 4, we present some final
remarks and perspectives.
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Properties of the delayed weighted gradient method 169

2 DWGM algorithm
Let us consider the minimization of the strictly convex quadratic function
fx) = %xTAx —b'x, 2.1

where b € R", A € R™" is a symmetric and positive definite (SPD) matrix. Since
A is SPD and the gradient g(x) = Vf(x) = Ax — b, then the global solution of (2.1)
is the unique solution A~'b of the linear system Ax = b. For large n, many low-
cost iterative methods have been proposed and analyzed, and in particular some of
the so-called gradient-type methods have shown to be very competitive since they
show an impressive fast linear convergence; see, e.g., [2-6, 9]. They can all be seen
as improved extensions of the classical steepest descent method. From a starting
point x, € R", the well-known steepest descent (or gradient) method is given by the
iteration

X1 =X — 48

where g, = g(x;) and 4, is the minimizer of f(x, — Ag,). Therefore, if g, # O,

é{gk
= ——

. 2.2)
gZAgk

This classical low-cost method is globally convergent but its rate of convergence is
very slow in most practical cases.

We focus our attention on the DWGM method, that can be viewed as a special
gradient-type method. Following the development in [13], the DWGM algorithm is
now presented.

Algorithm 1 DWGM

Require: A € R™" SPD, xy € R", x_1 = z0, g0 = ¢9(%0), g-1 = go, € > 0.
1: k=0

2: while ||gx||2 > ¢ do

3: wy, = Agg
4 ar, = gFwp/wlwy,
5: Yk = T — QG

6: Tk = gk — QpWg

7 Be=gl_1(ge-1 — )/ llge-1 — &3
8 Tpy1 = Th—1 + Br(yYk — Tp-1)

9 Gkr1 = k-1 + Br(re — gr-1)

10: k=k+1

11: end while

Notice that the iterations in Algorithm DWGM are stopped when the 2-norm of
the gradient at x, is less than or equal to a preestablished small tolerance € > 0. Note
also that in addition to the sequence of iterates {x, }, the algorithm DWGM generates
an auxiliary sequence {y, }, and two associated gradient-type sequences given by
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170 R. Andreani, M. Raydan

8k = Axk -b and r, = Ayk - b. (2.3)

Finally, we note that at every k, the scalar f, is chosen at Step 7 to guarantee that
gzﬂ(rk — 8x—1) =0, and the scalar a; is chosen at Step 4 to minimize the gradient
norm along the negative gradient direction, as explained in [13, p. 731]; see also [5].

In [13], it is established that g, > O for all &, that the sequence {||g;||,} is mono-
tonically decreasing, and moreover that the sequence {g,} converges to zero g-line-
arly when k goes to infinity, which implies that the sequence {x;} converges to the
unique global minimizer of f{x). Furthermore, from the proof of Lemma 1 in [13], if
&r # 0 we notice that

2 2 T
el = 1lglly — a8, Agks
and also that

gksrlla < Mlrella < llgillz < Nreylla- 24

Since a; can be seen as an inverse Rayleigh quotient of A evaluated at the vector
A'2g,, where||g.|l, # 0, then for all k

< oo, (2.5)

where 4,,;,(A) and 4,,,,(A) are the smallest and largest eigenvalues of A, respectively.

3 Additional properties of DWGM
Let us recall that, in exact arithmetic, the A-orthogonality of the set of all search
directions plays a fundamental role in the finite termination of the CG method. Simi-
larly, the A-orthogonality of the set of all residual vectors plays a fundamental role
in the finite termination of the CR method see, e.g., [14]. We note that a similar
A-orthogonality is not imposed on any of the vector sets used by DWGM, however
it also exhibits finite termination for convex quadratic functions, as can be observed
in Table 1 and Fig. 1. In order to establish this important fact we need a few prelimi-
nary results, which include a few unexpected A-orthogonality relationships.
Lemma 1 In Algorithm DWGM

(a) py = 1, and hence x; = yyand g, = r,,.

The following equalities hold for all k > 0

(b)r[Ag, =0.

T, _ T
©r rn=r.8
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@) g, (=8 =0

Proof (a) Since g_, = g, using the definition of g, at Step 7 and «;, at Step 4, com-
bined with the equality at Step 6, we obtain

By = gg(go = 1)/ lgo — roll, = ao(g(fWo)/aSIIwOII% Ago/(ao goAng) =1
Now, using f, = 1in Steps 8 and 9, it follows that x; =y, and g; = r,.
(b) Combining Steps 6, 4, and 3, we have
r Agk (8 — 4 A8y Agk g/{Agk - ak(gZAzgk) =
(c) Using Step 6 and (b) we obtain
rkTrk - rkTgk = rkT(rk -8 = —ak(rkTAgk) =0
(d) Follows from the definition of f, at Step 7 and simple algebraic manipulations.

O

We note that the choice of a; accounts for rkTAgk =0 for all k£ > 0, which is an
A-orthogonality result that will play a key role in the rest of this section.

Lemma 2 Algorithm DWGM generates the sequence of gradient vectors {g,} such
that for all k > 1,

8 Ag_1 =0.

Proof Using (a) and (b) from Lemma 1, it follows that g, =7, and

Ago AgO = 0, and the result holds for k = 1. Let us now assume, by induction
on k, that gk TAg, ; =0up to k =k > 2, and consider the next iteration. Hence, we
need to show that g]A(HAgk = 0. Using Step 9, (b) from Lemma 1, and noticing that

by the inductive hypothesis gT_ Agy = 0, we have

81, Agt = 8oy + Bl — 1)) Agy = (1= Bg;_ Ag + Br{Ag; =0,

k+1

and the result is established. O

Lemma 3 [n Algorithm DWGM the following statements hold for all k > 1

(a) ggrk | =8 8t

(b) g _17% = 84_18k

(©) & Tk—1 = &1k

(@A) Mgg—y = relly = llge—y — ||2 (gkAgk)z/gkAng]
© &, (& —8-1)=0

Proof (a) Using Steps 4 and 6 and Lemma 2, we have
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gz(rk—l = 8k-1) = _ak—ngAgk—l =0.
(b) Similar to the proof of (a),
g (re — &) = — g Ag, = 0.

(c) The result is obtained directly from (a) and (b).
(d) Using Step 4 and 6 of the DWGM algorithm and Lemma 2, we have

lgk—1 — ”k”% =gkt — & + akAgk||§
= llgios — &lls +2(81-1 — 80 A + a8 A%g;
= llges — &l — 20,8] Agy + a7 [ A%g,
= llgeer — &ll3 — (g1 Ag)* /gL A8,

(e) Combining Step 6 of the DWGM algorithm, (d) from Lemmas 1 and 2, it follows
that

gl+1(gk = 8k-1) = 8Z+1(rk + AL — 8r-1) = gl+1(rk — 8-+ ang.HAgk =0.

Lemma 4 In Algorithm DWGM the following statements hold for all k > 1
(@) 81811 = 81118k = 8y Sier
D lg — &l =g (a1 — &)
© B =& (@1 — 8/ (I1gxr — &ill3 — [(8] Ag)* /g A%g,]) > 1.
Proof (a) Combining Steps 3, 6, and 9 of the DWGM algorithm, we get

g;{+18k+1 = g/{“(gk—l + B8k — i1 — ALY = g]{Jrlgk—l + ﬂkg]{H(gk = 8k-1) — akgI{HAgk’

From (e) in Lemma 3 5 +1(gk 8k 1) =0, and from Lemma 2 we have that
ngAgk =0, and so gk+1gk+1 gk+1gk - Now, using again (e) in Lemma 3, we
obtain that

g]z_'.]gk—l = g:+]gk'
(b) From (a) we obtain g[(gk — 8«1) =0, and hence
0=(8 — &1+ &) & —8&1) =g — &1l — &_ (&1 — &)

which implies that [|g,_; — g,Il5 = g;_, (g1-1 — &)-
(c) First, by Cauchy-Schwarz inequality and (2.4), we obtain

T 2_ T
818k < gkt ll2118kll2 < l1gk=11l5 = 811 8k=1>
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and hence, using (b) in Lemma 3, we have that g/ (g, —r) = &{_,(8&_; — &) > 0.
Therefore, the numerator at Step 7 of the DWGM algorithm is positive and g, > 0.
Now, combining Step 7 of the DWGM algorithm with (b) and (d) in Lemma 3 we
get

g (@ — 1) 3 g1 (@ — &)
gt = rell3 (llgxos — &ill3 - (gkAgk)2/8,{A28k])

b = 3.1

Since f, > 0 and g,{_l(gk_1 — &) > 0, we obtain that the denominator in (3.1) must
be also positive. As a consequence

0 < (g/ A8 /81 A8 < llgior — &ll>-
and we conclude using (b) that in (3.1) the numerator is strictly bigger than the

denominator and both are positive, which establishes that g, > 1. O

In what follows we will establish some key A-orthogonality results, which will
be obtained simultaneously using an inductive argument.

Theorem 5 Algorithm DWGM generates the sequences {g,} and {r,} such that
(i)ForkZZ,gl{Agj=O forall —-1<j<k-2.
(ii) Fork > 2, rZAgj:O forall —-1<j<k-2

Proof Concerning (i), since g, = g_;, §; = 1o and o, > 0 (see (2.5)), using (e) from
Lemma 3 and Steps 4 and 6 of the DWGM algorithm we obtain

8Ag 1 = 83A% = £3(8 — 10)/ % = &5 (80 — &)/ =0, (3.2)

and the result is obtained for k = 2. Concerning (ii), since o, > O for all k [see (2.5)],
using (e) in Lemma 3, (a) in Lemma 1, Step 6 (twice), Lemma 2, and (3.2), it fol-
lows that

1 1 | 1
rAgy = —r3(8y — 1)) = ——r3(8 — 8) +0 = ——r1 (g, — 8) + — &4 (8 — o)
40 <) a )

1 147 o
= —(g, — )" (g, — 80) = =8 A(g, — 80) = —[glAg, — g1 Ag_11=0
ap ap ap

Since r]Ag_, = riAg, = 0, the result is established for k = 2.
Let us now assume, by induction on k, that (i) and (ii) hold up to k = k>3, and
consider the next iteration. Hence, we need to show that g Ag/ = 0, and also that

rl{ Ag; =0, for all -1 <j<k-1
For —1 <j < k-2, using Lemma 2, Step 9 of the DWGM algorithm, and the

inductive hypothesis associated with (i) and (ii), we have that
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8 Ag = @iy + Bl — 83-)) Agy = (1 = Bg]_ Ag; + pir] Ag; = 0.

For j = k — 1, using Step 6, adding and subtracting 8i—o» and then using the fact that
Ty — 8i—n = (8 — 81—n)/ B, (from Step 9 of DWGM algorithm), we get
T o1 7 X N1 R . R
81,481 = 0‘12—1gi‘+1<gk_1 - rk—l) = _a]}_lg,;ﬂ(’"k—l ~ 82t 82— gk—l)

[y )
= _“12—1 [ﬂfc—l 81 (gk - gk—Z) +g,;+l (gk_2 - gk_1>],

Adding and subtracting g}{ﬂ 8i_p» using (e) from Lemma 3, and Step 9, we obtain

T o T N — on

81, A%t = —— +8; (g: —gA_>
k17 ok=1 a_ B, kr1\ok-2  Sk-1

T
= 184, (812_1 - 812_2) =" [(1 - ﬂ/;)g/;_l + ﬁ/;r:z] (812_1 - 812—2)’

(3.3)
where y; = (f;_, — 1)/(a;_, B;_;) is a well-defined positive number. Finally, from
(a) in Lemma 4 we have that gg_l(g,;_l — g;_,) = Oand also that glg(g,;_l -8 =0,
and hence using (3.3) combined with Step 6, Lemma 2, and the inductive hypothe-
sis, yields
Aot = 1By 8ot — 8i2) = 1iBi (8 — @AY (83-1 — 8i2)

T
gfc+1

= 7P 8{AGi_2 — 8iot) = 1ifre [8] A — 8 Agi1] =0,

and (i) is established for all k > 2 and for—1 <j <k —2.
Concerning (ii), for —1 <j <k —1, using Step 9 of the DWGM algorithm,
Lemma 2, (i) which has now been established, and that g, > 1 for all k, we obtain

T 1 T 1 7 P —1 4
ro. A8 = —— 812 + (Biyy — D&iI'Ag; = —5; Ag+ ——8,Ag; =0,
e g S T T A

and (ii) is also established. O

Summing up, combining (b) from Lemma 1 with (ii) from Theorem 5, it fol-
lows that rZAgj =0 for j=k and for j <k —2. In other words, for all k, r; is
A-orthogonal to all previous gradient vectors except to g,_;. Moreover, combining
Lemma 2 with (i) from Theorem 5, it follows that for all k, g, is A-orthogonal to
all previous gradient vectors, i.e., for all £ > 1

nggj =0 forall j<k-1. 3.4)

We are now ready to show the finite termination of the DWGM algorithm.
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Properties of the delayed weighted gradient method 175

Theorem 6 For any initial guess x, € R", Algorithm DWGM generates the iterates
X, k > 1, such that x,, = A~1p.

Proof From (3.4) we have that the n vectors g;, 0 < k < n — 1, form an A-orthogonal
set, and hence they form a linearly independent set of n vectors in R". Therefore, the
next vector g, € R"” must be zero to be able to keep the A-orthogonality with all the
previous gradient vectors. Thus, Ax, = b and hence x, = A~'b. O

It is worth noticing that in exact arithmetic the final termination of DWGM, as
in the CG and CR methods, is related to the number of distinct eigenvalues of the
matrix A, and not to the dimension of A. In Fig. 2 this fact is illustrated on a strictly
convex quadratic function, with n = 1000 and for which the matrix A has only 5
distinct eigenvalues. Indeed, we can observe that the three methods terminate in 5
iterations. A key observation, before establishing this important result, is that for
each k the gradient vector g, generated by DWGM belongs to the Krylov subspace
Kis1(A, 8o) (to be defined in our next lemma) that only depends on the matrix A and
the initial gradient vector g,,.

Lemma 7 In Algorithm DWGM, for all k > 1

8 € Kii (A, g9) 1= spanf{gy, Ag, A’gp, - A'gy ).

Proof For k =1, using (a) in Lemma 1, we have g, =r, = g, — ayAg,, and so
81 € span{gy,Agy}- Let us now assume, by induction on k, that forall1 <j <k

n=1000, 5 distinct eigenvalues
10° T T T T T T T

10°

10°

Gradient norm

10710

L 1 1 1 1 1 1 1

1 1.5 2 25 3 35 4 4.5 5
Iterations

10718

Fig.2 Convergence history of DWGM, CG, and CR, from the same initial point, for the minimization
of a strictly convex quadratic function, when n = 1000 and the matrix A has only 5 distinct eigenvalues,
equally distributed in the interval [10, 1000], each one repeated 200 times
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g €K 1(A g) = span{gO,AgO,Ang, ,Ajg(,},
and consider g, , ;. From Step 9 and Step 6 of the DWGM algorithm, we have
8is1 = (1 = By + Bire = (1 = Bgk—1 + Br&k — Pt A8y

By the inductive hypothesis, g;,_; € Ki(A,g8)), & € K 1(A,8y), and so
Ag, € K »(A, gg). Consequently, g, € K;,,(A, gy) and the result is established.
a

Krylov spaces are closely related to polynomials. In fact, for any nonzero vec-
tor z € R"” and any positive integer m, it is clear that

K,(A,2) := span{z,Az,A%z, ... ,A" 'z} = {q(A)z : ¢ € P,_}»

where P,,_, denotes the space of all polynomials of degree at most m — 1. Let us
recall that the minimal polynomial of z with respect to A is the nonzero monic poly-
nomial § of lowest degree such that G(A)z = 0. The results stated in our next theo-
rem are well-known and we present them here without a proof; for a complete dis-
cussion on the connection between Krylov spaces and polynomials see, e.g., [15,
Ch. VI] and [16, Ch. 4].

Theorem 8 The Krylov subspace IC,,(A, 2) is of dimension m if and only if the degree
of the minimal polynomial § of z with respect to A is greater than or equal to m.
Moreover, if  is the degree of the the minimal polynomial § of z with respect to A,
then IC, (A, 7) is invariant under A and IC,,(A, z) = K, (A, z) for all m > 1.

We note that, based on Theorem 8, the degree of the minimal polyno-
mial § can also be characterized as the smallest positive integer # such that
ICn(A, 7) = ICn +1(A,2). In particular, the relation between Krylov subspaces and
the minimal polynomial of the initial gradient vector g, has played a fundamental
role to study the finite termination of the CG and CR methods when the matrix A
has only p < n distinct eigenvalues; see e.g., [10, 14]. It will also play a key role
to study the finite termination of the DWGM algorithm at iteration p.

Theorem 9 If A has only p < n distinct eigenvalues, then for any initial guess
xy € R" Algorithm DWGM generates the iterates x;, k > 1, such that X, = A1b.

Proof Since A is symmetric and positive definite, the eigenvalues 4;, 1 <i < p, are
positive and the associated eigenvectors v;, 1 <i < n, can be chosen to form an
orthonormal set. Without loss of generality we can assume that the eigenvectors
{vi,...,v; } are associated with 4,, the eigenvectors {v; ., ..., v; } with 4,, and so
on, until finally the eigenvectors {"ip,l’ ...,v,} are associated with ﬂp, where
1 <ij <+ <i,y <n. Clearly, the set of eigenvectors form a basis in R", and so
there exist real scalars y;, 1 < i < n, such that
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Zij"'zyj +Zij—2w

Jj=i+1 Jj= lp 1
~ i ~ iy P N n
where W, = Zi=l Yjvj, Wy = Zz 1 1V and so on until W, = ZJ SN Hence,
8o € span{w,,w,, ... w }. Moreover, for any 1 <j < p, Aw = /llw,, and so the sub-
space span{w, w,, ..., } is invariant under A. Furthermore forany0 <k<p-—1,

Akgy = Z" Ak w; and we obtarn the following column-wise matrix equality

| | N R

8o Agy =+ APTlgy [ = Wy Wy e W, |l : N (3.5)
| | (I LA, - 4

We note that the second matrix on the right hand side of (3.5) is a real p X p Van-
dermonde’s rnatrix, whgse determinant is giyerl by Hrgiqu(ﬂj - Al-);. sr:e, e.g., [8,
Sect. 6.1]. Since the p eigenvalues of A are distinct, we conclude that it is a nonsin-
gular matrix. Hence, the column space of the two n X p matrices in (3.5) are equal,
which implies that

K,(A,g) := span{gO,AgO,Ang, ,Ap_lgo} = span{vAvl,vsz, W, }

Consequently, KC,(A, g) is also invariant under A, which in turn implies from Theo-
rem 8 that the degree of the the minimal polynomial g of g, with respect to A is p.
Therefore, combining (3.4) and Lemma 7, it follows that the only way for the vector
g, to be A-orthogonal to all the previous gradient vectors while being in K, (A, g,) is
that g, = 0. Thus, Ax, = b and we obtain that x, = A~'b. O

In addition to the A-orthogonality results shown in Theorem 5, we can also
study the A-orthogonality of the current gradient g, with all the previously
explored search directions. As can be noticed from Step 8 of the DWGM algo-
rithm, the search direction to move from x, to the next iterate is not given explic-
itly, instead it is given the direction to move from x,_, to x;, ;, which uses the aux-
iliary vector y,. Nevertheless, we can consider the vector x, — x;_; as the search
direction to move from x,_, to x,. Notice that for any 1 <j <k,

8FA(x = x-1) = gl | (Ax, = b) = (Axy = )] = F (&~ g-1)-
Using this equality, our next result establishes the mentioned A-orthogonality.
Theorem 10 Algorithm DWGM generates the sequences { g, } such that for k > 2

8 (g/ _ ) 0 foral 1<j<k (3.6)

Proof Let us notice, from (e) in Lemma 3, that g, T(g, — o) = 0, and so the result is
obtained for k = 2. Let us now assume, by mductron on k, that (3.6) holds up to
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178 R. Andreani, M. Raydan

k=k> 3, and consider the next iteration. Hence, we need to show that
g{ﬂ(gj —g ) =0forall-1 <j<k+1.

When j = lAc, the result follows directly from (e) in Lemma 3, and when j = k+ 1,
the result follows directly from (a) in Lemma 4. Now, if j < k — 2, using Steps 6
and 9 of the DWGM algorithm, the inductive hypothesis on (3.6), Lemma 2, and (i)

from Theorem 5, we have
81, (8= 8-1) =[(1=F)ge + Biri] (8- 81) = Birt (85— 8-1)
= fi(g — Ag) (8- g1) = —0i B8 A8 — 8j-1)
= —a/zﬁz[(g{f\gj> - (g,ngj_lﬂ =0.

Finally, when j = k — 1, using Steps 6 (twice) and 9 of the DWGM algorithm, (d)
from Lemmas 1, 2, and (i) from Theorem 5, we obtain

81, (81 = 8i22) = 81, (81t — e+ 1= gi2) = 81, (7 = 812)

=8, (81 — A%t — 8i2) = 81, (81 — 8i2)
= 81 (82 + Bt (o1 = 812) — 812) = By, (7o — 812)

= Fi18;,, (81 = 8 = 1A8i1) = B8y, (811 — 8i2)-

Therefore, (f;_; — l)glal(g,;_l —83_,)=0. Since f,>1 for all k>1 [(c) in

Lemma 4], we conclude that g1§+1(gf‘—1 — 8i_») = 0, and (3.6) is established. O

Let us recall that the step length a; is obtained in the DWGM algorithm to
guarantee that the gradient norm is minimized along the negative gradient direc-
tion to obtain y,; see [13, p. 731]. Our next result establishes, using Theorem 10,
that the gradient norm at iteration k actually attains the minimum possible value
on the linear manifold (subspace if x, = 0) of dimension k generated by all the
search directions that have been explored so far:

k
Ve = {xER" : x=x0+z;1j(xj—xj_]) and n; € R, for lsjsk}.
j=1

In that sense, the gradient norm in the DWGM algorithm plays a similar role to the
one played by the objective function in the CG method. Indeed, in the CG method
(starting at x, = 0) the step length is chosen to guarantee that the function value f(x)
is minimized along the k-th search direction, but in reality based on the orthogonal-
ity of the gradient with all the previous search directions, the function value attains
the minimum value on the entire explored subspace.

Corollary 11 In Algorithm DWGM, for all k > 1, the iterate x, is obtained such that
lgx|l5 is the minimum possible value of || Vf (x)||, on V,.
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Proof Let us notice that the minimization of || Vf(x)||, = ||Ax — b||, subject to x € V,
is equivalent to the unconstrained minimization of

k 2 k

GOn) = ACo + Xm0y =x-)) = b =13 n(g; = gD +&ol| - BT

Jj=1 2 Jj=1 2

2

where n = (1, ..., )" € R¥. Notice that the objective function G(y) is clearly a
strictly convex function in R*. Hence, (3.7) has a unique solution, say #* € R, and
let us define R(n*) = (Z]’.‘zl n}?"(gj - gj_l) + gy) € R". Since G(#) is strictly convex,
the necessary optimality conditions

9G(n)

dnj

= R(ﬂ*)T(gj - gj_l) =0, for 1 <j< k,

are also sufficient. Hence, it follows that R(n*) is orthogonal to the subspace gener-
ated by the vectors {g, — g,_;»---,& — &o}- From Theorem 10 we have that g is
also orthogonal to the subspace generated by {g;, — g;_;,..., 8 — 8o} Moreover,
notice that choosing # € R¥ such that n;=1for 1 <j <k, we obtain that x;, € V},
and R(n) = g,. Therefore, by the uniqueness of the solution of (3.7) we obtain that
8 = R(n*) € R". Using now the equivalence of the two minimization problems
stated above, we have that the iterate x; in algorithm DWGM can be written as

k
.xk b xO + 2 ﬂJ*(xj _xj—l)’
=

and the result is established. O

4 Conclusions and perspectives

We have discussed and established several properties of the DWGM algorithm, orig-
inally developed and analyzed in [13], which add understanding to the surprisingly
good behavior of the method. In particular, we have shown the A-orthogonality of
the gradient vector at the current iteration with all the previous gradient vectors,
which yields the finite termination of the method for the minimization of strictly
convex quadratics. We have also established the A-orthogonality of the gradient vec-
tor at the current iteration with all the previously explored directions, including the
current one, which shows that the method guarantees at each iteration that the norm
of the current gradient is optimal on the entire explored linear manifold. We have
also studied the finite termination in p < n iterations when the n X n Hessian matrix
has only p distinct eigenvalues, as it also happens for the CG and CR methods. This
result clearly motivates the use of preconditioning strategies when solving large-
scale symmetric and positive definite linear systems.
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An advantage of the DWGM algorithm is that it does not impose any of the
established A-orthogonality results in its algorithmic steps and as a consequence
its extension to the local minimization of non-quadratic functions is appealing, as
observed by Oviedo-Leon [13]. Another advantage for the possible extension of the
DWGM algorithm to the non-quadratic case is the tendency to outperform the CG
method when low accuracy in the gradient norm is required, which could be a key
issue in practical applications.
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