Random Oper. and Stoch. Equ., Vol. 6, No. 2, pp. 201{212 (1998)

© VSP 1998

Numerical and Monte Carlo verification of V-distribution

R. DIAS, V. GIRKO Universidade Estadual de Campinas, Departmento de Estatística, IMECC, Caixa Postal 6065, 13.081-970-Campinas, SP-BRAZIL

Received for ROSE November 11, 1997

Abstract—It is shown that V -distribution is a valid probability density for all values of parameters and approximates the empirical density of eigenvalues of certain random non symmetrical matrices.

1. INTRODUCTION

Random matrix physics is generally thought to consist of the following subfields: 1. Statistical properties of nuclear and atomic spectra. Time reversal symmetry braking and the field theory of quantum chaos [1-51].

2. Quantum chaology and condensed matter physics. 3. Dissipative quantum dynamics.

4. Another rather broad field of the random matrices theory applications is related to quantum field theory: the large limit of QCD, two dimensional (2D) quantum gravity and bosonic strings.

5. Statistics of resonance poles, phase shifts and time delays in quantum chaotic scattering: Random matrix approach for systems with broken time-reversal invariance. For data of the complete spin and parity, the symmetric and unitary matrix of scattering can be written in the form: S = US̃U^T, S̃ = I − iR, R = F (Iε − H_0 − V + i 2 F^TF )^{−1}F^T,

where U is a unitary matrix of dimension N × N; V and F are the real random matrices of dimensions Λ × Λ and N × Λ with the elements v_{ij} and γ_{ij} , respectively: I is the identity matrix of dimension N × N; the matrices H_0 and V are nonrandom, and H_0, V , F do not depend on the energy ε. Here N is the number of open channels, and Λ is the number of so-called bound states “embedded” in the continuum. In the framework of the shell-model approach to nuclear reactions, the values v_{ij} and γ_{ij} may be identified with those of the matrix elements of residual interactions between the states of the discrete spectrum and states of discrete and continuous spectra, respectively; and H_0 may be identified with the Hamiltonian of the mean field. We shall consider the values v_{ij} and γ_{ij} as independent random values distributed according to the normal law with zero mean and second moments given as:

E(v_{ij} v_i′_j′ ) = (δ_{ii}′ δ_{jj}′ + δ_{ij}′ δ_i′_j ) E ν^2_{ij} , Eν^2_{ij} = δ^2Λ^{−1},

202 R. Dias and V. Girko

E(γ_{ij} γ_i′_j′ ) = δ_{ii}′ δ_{jj}′ E γ^2_{ij} , E γ^2_{ij} = σ^2N^{−1}.

It is possible to consider limit properties of the matrix S̃. The problem is to find the limits of the expressions ES̃_{ii} and E [ (S̃ − E S̃)_{ij} (S̃ − ES̃)_{pl}c_n ] as N → ∞, Λ → ∞, where c_n is some sequence of normalizing values. In [52, 53] the limit theorems for these expressions were proved under the condition that lim_{Λ→∞,} N →∞ ΛN^{−1} = c < 1, ν_Λ(x) ⇒ ν(x),

and ν_Λ(x) is the normalized spectral function of the matrix Iε − H_0. 6. Theory of spin glasses. In view of the physical properties of spin glasses, it seems reasonable to consider random interactions. Some rigorous results on the Sherrington- Kirkpatric model of spin glasses with the mean field Hamiltonian

H = − N∑ i,j=1 J_{ij} σ_iσ_j N^{−1/2},

were obtained in [55], where the spins σ_1, ..., σ_N take values ±1, and J_{ij} are independent identically distributed random variables with mean zero and variance J^2. The Edwards-Anderson model is defined on the d-dimensional lattice Λ_N = − [−N, N]^d ∩ Z^d. The dual lattice Λ^∗_N is defined as usual and can be identified with the set Λ^∗_N = { {i, j} , i ∈ Λ_N , j ∈ Z^d, |i − j| = 1 } . For a family of centred, variance 1, independent, Gaussian random variables J_{ij} , i, j ∈ Λ^∗_N indexed by Λ^∗_N , the Hamiltonian is defined by

H_N (σ) = − ∑ i,j∈Λ^∗_N J_{ij} σ_iσ_j .

7. Theory of neural nets. The long-time behavior od some neural-network models studied by mappng them onto statistical-mechanical problems [56, 57]. Note that for neural networks Ising spin-flip dynamics has been applied to neuron dynamics with asymmetric random matrix of synaptic efficaies. The dynamics of the model is defined by a set of Langevin equations:

Γ^{−1}_0 ∂ ∂t σ_i (t) = −r_0σ_i (t) − δV (σ_i) δσ_i (t) + ∑ j J_{ij} σ_i (t) + h_i (t) + ξ_i (t) ,

where the synaptic connections J_{ij} between pairs of neurons i and j are random variables, each degree of freedom is represented by spin σ_i which can vary continuously from −∞ to +∞. The local potential V (σ_i) + r_0σ^2_i /2 is an even function of σ_i. The term h_i represents a local external field, whereas ξ_i is a white noise with width Eξ_i (t) ξ_j (s) = 2T δ (t − s) δ_{ij} Γ^{−1}_0 . The parameter Γ^{−1}_0 sets the scale of the microscopic processing time, whereas T measures the level of the stochastic noise in the system. For the asymptotic analysis of the solutions of this Langevin equations the spectral theory of random matrices can be applied.

8. Motion of flux lines in superconductors with columnar defects or shiral symmetry braking in quantum chromodynamics.

9. Localization transition of random heteropolymer chains.

Verification of V -distribution 203

10. Behaviour of the conductance of mesoscopic devices as a function of the magnetic field.

11. Spatial structure of anomalously localized states in disordered conductors. 12. Theory of the integer quantum Hall transition. Continuum limit of the Chalker- Coddington model.

13. Quantum chromodynamics.

There have been significant interactions between most of these areas with the spectral theory of non symmetrical random matrices. The most complete overview of random matrix physics the readers can find in [19]. Most investigations in random matrix physics have been devoted to the matrices with zero expectations of its entries. The real situation in the application of random matrices in physics is completely another. Usually the entries of matrices have some nonzero means.

In this article we continue to develop new V -analysis (see 60–75, 82) for such matrices and give the domain where its eigenvalues are distributed. Therefore, the main purpose of this article consists to attract physicists to new analysis of random non symmetrical matrices which appear in many modern problems.

The most important result of articles [71, 72], [82] is the V -relation for normalized spectral function (n.s.f.) of the eigenvalues of non symmetric matrix Ξ with n.s.f. of the eigenvalues of the Hermitian matrix (Ξ − τI) (Ξ − τI)^∗ , τ = t + is : ∫ ∫ e^{ipx+iqy}dν_n (x, y)

= q^2 + p^2 4ipπ ∫ ∫ ∂ ∂t ∞∫ 0 ln x dμ_n (x, τ ) e^{itp+isq} dt ds; p, q ≠ 0, and modified V -transform [82]: V (x, y, ε) = ∫∫ ε^2dν_n (u, v) [ (u − x)^2 + ε^2 ] [ (v − y)^2 + ε^2 ]

= 1 4πn ∫∫ ln det |Ξ_n −(u+iv) I|^2 ( ∂^2 ∂x^2 + ∂^2 ∂y^2 ) ε^2 [ (u−x)^2 +ε^2 ] [ (v−y)^2 +ε^2 ] du dv,

where ε > 0.

This transform was found by Girko in 1982 [60] and has the name V -transform.

2. THE V -LAW

In [82] Girko has proved the following assertion.

Theorem 2.1. (see V -equation in [72]). Let Ξ = (ξ_{ij} )^n_{i,j=1} be a random complex

matrix, whose entries ξ^{(n)}_{ij} are independent for every n, given on the common probability space,

Eξ^{(n)}_{ij} = a^{(n)}_{ij} , E | | |ξ^{(n)}_{ij} − a^{(n)}_{ij} | | |^2 = σ^{(n)}_{ij} , σ^{(n)}_{ij} n > c > 0, i, j = 1, ..., n,

sup_n max i=1, ... , n, j=1, ... , n n∑ j=1 σ^{(n)}_{ij} + n∑ i=1 σ^{(n)}_{ij} + n∑ j=1 | |a(n)_{ij} | | +^n∑ i=1 | |a(n)_{ij} | | < ∞,

204 R. Dias and V. Girko

there exist densities p^{(n)}_{ij} (x) of the real parts (or densities q^{(n)}_{ij} (x) of the imaginary parts) of √ nξ^{(n)}_{ij} such that:

sup_n max k,l=1,...,n ∞∫ −∞ [ p^{(n)}_{kl} (x) ]_β dx ≤ c < ∞ or sup_n max k,l=1,...,n ∞∫ −∞ [ q^{(n)}_{kl} (x) ]_β dx ≤ c < ∞, β > 1,

for some δ > 0 sup_n max_{i,j=1,...,n} E | | |(ξ^{(n)}_{ij} − a^{(n)}_{ij} ) √ n | | |^{2+δ} ≤ c < ∞. Then with probability one lim_{α↓0} lim_{n→∞} |μ_n (x, y) − F_{n,α} (x, y)| = 0, where μ_n (x, y) = n^{−1 n} ∑ k=1 χ {Re λ_k < x, Im λ_k < y}, λ_k are the eigenvalues of the matrix

Ξ, the V -density p_{n,α}(x, y) =^{∂2}_{∂x ∂y} F_{n,α}(x, y) is equal to

p_{n,α} (x, y) = −^1_{4π} ∞∫ α [_{∂2} ∂x2 +^{∂2}_{∂y2} ] m_n (y, τ) dy; if t, s /∈ G 0, if , t, s ∈ G, m_n (y, τ) =^1_n Tr [ C_1 + AC^{−1}_2 A^∗ ]_{−1} , y > 0, A = ( a^{(n)}_{ij} − τδ_{ij} )_n i,j=1 , C_1 = (c_{1i}(y)δ_{ij} )^n_{i,j=1} , C_2 = (c_{2i}(y)δ_{ij} )^n_{i,j=1} , c_{2i}(y) and c_{1i}(y) satisfy the system of V -equations:

c_{1p}(y) = y + n∑ j=1 σ^{(n)}_{pj} {[ C_2 + A^∗C^{−1}_1 A ]_{−1}} jj ,

c_{2k}(y) = 1 + n∑ j=1 σ^{(n)}_{jk} {[ C_1 + AC^{−1}_2 A^∗ ]_{−1}} jj , p, k = 1, ..., n, there exist unique solution of this system of equation in the class of real positive analytic function in y > 0 and the V -region is equal to

G = { t, s : lim sup_{α↓0} lim sup_{n→∞} |(∂/∂α) m_n (α, τ )| < ∞ } .

Girko also has considered a particular special case of random matrices, when there exists simple formula for this density, when the matrix A = (a_iδ_{ij} )^{2n}_{i,j=1} is a diagonal matrix with diagonal entries: a_i = a+ib, i = 1, ..., n; a_i = −a−ib, i = 1+n, ..., 2n and entries of matrix Ξ are independent, their expectation equal zero and variances equal n^{−1} [82].

Then using Theorem 2.1 we have that limit density p (t, s) of n.s.f. of this matrix A + Ξ equals [82]

Verification of V -distribution 205

p (t, s) = 1 π 1 − 2 ( a^2 + b^2 ) 16 (at + bs)^2 + 1 + 2 ( a^2 + b^2 ) 16 (at + bs)^2 + 1 + ( 16 (at + bs)^2 + 1 )_{3/2} ,

where t, s ∈ G, G = { t, s : a^2 +b^2 +t^2 +s^2 > ( a^2 +b^2 +t^2 +s^2

)_2

− 4 (at + sb)^2 } . In particular, when b = 0 we get

p (t, s) = 1 π { 1 − 2a^2 16a^2t^2 + 1 + 2a^2 16a^2t^2 + 1 + (16a^2t^2 + 1)^{3/2} } ; t, s ∈ G (2.1) G = { t, s : 4a^2t^2 + a^2 + t^2 + s^2 > ( a^2 + t^2 + s^2

)_2} . Figures 2.1, 2.2, 2.3 and 2.4 show the shape of the V -density (2.1) for different values of a. Observe that, for a = 0 we have a cylinder and when a approaches to 3, this cylinder splits into two cylinders similar to the original one. Those figures were obtained by using routines written in MATLAB version 5.1.0 and they are available upon request.

Figures 2.5, 2.6 and 2.7 are typical examples of the several simulations that were developed to verify V -distribution. All the simulations codes were written in S-plus language. Specifically, random variables were obtained by using S-plus standard routines as well as the matrix operations. A special program in S-plus were developed to build a two dimensional histogram that were used as nonparametric estimate of the V - distribution. The machine used to get all the numerical results was a SUN 20, 135Mhz with 64MB of memory. The execution time depends much more the sample size that the number of replications. Also the S-plus routines are available upon request.

Figure 2.1: V -density for a = 0

206 R. Dias and V. Girko

Figure 2.2. V -density for a = 0.5

Figure 2.3: V density for a = 1.0

Verification of V -distribution 207

Figure 2.4: V -density for a = 1.5 Figure 2.5 exhibits a simulation made by 100 replications of standard normal matrices (50)^{−1/2}{ξ_{ij} }^{50}_{i,j=1} of the dimension 50 by 50.

Figure 2.5.

208 R. Dias and V. Girko

Figure 2.6 shows a simulation made by 100 replications of eigenvalues of random matrices of the dimension 50 × 50 whose entries are independent and are uniformly distributed on the interval [−^{1√}_{50} ,^{1√}_{50} ].

Figure 2.6

Figure 2.7 exhibits a simulation with 10 replications of eigenvalues of standard normal matrices (200)^{−1/2}{ξ_{ij} }^{200}_{i,j=1} of the dimension 200 with addition of a diagonal matrix of the form (1, . . . , 1, −1, . . . , −1).

Figure 2.7

Verification of V -distribution 209

Acknowledgement R. D. would like to thank Prof. Lúcio Tunes Santos for useful discussions and his help on MatLab. This research was partially support by FAPESP grant no. 95/4996-3.

REFERENCES

1. C. E. Porter. Statistical Theories of Spectra: Fluctuations, Collection of Re prints and Original Papers, Academic Press, New York (1965).

2. F. J. Dyson. The dynamics of disordered linear chain, Phys. Rev. 92, 6, 1331–1338 (1953).

3. F. J. Dyson. A Brownian-motion model for the eigenvalue of a random matrix, J.

Math. Phys. 3, 6, 31–60 (1962).

4. F. J. Dyson. Correlations between eigenvalues of a random matrix, Commun. Math.

Phys. 19, 235–250 (1970).

5. J. Ginibre. Statistical ensembles of complex, quaternion, and real matrices, J. Math.

Phys. 6, 440–449 (1965).

6. M. L. Mehta. Random matrices and the statistical theory of energy levels. Academic Press, New York, London (1967).

7. S.N. Evangelou. and D. E. Katsanos. Energy level Statistics in Disordered Metals with an Anderson transition, Jornal of Statistical Physics, 85, Nos. 5/6, 525–550 (1996).

8. H. Schmidt. Disordered one-dimensional crystals, Phys. Rev. 105, 2, 425–441 (1957).

9. I. M. Lifshits. On the structure of the energy spectrum and quantum state of disordered condenser systems, Sov. Fiz. Usp. 7, 549–573 (1965). (in Russian).

10. E. P. Wigner. Statistical properties of real symmetric matrices with many dimensions, Can. Math. Proc., 174–198 (1957).

11. E. P. Wigner. On the distribution of the roots of certain symmetric matrices, Ann.

Math. 67, 2, 325–327 (1958).

12. E. P. Wigner. Random matrices in physics, SIAM Rev. 9, 1, 1–23 (1967). 13. J. Zakrewski, K. Dupret and D. Delande. Wigner or non-Wigner: that is the question, Proceedings of the XXXIst Winter School of Theoretical Physics “Chaos-The Interplay Between Stochastic and Deterministic Behavior”, 559–564 Springer (1995).

14. V.L. Girko. Spectral theory of random matrices, Russian Math. Surveys 40, 1, 77–120 (1985).

15. M. Kuz, M. Lewentein and F. Haake. Density of eigenvalues of random band matrices, Phys. Rev. A 44, 5, 2800–2808 (1991).

16. V.L. Girko and N. Preston. Numerical and Monte Carlo Verification of the First Spacing Law, Random Operators and Stochastic Equations 4, 4, 303–314 (1996).

17. Boutet de Monvel, L. Pastur and M. Shcerbina. On the statistical mechanics approach in the random matrix theory: Integrated density of states, J. Stat. Phys. 79, 3–4, 585–613 (1995).

18. Boutet de Monvel, A. Khorunzhy and V. Vasilchuk. Limiting Eigenvalue distribution of random matrices with correlated entries, Markov Processes Relat. Fields 2, 607– 636, (1996).

19. T. A. Brody, J. Flores, J. French, P.A. Mello, A. Pandey and S. Wong. Randommatrix physics: Spectrum and strength fluctuation, Rev. Modern Phys. 58, 3, 385–479 (1981).

210 R. Dias and V. Girko

20. H. S. Camarda and P. P. Georgopulos. Statistical behaviour of atomic energy levels:

aqreement with random matrix theory, Phys. Rev. Letters 50, 492–495 (1983). 21. G. Casati, G. L. Molinari and F. M. Izrailev. Scaling properties of band random matrices, Phys. Rev. Lett. 64, 1851–1854 (1980).

22. F. Constantinescu, G. M. Felder K. Gawedzki and A. Kupiainen. Analyticity of density of states, J. Stat. Phys. 48, 3, 365–391 (1987).

23. V. L. Girko, G. Casati and L. Molinari. Equation for limit spectral functions of band random matrices, Random Oper. Stoch. Eqs. 1, 1, 1–6 (1993).

24. L. A. Pastur. The Spectra of Random Selfadjoint Operators, Russian Math. Surveys 28, 1, 1–67 (1973).

25. V. L. Girko and G. Casati. Generalized Wigner law for band random matrices, Random Oper. Stoch. Eqs. 1, 1 (1993).

26. V. L. Girko and G. Casati. Limit theorems for band random matrices whose entries have bounded variances, Random Oper. Stoch. Eqs. 1, 2, 181–191 (1993).

27. V. L. Girko, W. Kirsch and A. Kutzelnigg. Necessary and sufficient conditions for the semicircle law, Random Oper. Stoch. Eqs. 2, 2, 195–202 (1994).

28. R. Opperman and F. Wegner. Disordered system with n orbitals per site: n − 1 expansion, Z. Phys. 34, 327–348 (1979).

29. A. Khorunzhy and L. Pastur. Limits of infinite interaction radius, dimensionality and the number of components for random operators with off-diagonal randomness, Commun. Math. Phys. 153, 605–646 (1993).

30. A. Khorunzhy, B. Khoruzhenko and L. Pastur. On the 1/N corrections to the Green functions of random matrices with independent entries, J. of Physics A. Mathematical and General. 28, L31-L35 (1995).

31. A. Khorunzhy, B. Khoruzhenko and L. Pastur. Asymptotic properties of large random matrices with independent entries, J. Math. Phys. 37, 10, 5033–5060 (1996).

32. V. A. Marchenko and L. A. Pastur. Distribution of the eigenvalues in certain sets of random matrices, Mat. Sb. 1, 457–483 (1967). (in Russian).

33. L. A. Pastur. On the universality of the level spacing distribution for some ensemble of random matrices, Lett. Math. Phys. 25, 259–265 (1992).

34. L. A. Pastur and M. Shcherbina. Universality of the local eigenvalue statistics for a class of unitary invariant random matrix ensembles, J. Stat. Phys. 86, 109–147 (1997).

35. L. A. Pastur and A. Figotin. Spectra of Random and Almost Periodic Operators.

Springer Verlag (1992).

36. L. Schafer and F. Wegner. Disordered system with n orbitals per site: Lagrange formulation, Z. Phys. 38, 113–126 (1980).

37. H. J. Sommers, A. Crisanti H. Sompolinsky and Y. Stein, Spectrum of large random asymmetric matrices, Phys. Rev. Lett. 60, 1895–1898 (1988).

38. B. Khorunzenko. Large-N eigenvalue distribution of randomly perturbed asymetric matrices, J. Phys. A: Math. Gen. 29, L165–L169 (1996).

39. Ya. V. Fyodorov, B. Khoruzenko H. J. and Sommers. Almost-Hermitian random matrices: eigenvalue density in the complex plane, Physics Letters A 226, 1-2, 46–51 (1997).

40. F. Haake. Quantum Signatures of Chaos. Springer Verlag, Heidelberg (1991). 41. F. M. Izrailev. Simple models of quantum chaos: spectrum and eigenfunctions, Phus.

Report. 196, N 5–6, 299–392 (1990).

42. T. Guhr. Transitions toward quantum chaos: with supersymmetry from Poisson to Gauss, Annals of Physics 250, 145–192 (1996).

Verification of V -distribution 211

43. D. Bessis C. Itzykson and J. Zuber. Quantum field theory techniques in graphical enumeration, Adv. Appl. Math. 1, 109–157 (1980).

44. E. Brezin, C. Itzykson, G. Paris and J. Zuber. Planar diagrams, Commun. Math.

Phys. 59, 35–51 (1978).

45. E. Brezin and A. Zee. Universality of the correlations between eigenvalues of large random matrices, Nucl. Phys. B. 402, 613–627 (1993).

46. K. Demetrefi. Two-dimensional quantum gravity, matrix models and string theory, Int. J. Mod. Phys. A. 8, 1185–1244 (1993).

47. P. D. Franchesco, P. Ginsparg and J. Zinn-Justin. 2D gravity and random matrices.

Phys. Rep. 254, (1) (1995).

48. Ya. V. Fyodorov and D. M. Alexander. Scaling properties of localization in random band matrices: A s-model approach, Phys. Rev. Lett. 67, 2405–2409 (1991).

49. Ya. V. Fyodorov and H. J. Sommers. Statistics of resonance poles, phase shifts ant time delays in quantum chaotic scattering: Random matrix approach for systems with broken time-reversal invariance, Journal of Mathematical Physics 38, 4, 1918– 1981 (1997).

50. E. Bogomolny, O. Bohigas and P. Leboeuf. Quantum chaotic dynamics and random polynomials, Journal of Statistical Physics, 85, Nos. 5/6, 639–679 (1996).

51. R. Fernandez, J. Frölich and A. Sokal. Random Walks, Critical Phenomena and Triviality in the Quantum Field Theory. Springer Verlag, Heidelberg (1992).

52. V. L. Girko, S. N. Ezhov and V. A. Pluyko. Integral equations for average scattering matrix, Ukr. Fiz. Zh. 33, 10, 1451 (1988). (in Russian).

53. V. L. Girko, S. N. Ezhov and V. A. Pluyko. The integral equations for the average stochastic scattering matrix, Random Oper. Stoch. Eqs. 1, 2, 161–170 (1993).

54. V. L. Girko, V. S. Olhovsky and V. A. Chinarov. To the theory of fluctuation of unitary S-matrix for nuclear reactions, Izv. Akad. Nauk SSSR 48, 1, 166–171 (1984). (in Russian).

55. M. Aizenman, J. L. Lebowitz and D. Ruelle. Some Rigorous Results on the Sherington-Kirkpatrick Spin Glass Model, Commun. Math. Phys. 112, 3–20 (1987).

56. J. A. Hertz. Statistical dynamics of learning, in: Lecture Notes in Physics, (Ed. Luis Garrido), Statistical Mechanics of Neural Networks, Proceedings, Sitges, Barcelona, Spain, Springer-Velag (1990).

57. A. Crisanti and H. Sompolinsky. Dynamics of spin systems with randomly asymmetric bonds: Langevin dynamics and a spherical model, Phys. Rev. A. 36, N.10, 4922–4939 (1987).

58. N. Lehmann and H. J. Sommers. Eigenvalue statistics of random real matrices, Phys.

Rev. Lett. 67, 8, 941–944 (1991).

59. V. L. Girko. Random Matrices. Kiev, Published by Kiev University (1975). (in Russian).

60. V. L. Girko. V -Transform. Reports AN USSR, Series of Mathematics and Mechanics, 3, 5–6 (1982).

61. V. L. Girko. On the Circle Law, Theory of Probability and Mathematical Statistics, 28, 15–23 (1983).

62. V. L. Girko. The Circle Law, Theory of Probabilities and their Applications 29, 4, 669–679 (1984).

63. V. L. Girko. Regularized V -transform. Theory of Probability and its Applications, 29, 2, 416–417 (1984).

64. V. L. Girko. The Elliptic Law, Reports of the Fourth Vilnius Conference on the Theory of Probability and Mathematical Statistics, Vilnius, 171–173 (1985).

212 R. Dias and V. Girko

65. V. L. Girko. The Elliptic Law, Doclady AN USSR, ser. Matematika i Mehanika, 1, 3–7 (1985).

66. V. L. Girko. The Elliptic Law, Theory of Probability and their Applications 30, 4, 640–651 (1985).

67. V. L. Girko. The Elliptic Law and Elements of G-analysis, Proceedings of the Fourth Vilnius Conference, Vol. 1, VNU Science Press BV, 489–509 (1987).

68. V. L. Girko. Theory of Random Determinants. Kluwer Academic Publishers (1990). 69. V. L. Girko. Canonical spectral equation for singular spectral functions of random matrices, Russian Math. Surveys. 48, 3, 163–180 (1993).

70. V. L. Girko. The Circular Law: Ten Years Later, Random Oper. and Stoch. Equ.

2, 3, 235–277 (1994).

71. V. L. Girko. The Elliptic Law: Ten Years Later I. Random Operators and Stochastic Equations 3, 3, 257–302 (1995).

72. V. L. Girko. The Elliptic Law: Ten Years Later II. Random Operators and Stochastic Equations 3, 4, 377–398. (1995) 73. V. L. Girko. Theory of Linear Algebraic Equations with Random Coefficients, Allerton Press, Inc. New York, 320 p. (1996).

74. V. L. Girko. Strong Circular Law. Random Operators and Stochastic Equations 5, 2, 173–196. (1997) 75. V. L. Girko. Strong Elliptic Law. Random Operators and Stochastic Equations 5, 3, 269–302. (1997) 76. G. J. Rodgers and A. J. Bray. Density of states of a sparse random matrices, Phys.

Rev. B 37, 3557–3762 (1988).

77. G. J. Rodgers and C. Dominicis. Density of states of a sparse random matrices, J.

Phys. A 23, 1567–1573 (1990).

78. A. Khorunzhy and G. J. Rodgers. Eigenvalue distribution of large dilute random matrices, J. Math. Phys. 38(6), 3300–3320 (1997).

79. H. Sompolinsky. Neural networks with non-linear synapces and static noise, Phys.

Rev. A 34, 2571–2574 (1986).

80. T. Guhr and T. Wettig. An Itzykson-Zuber-like integral and diffusion for complex ordinary and supermatrices, J. Math. Phys. 37, 12, 6395–6413 (1996).

81. C. Itzykson and J. B. Zuber.The planar approximation II, J. Math. Phys. 21, 3, 411–421 (1980).

82. V. L. Girko. The V -density of eigenvalues of non symmetric random matrices and rigorous proof of the strong Circular law. Random Operators and Stochastic Equations 5, 4, 371–406. (1997)